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We consider an isolated system which is exposed to external 
perturbations such as electric fields. The current as a linear 
response to a single pulse of an electric field, namely the after- 
effect function, is a sum of terms periodic in time in a finite 
system, and does not vanish after a sufficiently long time. The 
transfer function is defined by the Laplace transform of the 
aftereffect function with respect to time and thus has poles on 
the imaginary axis. By applying the idea of image charges in 
two-dimensional] electrostatic problems to a certain property of 
the transfer function, it is shown that, in the limit of a large 
system, the poles on the imaginary axis are replaced by poles in 
the left-half plane and consequently the aftereffect function can 


I. INTRODUCTION 


E know that all molecular or atomic processes 
are described through reversible mechanics, in 
principle through quantum mechanics, but under a 
certain approximation through classical mechanics. 
However, we also know that there are many irreversible 
processes and almost all of the phenomena in our world 
are more or less irreversible. Irreversibility is rather a 
universal phenomenon in the macroscopic world. Thus, 
since the days of Maxwell and Boltzmann, statistical 
mechanical theories of irreversible processes have been 
developed in various ways by many investigators, 
having in mind applications to dilute or dense gases, 
liquids, crystal lattices, electrons in metals, ef cetera. 
These theories required, to some extent, special 
assumptions in their development; for example, mo- 
lecular chaos in the kinetic theory of gases, a time- 
smoothing or coarse-graining procedure in the theories 
of Kirkwood' and others, and the random phase 
assumption in a quantum statistical treatment. The 
cause of irreversibility was attributed to these assump- 
tions, but the relation of these assumptions to reversible 


* This work was supported in part by a research grant from 
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1 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 


really vanish. This fact yields the various aspects of irreversibility. 
It is also shown that the complex conductivity is expressed in 
terms of the residues of the poles of the transfer function dis- 
tributed continuously on the imaginary axis, and, in particular, 
that the static conductivity is proportional to the residue of the 
pole at the origin which never exists in a finite system but appears 
in an infinite system. General reciprocal relations are given for 
both irreversible and reversible thermodynamics, and their 
connection to Onsager’s and Maxwell's relations are discussed. 
An expression for the entropy production is given and a new 
interpretation of the H-function is proposed. 


mechanics is not clear. Green* determined the coeffi- 
cients of the Fokker-Planck equation describing time 
dependent phenomenon, assuming the Markoffian 
character of the time evolution of the system. Thus 
irreversibility was introduced from the outset. Yama- 
moto’ gave Green’s assumption a statistical mechanical 
basis by introducing the assumption of local ergodicity. 
Recently Kubo‘ developed a general theory of irre- 
versible processes for a system under external fields. 
This theory and its extension’ to a system under thermal 
disturbances are very important in the sense that they 
give rigorous expressions for various kinetic coefficients. 
But again Kubo gave only a suggestive discussion on 
the vanishing of the aftereffect function after a suffici- 
ently long time.* Lax’ adopted the same formulation 
taking into account the effect of the surrounding heat 
reservoir in a rather conventional way so as to make the 
aftereffect function vanish. But irreversibility is ex- 
pected in an isolated system and the ad hoc introduction 


2M. S. Green, J. Chem. Phys. 20, 1281 (1952). 

*T. Yamamoto, Progr. Theoret. Phys. (Kyoto) 10, 11 (1953). 

*R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 

*R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan 
12, 1203 (1957); S. Nakajima, Progr. Theoret. Phys. (Kyoto) 20, 
948 (1958). 

* See also, U. Fano, Phys. Rev. 96, 869 (1954). 

™M. Lax, Phys. Rev. 109, 1921 (1958). 
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of a decay term does not give any solution to the 
problem of irreversibility. 

In 1955, Van Hove*® made an important contribution 
to the theory of irreversibility. He introduced a pertur- 
bation of a special character which is expected to appear 
in the case of gases, crystals, et cetera, and was able to 
derive from the Schrédinger equation a master equation 
which is regarded as a fundamental equation leading to 
irreversibility. This theory is, as far as the author 
knows, a unique existing theory which has solved the 
problem of irreversibility. However, this theory is 
mathematically too complicated to make intuitively 
clear the essential reason for irreversibility. 

In Secs. Il and III we show how irreversibility 
appears from reversible quantum mechanics in the 
limit of a large system under an external field such as 
an electric field without introducing any assumptions. 
We will follow Kubo’s theory and limit ourselves to 
linear processes. In order to see that the aftereffect 
functions of certain mechanical quantities vanish for a 
large system we notice the following property in 
It is generally possible to find image 
charges equivalent to a continuous charge distribution 
on a plane surface of a conductor, as far as the electri 
field outside the conductor is concerned. A_two- 
dimensional analogy of this property is applied to a 
certain property of the transfer function which is defined 
by the Laplace transform of the aftereffect function. 
It is possible to find the image charges in the limit of an 
infinitely large system contrary to the case of finite 
system. The appearance of image charges just corre- 
sponds to the appearance of irreversibility. In this way 
irreversibility is understood very clearly and rigorously 
starting from a purely mechanical point of view. 

In Sec. IV, the problems of electric conduction and 
polarizability are treated as illustrative examples of 
irreversibility, and in Sec. V, general reciprocal relations 
are discussed. In Sec. VI, the entropy production is 
calculated, and a new definition of entropy and a new 
interpretation of the H function are proposed. In Sec. 
VII, the connection between the vanishing of the 
aftereffect function and irreversibility is discussed. 


electrostatics: 


Il. TRANSFER FUNCTION 


The present theory can be developed either classically 
or quantum mechanically.’ But for the sake of gener- 
ality, we will treat the problem by quantum mechanics. 
The Hamiltonian 3¢ of the system under consideration 
is assumed to be composed of two parts, H=K,»— AF (0), 
the unperturbed Hamiltonian Ho and the perturbation 


®*L. Van Hove, Physica 21, 517 (1955); 23, 441 (1957). 

* In order to develop the theory in classical mechanics, we have 
only to adopt a system of eigenfunctions of the self-adjoint 
operator L introduced by Kirkwood! and defined by 

iLg= (Ko,g), 


for an arbitrary function g, where the bracket is the Poisson 
bracket and Xp is the unperturbed Hamiltonian. 
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—AF(t). The scalar function F(t) is in general an 
arbitrary function of time representing an external 
field. For example, for charged particles under an 
electric field in the x direction, F(t) is the electric field, 
and A is given by 

Doi Ci, (2.1) 


where e; is the charge of the ith particle and x, is its x 
coordinate. In the following, we will use the terminology 
employed in electrical conduction, whenever possible, 
for the sake of concreteness. For example, current is 
used for (A), an average of the time derivative of A. 

The system is assumed to be in a thermal equilibrium 
at time ‘=0 described by the canonical density ma- 
trix po=exp8(Q—Ko), where B=1/kT and e**=Tr 
Xexp(—8Ho). Then we let the system be isolated and 
apply an electric field F(t). Hence, after /=0, the density 
matrix of the system varies with time according to 

ihdp/dt=(K,p |, K (2.2) 

In general p can be expanded in terms of the pertur- 
bation F(t) as follows 


(2.3 ) 


p=potAipt+ Arp 


' ; 
exo( 


as was shown by Kubo.‘ The average of an arbitrary 
dynamical quantity B is given by 

B(t))=TrpB 
B 4 (A,B 


where 


1 
th 
B(t)=exp(tt3Co/h) B exp 
This was also shown by Kubo. Now we assume that the 
system is composed of a finite number of particles in a 
finite volume, and has discrete eigenvalues «, (n=1, 


2, +++) of Ho. In such a representation, (A,B(¢)) is 
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written as follows 


(2.9) 


t 
(aiB()= f 60—“)F (ar, 
0 


(t) = —(1/ik) ¥ [A,p0 amBmne ites /*, (2.10) 


Equation (2.9) shows that $(#) is a response of B at 
time ¢ to the pulse field applied at ‘=0. However, as 
¢(t) is a sum of terms periodic in time, we cannot 
expect that ¢(t)->0 as t-». For example, the 
current does not disappear after the electric field is 
turned off. In a finite system, irreversibility in a strict 
sense never exists. 

Define the transfer function @(z), which is familiar in 
electrical engineering, by the Laplace transform of the 
aftereffect function 


(z) -f o(t)e-**dt 
0 


= > K anf (S+-tWmnn ), 


where 


K an= —(1/ih)[A,po lamBun, (2.13) 


(2.14) 


Onn (€a— m) /h. 


The integral of Eq. (2.11) has a meaning only for 
Rtz>O but we can define @(z) over all the z plane by 
analytic continuation using Eq. (2.12). The function 
#(z) thus defined has poles at —iwm, on the imaginary 
axis. As long as #(z) has poles on the imaginary axis, 
the aftereffect function never vanishes. To achieve the 
vanishing of the aftereffect function, all the poles of 
(z) on the imaginary axis should disappear and, at the 
same time, new poles should appear on the left half of 
the z plane. This is possible in the limit of a large 
system as we shall show in the following. 

First of all,we notice the following property of #(z): 


> . a Ps) 
Ra ( - -i-) i a 
2+tidmn Ja 0g sea 


where z=a+i8, and rm,» is the distance between z and 
a pole at —iw,, in the z plane. (See Fig. 1.) This form 
of @(z), Eq. (2.15), suggests an analogy, in which 
> —K-unlnrm, and &(z) are interpreted, respectively, 
as the two dimensional “electrostatic potential’ and 
the “electric field” at the point z in a plane where 
“charges” Kn lie at —twmn." 

” In the following electrostatic terms with “---’ are used for 
the electrostatic analogs described in the text, to avoid the 
confusion with terms pertinent to the problems of electrical 
conduction or polarization. 

4 Strictly speaking, the amount of “charge” at —iwa. is 
—(1/2)Kmna, but we disregard this unimportant factor — (1/2) 


when we refer to the electrostatic analog. Furthermore, the 
“charge” is not necessarily rea! 


(2.15) 


IRREVERSIBILITY 


Fic. 1. Explanation 
of symbols. 





The inverse transformation of Eq. (2.11) is given by 


1 
¢(t)= - f e(oenas, 
2ri 


c 


(2.16) 


where the path of the integration is along a line from 
—is to +i at the right-hand side of the imaginary 
axis. Thus, the value of @(z) used for the calculation 
of (2.16) is that for Rz>0. 

In the limit of an infinitely large system,” the eigen- 
values €, are presumably continuous, and the poles of 
(z) are distributed continuously on the imaginary axis. 
In the electrostatic analogy, these continuously dis- 
tributed poles are regarded as “charges” continuously 
distributed on the imaginary axis. We denote this 
continuous distribution of “charges” on the imaginary 
axis by f{(p), where p is the distance from the origin. 
In this electrostatic analogy, we assume that we can 
find a discrete or continuous distribution F(—z, y) of 
“charges” in the left half of the z plane which is equiva- 
lent to this f(p), in so far as the “electrostatic potential” 
in the right half of the z plane is concerned. More 
precisely, we replace the left half of the z plane by a 
“conductor” and assume that we can put an appropriate 
discrete or continuous “charge” distribution — F (x,y) 
on the right-hand side of the “conductor” so as to 
make the distribution of induced “charges” on the 
surface of the “conductor” the same as the given 
distribution f{(p). The image “charge” distribution of 
—F(x,y) about the imaginary axis is just F(—z, y). 


Thus we have 
+20 
-f f(p) \nr,dp 


a!) 


[fe ~2, y) Inr_z,dxdy, (2.17) 


‘s =a? + (B— p)*, 


D Kan Int an 


V2 , (a +x)? + (g ~ y)*, 

By an infinitely large system, we mean that the volume of the 
system is infinitely large. However, in a system of very many 
interacting particles (~10) in a finite volume, the eigenvalues 
are distributed practically continuously. We can include this 
case also in the discussion of infinitely large systems. This point 
of view is connected with the time-smoothing or coarse-graining 
procedure (see Sec. VII) 
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or 


. Jeans +? f(p) 
(z)=)) — - -f - dp 
2+ lidmn —» %—tp 


f dxf dy F(—x, y)/[s— (—x+iy) ]. 
0 Dn 


Substituting (z) from Eq. (2.19) into Eq. (2.16), we 


have 
x D 
(1) f ax f dy F(—x, yje“@-™*, = (2.20) 
0 — 


’ 


(2.18) 


(2.19) 


If F(—x,y) does not allow any “charge” on the 
imaginary axis at «=0, we get ¢(t)-—>0 for t— ~. 
This is just what we want to show as a manifestation 
of irreversibility. Mathematically, ®(z) of Eq. (2.18), 
which is obtained as a limit of Kmn/(z+twmn) has a 
branch cut on the imaginary axis. The function defined 
by Eq. (2.19) is the analytic continuation of the 
function (2.18), originally defined in the right half of 
the z plane, into the left half of the z plane on a Rie- 
mannian surface contiguous to the right half of the z 
plane across this branch cut. If the function @(z) thus 
defined has a pole (i.e., image “charge’’) on the (nega- 
tive) real axis, we have a Debye-type dispersion or 
absorption, and if it has a pole apart from the real axis, 
we have a Lorentz-type resonance absorption. In 
general, we have a superposition of many Debye and 
Lorentz-type dispersions." 


III. PROPERTIES OF IMAGE “CHARGE” 


From the definition Eq. (2.13), we have Knn=Kam* 
wnam- Therefore, we have f(p)= f(—p)* in 
the limit of the continuous distribution. Therefore, we 
have 


and &Wmn>=— 


F(—x, y)=F(—x, —y)*. (3.1) 
This property is consistent with the physical require- 
ment that the aftereffect function ¢(t) is a real function, 
as is easily shown in Eq. (2.20). 

In Eqs. (2.18) and (2.19), we put z=a+iw, and let 
a— +0. Then, since 


r5(w—p)—iP——, (3.2) 
wp 


N. Sait6, Introduction to Polymer Physics (Syokabo, 
Tokyo, 1958), p. 219 (in Japanese). 
In the case where a function ¢(¢) has a continuous spectrum, 
such as expressed by 


o()= f A (w)e**“dw, 


we can see in many examples of Fourier transforms that ¢(¢) 
vanishes as !—» ©. G. O. Hultgren of the California Institute of 
Technology showed that the electric field correlation in a hohlraum 
has the form of the above equation with 


A (w) =o / (eh+/*T—1), 


and ¢(t)—+0 as t+ ~, but this decay is of an overdamped 
type (private communication). 


SAITO 
where P denotes the principal value of Cauchy, we have 
- Tp) 
lim @(a+iw TI(w)— ef dp 
a--+0 - w—p 
r joe Fi -x, y) 
f ax f dy- ; 
0 “ r+1(w—y) 
This function will be called the generalized admittance 


If f(w) and F(—x, y 


(3.3) 


(3.4) 


are real, we have 


2 en ' 
mf (w) f dx f dy 
0 ow + (w—y)? 


XF(—x, y), 


fi p) s p | w-y 
dp = dx ay 
W p 0 v —x% r T 


: 
w—y)* 


(3.5) 


pf F(—x, y). (3.6) 


0 


These relations (3.5) and (3.6) hold in general even if 
f(w) and F(—x, y) are not real, as is seen on differ- 
entiating Eq. (2.17) with regard to a and 8, respectively. 


Integrating f(w) in Eq. (3.5) with respect to w, we have 


f f(w)dw f d -f dy F(—x,y 
0 ss 


—n 


(3.7) 


Equation (3.5) is the electrostatic expression for the 
induced ‘‘charge” on the surface of the “‘conductor”’ 
due to a “charge” distribution —F (x,y), and Eq. (3.7) 
shows that the total amount of the induced “‘charge’”’ is 
numerically equal to the total amount of “charge” 
distributed outside the “conductor.” That is, Eqs. (3.5) 
and (3.6) are, respectively, interpreted as the x and y 
components of the “electric field” on the imaginary 
axis due to “charges” on this axis or image “charges” 
in the left half of the z plane. As we will see later, if 
we take A for B, F(—<, y) is real and if we take A for 
B, the corresponding F( is pure imaginary. In 
the former case, @(iw) corresponds to the complex 
conductivity, and in the latter case, to the complex 
polarizability. In either case, Eq. (3.5) stands for the 
dissipative part of the generalized admittance (real 
part of the complex conductivity or imaginary part of 
the complex polarizability), and Eq. (3.6) corresponds 
to its storage part [imaginary part of the complex 
conductivity or real part of the complex polarizability, 
see Eqs. (4.14) and (4.25) |. This fact, together with 
the electrostatic interpretation given above, is very 
important to the understanding of nature of 
irreversibility as seen in Sec. IV. 

Equation (3.5) shows that /(p) is uniquely deter- 
mined, if F(—-x, y) is given, but the inverse is not true, 


‘ 


-%,Y 


the 


as is easily seen in many examples in electrostatics. 
Unfortunately, it is still unknown how to obtain an 
F(—x, y) from a given f(p). Furthermore, it is also 
unknown under what conditions an F(—x, y) exists, 
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for a given /(p), such that it satisfies Eq. (3.5) and 
vanishes in the neighborhood of the imaginary axis. 
However, as we will see later in Eqs. (4.14) and (4.25), 
we do not need to know F(—z, y) to obtain the general- 
ized admittance, such as the electric conductivity or 
polarizability, but instead we have only to know the 
existence of an F(—x, y) with the above-mentioned 
properties. Furthermore, Eqs. (3.3) and (3.4) suggest 
that the existence of a lim,.,¢P(a+iw), such as the 
one given by Eq. (3.3), seems to be equivalent to the 
existence of an F(—x,y) of the required character, 
because, in this case, we can make an analytic continu- 
ation of the @(z) defined in the right half of the z plane 
across the cut on the imaginary axis and the singularities 
of (z) thus defined in the left half of the z plane give 
the distribution F(—-, y). Thus we have the following 
statement. If a singularity is isolated, the corresponding 


“image charge” is unique. However, if a singularity is: 


a branch point, a cut starting from this point yields the 
continuous “image charge”’ distribution. But the cut is, 
to some extent, arbitrarily deformable and thus the 
corresponding “image charge” distribution is not unique 
except at the branch point. 


IV. ELECTRIC CONDUCTIVITY AND 
POLARIZABILITY 


The foregoing discussion can be applied to any 
dynamical quantity B. In this section, we will study 
the average behavior of I= A and A, which correspond 
to a current and a polarization in the electric case, 
respectively. We will write Jm» instead of K,,., defined 
by (2.13) in the case of the current: 


J an™ (i/h)LA 2 a (4.1) 


where J is determined by Heisenberg’s equation of 
motion, and its mn element is given by 


Imin= (A) mn= (1/i#) [A Ho lan = (1/18) A mn (€n— Em) 
Hence, we have 
J an™ h: . A wn 2(pom— Pon) (€n— Em) 


and Jmn=Jnm is non-negative because 


(€n— €m) (Pom— Pon) = (€En— Em) (E~F*™ — Fem) 89>) (4.3) 
The transfer function for J is given by 


©; (2)= >> Imn/(2+iwmn). (4.4 
Now, on letting the system become infinitely large, 
we must keep the electron density constant, and we 


define" as a limit 


#, (z) 
V-«o,N-@ 
N/V =const 


“In the following a bar over a symbol is used to denote quan 
tities referring to a unit volume in an infinitely large system such 
as defined by Eq. (4.5). 
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If the system has N electrons in a volume V whose 
linear dimension is L, Jm» given by Eq. (4.2) is of the 
order of (VL)*, while the separation of two successive 
energy levels €,,1—€, is of the order of 1/NL*. Hence, 
in the limit of an infinitely large system, the integral 
form of (4.5), which may be written as'® 


(4.6) 


Bi(=)= f L4u(p)/(e—ip) Mp, 


where f;(p) is of the order of (1/V)[(NL)*/NL?]=N/V, 
and has a definite limit. 
In Eq. (4.6) fr(p) is non-negative and 


Si(p)=Si(—p), Sr(p)=0, 


because of Eqs. (4.2) and (4.3). Thus the image 
“charge” distribution P;(—x, y) has the property 


(4.7) 


Fy (—x, y)=F(—x, —y), (4.8) 


and from the general property described in Eq. (3.1), 


F;(—x, y) is found to be real. In this way, Eq. (4.6) 
can be written for Wz>0 


. > F,(—x, y) 
@,(z) f ax f dy nome, 
0 2 %sta—-ty 


Thus we have 


t 


(AT (2) f sc-nrcae, 
0 


1 
: J Bweras 
2rt 
f Si(pje'"'dp 
f ax f dy Pi(—x, ye" 
0 rn 


field F (t)= Foe‘, we have for !— @, 


- 4 ? F,(—x, y) 
Al (t) (f dx f dy - Sie (4.11) 
0 ~» tw+z—ty 


This yields immediately for the complex conductivity 


L x Fi (—x, y) 
o(ia)= f dxf ay : 
0 n wWwt+x—ty 


In the case when the distribution of poles still remains 
discrete in the limit of an infinitely large system keeping the 
density constant, Eq. (4.5) has a limiting form 


B,(2)= 2, f1(p1)/(s—ips), 
4.6). 


(4.10) 


For a periodic 


(4.12) 


(4.6’) 


instead of Eq 
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Comparing (4.12) with (4.9) we have 


lim &;(a+iw) 


a ++0 


a( lw } 
L 


lim f o1 (test ‘dt, 
a->+0 


(4.13) 


because the value of ®,(z) on the imaginary axis is to 
be taken as an analytic continuation from the right 
side of the z plane. The introduction of the convergence 
factor e~*' in Eq. (4.13) is very natural in contrast to 
the usual introduction from physical considerations 
(see reference 4 

Equations (4.12) or (4.13) can be rewritten, according 
to Eq. (3.3), a 


g 


ef [fr(p) Ww p) |dp. (4.14) 


Therefore, Ste(iw) is positive in general as shown in 
Eq. (4.7), and as it should be. Especially the static 
conductivity o(0) is given by the “charge” at the 
origin f,(0) '® 

a(Q) 


wi, (0). (4.15) 


0 when 
ém- This means that in a 
finite system there is no “charge” at the origin. In an 
infinite system, the distribution becomes 
continuous and a positive “charge” can appear as a 
limit. This positive ‘“‘charge” gives the static conduc- 
tivity.” 


On the other hand, in a finite system J mn 
0, namely, when €, 


Wmn 


“e 9 
charge 


Now we take A instead of J as a dynamical quantity 
and investigate its response to an electric field. The 


transfer function for (AA (¢)) is given by 


P,(2)=>> Dann/(2+iwmn), 

(2 h)| 1 pr Lois = 
i/h)| A nm|*(pom— pon 
— Dam 


RS an (€n— Em 


= (J an Winn) 
P,(2 


n 2TlWmn 


4.18 


Therefore, in an infinite system, the “charge” on the 

imaginary axis f4(p) is related to fr(p) by 
ipfa(b)=Sr(p 

\ similar expression for the static conductivity was given by 


H. Nakano, Progr. Theoret. Phys. (Kyoto) 15, 77 (1956); 17, 
145 (1957), 


(4.19) 


16 


7(0 rh/kT) = ° = |) (4.16) 


This is ju st equal to x » ae A 

17In this connection, the present theory is seen to be quite 
similar to the Yang-Lee’s theory of condensation [C. N. Yang 
and T. D. Lee, Phys. Rev. 87, 404, 410 (1952); see also, T. L. 
Hill, Statistical Mechanics (McGraw-Hill Book Company, New 
York, 1956), p. 174]. An application of the idea of image charges 
to the condensation problem will be discussed in N. Saité, J 
Chem. Phys. (submitted 
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Thus, if our system has a finite conductivity, [f,(0) 
=finite], then f,(0 infinite. This means that the 
“charge” at the origin is infinite and cannot be replaced 
by finite image “ch in the left half of the z plane. 
“charge” distribution around 


the origin is expressed by —if;(0)/p and its contri- 
bution to the aftereffect function ¢,4(t) is given by 


irges 


This singular part of the 


L p t 
1 fi U dp whi 0 . t>v. (4.20) 
= p 


The contribution to @,4(t) from 
distribution on the 


vanish after a long time. Thus we 


the remaining “charge 
xis may completely 
have for !— 


dall >T 7(Q). (4.21) 


This gives an average displacement of electrons in a 
conductor due to the pulse of an electric field, and is 
just the integral of @,(t) with respect to t from 0 to oO, 


(‘som [ [fa for 


r L 


[af apr, 


© 


where use is made of Eq. (4.10 
Again we return to Eqs. (4.17 
that Dn» is pure imaginary. Thus 
bution in an infinitely larg: 
equal to 7g4(p), where ga(p 


and (4.19). We see 

, the “charge’’ distri- 

system f4(p) can be written 
s real and 


galp Da 


(4.23) 


If this distribution 
of p, it can be replaced by an “charge” distri- 
bution F4(—-x, 4 n case of an insulator). P4(—x, y) 
is also pure imaginary and is put equal to iG,(—x, y). 
Thus, 


“charge”’ a continuous function 


image 


4.24) 


In the san 
polarizability i 
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In this case, we have g4(0)=0, because of Eq. (4.23). 
Hence, this system has no static conductivity, but it 
may have a dynamic conductivity in general. 

Again from Eq. (4.19) we can express ®;(z) as 


x ( ) De fa ( ) 
r(s)= f rap f reat 5s 
« 2—tp = %—tp 


* falb) 
-sf ‘ P dp= 28, (3), 
~. 2—tp 


or in particular we have 


a (tw) = iwp (iw). (4.27) 


This is a well-known relation. 

Whether the system under consideration is a con- 
ductor or not depends on the distribution of “charges” 
on the imaginary axis. This distribution itself comes 
from the structure of the Hamiltonian 3p», but we do 
not enter into details of this problem. 

If the system does not have any irreversibility, the 
“charge” distribution f4(p) on the imaginary axis for 
A is not continuous, but remains discrete in the limit 
of an infinitely large system. Thus, the transfer function 
#,(z) has a form given by Eq. (4.6’) and the polariza- 
bility is given by 


p(iw) = lim $4(a+iw) 


Ja(pi) 


ix S ga(pidi(w— pi). (4.28 
t 


“P> 
l w— pi 


An electrostatic interpretation of this result. is given 
by Eqs. (3.5) and (3.6). The first term of Eq. (4.28) is 
the y component of the “electric field” at the point iw 
on the imaginary axis. Even if the distribution of 
“charge” is discrete, this component “‘field’”’ does not 
vanish, while the x component of the “field” on the 
imaginary axis, which gives the dissipative part of the 
polarizability, does. 

Finally, one point should be noted in connection 
with the previous discussion. If we have several polar- 
izabilities (we use the terminology used in electrical 
problems, but they may be elastic moduli in mechanical 
problems), and if there is a relationship between them 
which is known to be valid for a reversible case, this 
relationship still holds for an irreversible case, provided 
that the polarizabilities are introduced in a complex 
form. This is because the validity of the relationship in 


a reversible case originates in a relationship between ° 


Dmn’s for different polarizabilities, and the relationship 
in an irreversible case is obtained as its limit. For 
example, in the theory of elasticity, we have a relation- 
ship among modulus M entering in the expression for 
the velocity of the longitudinal wave, the bulk modulus 
x and the rigidity G 


M=«x+(4/3)G. 
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The same type of equations hold for visco-elastic 
materials if we use complex moduli M (iw), «(iw), and 
G(iw), 

M (ie) = (ico) + (4/3)G (ie). 
Of course, this relationship is also proved by phenome- 
nological considerations, as shown by Marvin et al."* 


V. RECIPROCAL RELATIONS 


In a case where the Hamiltonian has several terms 
representing external forces, 
KR=Ko—>. AF, (d), (5.1) 


the treatment is a simple extension of that of the 
previous sections. Thus, the density matrix is expanded 
as 


p=potAptApt+:--, (5.2) 


where 


Awp=>: Aipi(t), (5.3) 


and 


i —i(t—t')Ro c } 
Aipi = f exp ) A1,po. 
h J, h 


i(t—t’')Ro 
xexp( - )rucnae. (5.4) 


h 


The average deviation (AA,) and (AJ,) from the 
equilibrium (A,) and (J,)=(A,) are, respectively,” 


(AyAn) => KAA a), 
(AiA boa, 


(5.5) 


TrApiA, 

t 
_ fr Ith eit len 
n,m oO 


= (4 h)[A 1,00 |nm( An) mn 
= (i/h)(At)am(A h) mn (Pom— Pon) 
an —Dan*”, 


(MF (t)dt’, (5.6) 
where 
Daw! +h 
(5.7) 
and 


(Ala) =X Ail rsa), 
Ail isn 


(5.8) 
= TrAipil, 


t 
>> fsa eK ew-em) MBL) dt’, (5.9) 


n,m 0 


where 


J aa **) = fy 2(A inm(A h)ma(€a— Em) (pom — pon) 
= SnD = Jaq DP, (5.10) 
_ 4K. S, Marvin, R. Aldrich, and H. $. Sack, J. Appl. Phys. 
25. 1213 (1954). 


#1 —»+ h means that F; is an excitation and Apa, Ax, or I, is its 
response. 
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The reciprocity expressed by Eq. (5.7) or (5.10) 
leads to various reciprocal relations. If a dynamical 
quantity, say Aj, is transformed to A, under time and 
magnetic field (H) reversal, (A1)m» is transformed into 
(Ai) am, and, by virtue of the reversibility of mechanics 
in a finite system (microscopic reversibility), we have 
from Eq. (5.10) 


J mn” (Ay, AnH) =J nm” (Ay, An, —H) 


T mn (A;, An, —H). (5.11) 


Further, if A; is either an “a variable” or a “8 variable” 
in the terminology of Casimir®® we can write 


(5.12) 


A\=€Aj, 


where e; is 1 for an a variable and —1 for a B variable. 


Thus, we have 


J ans 


=) (A 1,An,H) = €1€rI mn (At, An, —H). (5.13) 
In the limit of an infinitely large system, we have 

Fi” (p,B) = een fr? (p, — Hi). (5.14) 
In the same way we have 


Si (p,H) = cen” (p, —H). 


two relations are not independent, since we have 


(5.15) 


J an” =tdanDan™, (5.16) 


Si” (p, A) =ipfa-” (p,H), 


which is a generalization of Eq. (4.19). Neither fr" 
nor f,“ is necessarily real or pure imaginary. Their 
symmetric and antisymmetric parts defined by, for 
example, 


(5.17) 


Sym fy" | 
Antf; on 


are related by 


AT fi F-) (wy) +f; hb) (w) l, 
AC fr” (w) — fr (@) ] 
Symf; (5.19) 


Antf; Ih) (4) 


iw Symfa“” (w), 


iw Ant fa“ (w), (5.20) 


and it follows from Eq. (5.10) that Symf;“>” (w) and 
Ant f 4 *(w) are real and even functions of w, while 
Antfr" (w) and Symf,"""(w) are pure imaginary 
and odd functions of w. 

The generalized admittances corresponding to fi a) 
and f,“", which will be denoted, respectively, by 
o'-" (iw,H) and p“-"(iw,H), have the forms of Eqs. 
(4.14) and (4.25), respectively, and have from Eqs. 
(5.14) and (5.15) the following properties: 


ao) (tw, H) = €1€,0 hl (tw, — fH), 


lh) (3... FZ Ch) (s (5.21) 
p(t, 173 = exenp (tw, —H). 
These are Onsager’s reciprocal relations.”' They are not 


*~H. B. G. Casimir, Revs. Modern Phys. 17, 343 
1 L. Onsager, Phys. Rev. 37, 405; 38, 2265 (1931). 


1945) 
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independent since 


w,f1) wll). 


7, 
lwp 


This relation is proved by making use of Eq 


p)dp=0 


Equation (5.2 


(5.7) that 


I'rp [ 1)... 


because, in general, A, and A; 
As we mentioned, if the system is not 
subject to any irreversible proces 


commute. 
have already 
ses, the poles on the 
transfer function are 
polarizabilities can be defined 
Among 


imaginary axis of the r 
Neverthe , tne 
and are real quantiti 


Eq. 


evant 
discrete 
them relations hold, 
similar to Maxwell’s 
relation in thermodynami for reversal of the 
field.?* |] usual demonstration 
of the Onsager reciprocity, one makes use of microscopic 


such as 5.21), which are 
, except 
magnetl urther, in the 
of fluctuations which is 
assumed to be de scribed by a pl en ymenologic al relation 
in irreversible the 
between these ntroversial properties is not clear. 


reversibility and the regression 


processes. However, connection 


two < 


In the above proof, microscopic reversibility is intro- 
duced in the 


1 : 4 ‘ 
mecnanica stage Imo 


g a finite system to 


j and (5.15) 
These reciprocal relations lead to the Onsager relation 
when irreversibility 
infinitely large. 


obtain reciprocal relations [Eqs. (5.14) 


appears by making the system 


+h 


Finally, it is noted that tioned above, ¢ 


is given by 


Thus, the re al part of 
x Symf;"” (w) and is 
production of entropy, 


Symo“" (i) is equal to 
ré sponsible for the irreversible 
as will be shown in Sec. V I. This 


See reference 24 for tk ransfor from the second 
expression to the thir 
3 Maxwell’s relati nodynamics is proved 


to hold under mechar perturbations in the following way, 


mation 


Op IR IK 
ax OF; OF x 
5.25) 
5.25 w=Q) with no irre- 
from Eq. (5.7 
reversibility in addition 
H), a special case 


Equation 
versible elements, : 
It is to be noted that 
to Eq 5.25) we eg 
of (5.21). 


directly 
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is also consistent with the electrostatic interpretation 
given in Sec. IV that irreversibility is always connected 
with the x component of the “electric field.” Further- 
more, we can show by making use of Eq. (5.10) that 


RE Lao (wo) XX 
=R Fd, Syme” (w) XX, 
= 1d Symfr” (w) XX, 
=m 1 Ex fr” (w) XX, >0 


is always positive, where the X;,’s are arbitrary real 
quantities. Equation (5.27) will be used in Sec. VI to 
prove the positive definiteness of the entropy produc- 
tion. 


(5.27) 


VI. ENTROPY AND H FUNCTION 


For a while, we assume that the Hamiltonian has a 
single perturbation term representing an external force, 
as in Sec. IV. The current is given by Eq. (4.10), and 
we can write the rate of the irreversible production of 
entropy per unit volume (dS/dt) jr: as 

(dS/dt) inre=(A1 ())F (0)/T, (6.1) 
according to the thermodynamics of irreversible 
processes, 7 being the absolute temperature. For a 
periodic field F(t)=Foe**', both factors of Eq. (6.1) 
must be taken as their real parts. Namely, the average 
rate of the entropy production over one period after a 
sufficiently long time, is given by 


dS 33 1 
( ) = MAT (t))*F (1) =—MRo (iw) Fe, (6.2) 
af. F's 2T 


where (AI (!)) is given by Eq. (4.11). Thus, the rate is 
always positive. 

However, Eq. (6.1) tells us nothing about the relation 
between the H function and the entropy. The H 
function H is defined by 


1 


H lim = Trp Inp. 


V-«,N~o@ 
N/V =const 


This function is, as is well known, invariant under the 
canonical transformation, or under the motion of the 
system having a Hamiltonian #. However, it would be 
instructive to see H_ remains the 
course of time. 


how invariant in 
H is expanded according to the order of perturbation, 
as follows 


H=lim(1/V)[Trpo Inbo+A,H+A,H+---]. (6.4) 
On the other hand, p(/) has already been given by 
Eqs. (2.3)—(2.5). Therefore, we can write 

Ino= Xo+AiX+A2X+---, 


Xo=Inpo, 6.5) 
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Here A,X, AcX, --- 
terms of A:p, Asp, 
other by 


cannot be expressed explicitly in 
‘++, but they are related to each 


1 
Ay= f dd eO-YXA XOX, (6.6) 
a 


1 
av= fa eO NTA Xero 
0 


» 


1 
+ f dr e' X04 X¥P% f dp ce ** A,X e**e, 
0 


Hence, we have 
A,H= TrAyp Inpot+-TrpoALX, 
A2H = TrAgp Inpo+TrpoAoX+TrApAX. 


From Eqs. (2.4) and (2.5) we have" 


(6.8) 
(6.9) 


TrAp=0, TrAsp=0, (6.10) 


TrAp Inpo=0. (6.11) 


Equations (6.10) and (6.11) yield, by virtue of Eqs. 
(6.6) and (6.7), 


TrpoA,X =0, (6.12) 


1 


TrpoAeX =— fa (1 —) TrA,Xe* A, Xe" Fe, (6.13) 


-"s 
Consequently, we have 


A,H=0. (6.14) 


In order to see the behavior of AH we first investigate 
TrAgp Inpo. It follows from Eq. (2.5) that 


TrAsp Inpo 


1 ' i(t—t')Ro 
f Tr exp( - ) 
ih J h 


XA, Aw] expli(t—?)5Co/h] InpoF (t’)dt’ 


Me lh . 
:— - | F(t’)dt’ ¥ (AmnAiPam 
1 f 


ih Jo ae 


— AipmnAnm)(Q—ém). (6.15) 


™* Equations (5.24) and (6.10)~(6.12) are easily proved by 
making use of the relation TrAB=TrBA. However, this relation 
does not necessarily hold in general, as we can see in a simple 
example given by taking Tr of the identity pq—qp=h/i. In order 
for this relation to hold, the infinite series obtained by taking Tr 
must be absolutely convergent, and the order of terms is change- 
able. Speaking in terms of classical mechanics, the int 1 of 
the Poisson bracket corresponding to the commutator AB—BA 
over the whole phase space must vanish, or, in other words, the 
partial integration vanishes at the boundaries of the phase space. 
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Aip has already been given by Eq. (2.4): 
i f 
h 


This is substituted into Eq. (6.15) to yield 


Aipan(l’) 
XA am(Pom — pon) F(t’ )dt’”’. (6.16) 


TrA p Inp 


8 , ” 
f fk iat f F(t’’)dt”’ 
h* « J 9 


AL pilt’ 


|? 
B/2) i [ rae hid I mn <0. 


(6.17) 


Here, the third expression is obtained by adding to the 
second expression the same one with m and n exchanged 
and divided by two. The fourth expression is obtained 
by noting that the integrand is an even function of 
t’—t", and the upper limit of ¢’ can be extended to # 
provided that the total integral is divided by two, and, 
further, by making use of the definition of J,,, given 
by Eq. (4.2). It is obvious without detailed calculation, 
though it can be shown from Eqs. (6.6) and (6.13), 
that the last two terms of AsH in Eq. (6.9) just cancel 
its first term given by Eq. (6.17). 

Equation (6.17) is differentiated with respect to é, 
with the result 


d 
oi l'rAsp Inp 


aE Ina f- (0-0) (en—em) RF (t’) dt’ 


On adding Eq. 6.18) and Eq. (6.11), the following 
relation holds at least up to the second order, 


Fit). (6.18 


. 


Inpo=—{Al (t))F 6.19) 


For this derivation, use has been made of Eq. (4.10). 
This is just the rate of the increase of entropy given 
by Eq. (6.1). This relation between —k Trp Inpo and 
entropy has already been noticed by Mori.” 


** HH. Mori, J. Phys. Soc. Jay 


van 11, 1029 (1956). 
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Usually, —& Trp Inp is interpreted as entropy. How- 
ever, it is constant in time, as already mentioned, unlike 
the increase of the entropy in a closed system. Thus, 
we are tempted to adopt the following interpretation: 


1 dO 


. 6.20 
dl 
where d'Q/di means the rate of flow of heat from a heat 
reservoir to the 
tation 


system, instead of the usual interpre- 


ado 


= —~k Trp Ino 6.21 


In a quasi-static process, we have d‘0=T7dS, and 
(6.20) is in accord with Eq. (6.21). In an isolated 
system, such as the one we have treated in the present 
article, d’O equals zero, and Eq. (6.20) is in accord with 
the requirement of mechanics. Furthermore, according 


to thermodynamics, we can write 


(1/T)d'0/dt=dS/di—(dS/dt) ire. (6.22) 


In effect, we have shown that 1/dt)k Trp \np is 
divided into two terms and one of them is just equal 


to dS/di= (dS/dt);,; 
(6.23 


It is a conjecture that Eq. (6.20) will hold in case of a 
system in contact with a heat reservoir. 

It is ¢ sy Lo ¢ xtend the above calculations to a case 
where the Hamiltonian has several 


discussed in Sec. V. It 


external forces as is 
will be here to write 
only the main results. As 


(6.18) and (6.19), w 


sulhicient 


a generalization of Eqs. 


Eqs. 5.8) and (5.9) to get the 
ho 


third expression, which is the thermodynamical expres- 


where use made of 
sion for the increase of the entropy in a closed system. 
In periodic excitations given by F;= F,e*!*, we have 


after a sufficiently long time 


Al))=E) 
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If w;~w, the two excitations do not interfere with each 
other, and the entropy production is a sum of those 
of single excitations. In a case where two excitations, 
say / and h, have the same frequency w=w;=,, then 
the contribution of these two excitations to the entropy 
is given, just as in Eq. (6.2), by 
(dS/dt), = (dS/dt)1.y irr 

= (1/27) Ro? (w)(Fi)?-+-0°%™ (a) (Fx)? 

+2 Symo“ on (w) PF, OFR,© |] (6.26) 

which is always positive. If all the excitations have the 
same frequency w, we have 


dS dS By yeh | 
( ) =—§ 3) Syme" F,OF,©, 
dt Nat} ine QT th 


(6.27) 


which is always positive [see Eq. (5.27) ]. 
Finally, if we adopt the definition of entropy accord- 
ing to Eq. (6.23), i.e., 


(6.28) 


= lim Trp Inpo, 


iF ese 

its first order variation is zero, as is shown in Eq. (6.11). 
There is no entropy production in the first order. This 
means that the relation between the first order vari- 
ations of thermodynamical quantities in quasi-static 
processes still holds for linear irreversible processes. In 
the thermodynamics of irreversible processes, one 
assumption is that one can use the Gibbs relation which 
describes most generally the relation between the first 
order variations of thermodynamical quantities. A 
special case of this assumption is thus proved. 


VII. FURTHER DISCUSSION ON IRREVERSIBILITY 


In the above sections, we have shown that the van- 
ishing of an aftereffect function, which is expected in 
the limit of an infinitely large system, is responsible for 
various aspects of irreversibility, such as the positive 
definiteness of the real part of the conductivity, entropy 
production or the reciprocal relations. However, the 
relation between the vanishing of the aftereffect func- 
tion and the reversibility of mechanics itself should be 
further elucidated. The former property is, in part, 
closely connected with the Poincaré cycle which be- 
comes infinitely long when the system is made very 
large. However, this is not sufficient to get irreversi- 
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bility. The free motion of a particle in an infinite space 
never comes back to its original starting point, but it 
obeys reversible mechanics. 

If the direction of time is reversed, as well as the 
magnetic field and Coriolis force, if any, the motion of 
the system will just reversibly trace back the trajectory 
of the previous motion in a finite system. In a linear 
process, this is described by Eq. (2.9) for <0. (AB,(i)) 
in this case stands for the deviation from the initial 
value of B at the moment of the reversal of time. ¢(/) 
given by Eq. (2.10) can be used for 1<0. The transfer 
function must be defined for <<0. Thus, in the limit 
of an infinitely large system, the image ‘“‘charge”’ 
equivalent to the continuously distributed “charges” 
on the imaginary axis must be made on the right half 
of the z plane, contrary to the case discussed in Sec. II. 
In other words, even when we make the system return 
back to the past by time and magnetic field reversal, 
we again have ¢(/) — 0 for !—+ — «. Thus the system 
will never return to the initial state. This may be the 
proper meaning of irreversibility. Umkehreinwand and 
Wiederkehreinwand raised by Loschmidt and by Zer- 
® respectively, are thus completely eliminated. 
In an actual case of a finite system with many inter- 
acting particles, the distribution of poles on the imagi- 
nary axis is still discrete, but is almost continuous. We 
cannot disclose its discrete nature in macroscopic 
measurements necessarily contain errors or 
include time and/or space averages. This effectively 
continuous distribution of poles for a finite system 
leads to irreversibility. These measurement processes 
are supposed to be provided in theroretical consider- 
ations by time-stnoothing or coarse-graining procedures. 


melo,’ 


which 
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case, a law generalizing Fourier’s law of heat conduction is found 


INTRODUCTION 


HE principles of linear irreversible thermo- 

dynamics have recently been used to obtain a 
unified foundation for linear continuum mechanics. The 
works of Onsager,'? Onsager and Machlup,** Prigo- 
gine,®:® DeGroot ,’ Denbigh,® Greene and Callen,’ Staver- 
man," Staverman and Schwarzl,'' Meixner,” Biot," 
being some of 
rhe 


stresses in fluids and in solids are logically brought into 


and others may be mentioned as 


the major contributions in this field. viscous 
the phenomenological relations, and the symmetry of 
are explained. In 
Biot’s work, the Maxwell-type internal friction mecha- 
nism is explained in a natural way. 

A satisfactory treatment of continuous media under- 
going nonlinear reversible changes (such as large static 
linear irreversible 
changes does not exist. Moreover, the relation of the 
solid is not clearly 
explained.'* Furthermore, basic equations of continuous 


the phenomenological constants 


deformations) accompanied by 


viscous fluid to the visco-elastic 


media are somewhat taken for granted rather than 
being obtained as a result of the basic principles. For 
example, either the equations of heat conduction or 


the stress-strain temperature relations are obtained 
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from the the ory, ieav 


result ol 


ng the other as an untold postulate 
Biot,'® Lessen.!?7 A 


systematic theory IS exper ted to fulfill all three objec- 


or aS a 


hnermostatics, 


tives, and it is with this viewpoint that the present 
paper is written. 
We find a need for a 


irreversible 


ombined use of reversible and 
thermodynam and thermo- 

somewhat different from 
al foundation based on the 


rely on 
dynamic functions that are 
ihe ones usually used. A logic 
principles of the linear irreversible thermodynamics 
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The first law of thermodynamics tells us that 


dS p= —50/T r= — (1/T x) (dE—bW), (1.3) 


where 4Q is the heat flow into (B), dE is the internal 
energy change of (B), and 6W is the work done upon the 
system (B) by the external forces p,. Suppose system 
(B) has n degrees of freedom defined by m state variables 
S, Qe, Os, +++, On measured from an origin. The state 
variables Q; may be coordinates such as voiume, concen- 
trations, piezoelectric charges, etc., such that 


bW = pdQ, (i=2, 3, ++, Mm), (1.4) 


where repeated indices indicate summation over the 
range (2, ---, m). For example, when dQ, is the volume 
change dV, then — py is the pressure p, etc. From (1.3) 
and (1.4), we will have 


dS p= —50/T r= — (1/T Rr) (dE— p.dQ,). (1.5) 


Prigogine® by use of methods of statistical mechanics 
has shown that Gibbs’ equation, TdS=dE—pdV, is 
valid for a system undergoing irreversible changes not 
far from equilibrium. This equation in our notation must 
be interpreted as 


TdS =dE—p,"dQ,, (1.6) 


where p,’ are the reversible parts of the forces p;. Thus, 
we write 


Pi= piv +Xi, 


where X, are the purely irreversible parts of the forces 
pi. They are also called Onsager forces. Substituting 
(1.5), (1.6), and (1.7) into (1.1), we get 


T pdd = (dE— p,"dQ,)[ (Tr—T)/T J+X dQ. 
Using (1.6), this reads 
T pd= = (Tr—T)dS+X dQ. 


(1.7) 


(1.8) 
This equation suggests that T7,—T plays the role of a 
purely irreversible thermal force while S plays the role 
of a coordinate conjugate to it. From (1.6), it is clear 
that T is the reversible part of the thermal force. Thus, 
if we write 

pi=T pr, Xi=Tr-T, 

we find that (1.6) and (1.8) take the form 
dE= p,;"dQ, 
T d>= X dQ; 


Q1=S, pi’=T, (1.9) 
(1.10) 


(i=1, 2, ---, m). (1.11) 


Fic. 1. Thermodynamic 
system 
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The first of these indicates that we have an equation 
of state of the form: 


E= E(Q,,02,° . ‘DD. ), (1.12) 


where (,=.5. Thus, by adding the state variable S to 
our collection of coordinates Q;, we have included the 
thermal forces. The significance of this, as we shall see, 
is that for i=1, Eq. (1.11) leads to the heat conduction 
equation. From (1.10) and (1.11), we see that 


pi" =0E/AQ,, (1.13) 

X= T pdZ/8Q,, (1.14) 

where the partial derivatives are calculated in the 
usual sense by holding all other Q;=const, 7#i. These 
expressions define the purely reversible forces p," and 
the Onsager forces X;. From Eq. (1.11), we also have 
T pdd/dt=X Qi=X Ji. (1.15) 


Here J,;= Q, are called fluxes. Consequently, the sum 
of products of Onsager forces and fluxes give Ty times 
the entropy production. 

The Onsager principle states that the Onsager forces 
are linear functions of the fluxes with the coefficients 
being symmetric. 


Xi=T n(0E/8Q:) = biJ;, 


where 


Ji=Q=bX,, 


(1.16) 


by = by, b,>0, (1,17) 


and 6,;* is the inverse matrix to b,;. These latter 
relations are called the Onsager reciprocal relations. 

We are now in a position to pronounce the principles 
of the irreversible thermodynamics, with reference to 
the closed system (R)+(B): 


(i) The total energy is conserved. 

(ii) The entropy production is positive definite (i.e., 
dd/dt>0). 

(iii) Gibbs’ equation, (1.6) or (1.8) is valid for small 
irreversible changes about a state of equilibrium. 

(iv) In the neighborhood of an equilibrium state, the 
Onsager forces X, are linear functions of the fluxes J, 
(Eq. (1.16) }."* 

(v) The phenomenological coefficients b,; that relate 
Onsager forces to fluxes are symmetric tensors [Eq. 
(1.17) ], provided that the forces and fluxes are selected 
in such a way that the sum of their products gives Tz 
times the entropy production [Eq. (1.15) ]. 


It has been shown that when a magnetic field B exists, 
this symmetry condition is modified as b,;(B) = b;.(—B).? 

The first two of the foregoing principles are the same 
as those of the classical thermodynamics, the last two 
being new. Let us note that (v) also gives a method of 
_™* Some authors regard this as a restriction to Onsager’s principle. 
See, for instance, K. G. Denbigh, The Thermodynamics of the 
Steady State (Methuen and Company, Ltd., London, 1951), 
pp. 30, 31. We include this as a principle to complete the de scr ip- 
tion of linear irreversible phenomena. 
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calculating the entropy production which, in general, 
is not possible through the principles of classical 
thermodynamics. In applying principles to 
continuous media, we shall be working with thermo- 
dynamic densities which are defined as the thermo- 
dynamic variables per unit mass of (B), e.g., 


o=2/M, s=S/M, E/M, 
1/p=V/M, 


these 


(1.18 


where M is the ma . Substitution of 
(1.18) into some of the foregoing equations, with the 


use of the principle of mass conservation dM =0, leads to 


60/M 


of our system (6 


de - pidq 19) 


(principle 

(principle ii), 20) 
(principle iii), 

bq; (principle iv), 


(principle v). 


pi— (d€/0q;). 
For principle (v) to be valid, we must also have 


T ro = X Gi= bi,G,Gj= OiAX Xj. (1.25 


must, of 
course, use the usual conservation principles, such as 
momentum, and energy (the 
| other principles enunicated 


In dealing with continuous media, we 
conservation of 
first principle 
above. 


mass, 
and al 


2. DIFFERENTIAL EQUATIONS OF STATE VARIABLES 


with the 


From Eqs. (1.22 use of (1.24), we get 
T p(de 0g;) + 0€/0qi= pi. 


Two other versions of this 


GT 0g: = Pi, 


system are 


and 


+e 0g: = pi, 


where 
2d=T ro 


is the well-known Rayleigh dissipation function per unil 
mass whose positive definite character is guaranteed by 
the Onsager relations (1.23). 

We now would like to see how the function ¢ changes 
in the neighborhood of equilibrium. We write (2.1) as 


pidg : 


0; hence, 


(2.5) 


T rdo+de 
At a state of equilibrium do 
pi*= (d€/0qi)¢, (2.6) 


where the index e represents the equilibrium value of 
the quantities. Let us imagine that g,; are changed so as 


ERINGEN 


to take the system away from the point of equilibrium 
an infinitesimal amount, while the forces p,; are kept at 
their equilibrium values. From (2.5), we will have 


T rdo ew (de 04; lq; T } Ore dq dg gidq; = pi*dqi. 


this reduc es to 


Txdo=—} 


Using (2.6), 
Oe 0q,0q iq.dq 
Since T rdo<0 for an unnatural process, this shows that 


ae 0g Og p U (2.7) 


but, € is a function of g; alone and is independent of 
the way the forces are applied. Therefore, (2.7) must 
be valid generally. 

Let us now expand ¢ into a power series of g; and 
retain only the first three terms 


e— € Dig AL (2.8) 


9:4i; 
where ¢€o, 8;, and a;;=4a,;; are constants, and according 
to the foregoing argument, a,,>0. Through (1.13), 
we get 

(2.9) 


P:°=B +4;;9;, aj=a2>0. 


This shows that 8; are none other than the values of the 
reversible forces at the origin g;=0 


"=P; at 4q, (2.10) 


is , 


Carrying (2.9) into ( 
where 


Differential equations (2.11) are, in form, identical to 
those obtained by Biot in different way. Here, 
however, P,; is general and is time- 
dependent. Moreover, our a,; are different from those of 
Biot. The logical extension of the present quantities to 
systems and to continuous media makes one believe 


much more 


that the variables used here are natural ones. Let us also 
note that in Eqs. (2.2), by considering ¢ as any function 
of g; rather than a quadratic function, the formulation 
of small 
reversible changes can be mad 


irreversible changes superimposed on large 
An example of this 
is thé large deformation of an elastic solid accompanied 


by small irreversible changes (internal dissipation, etc.). 


3. PHENOMENOLOGICAL RELATIONS FOR 
INTERNALLY CONSTRAINED SYSTEMS 
The principles of irreversible thermodynamics lead 
us to the phenomenological relations 
(3.1 
In this form, the phenomenological relations are capable 
of expressing the large reversible changes through the 


term de 0q . When the equilibrium state is reached by a 
small change from an initial state, we I » found that 


(3.1) gives 
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where 


4;= 4; 20, b=) 20 (i, 7=1, 2, ---, m). 


If some of the forces, say Pey1, Pey2, «++, Px are zero, 
we see that the number of degrees of freedom of the 
system can be reduced to k by eliminating gey1, --*, dn 
from (3.2). This situation is the same as having internal 
constraints so that the system is nonholonomic 

An example for internal constraints may be provided 
by a simple linear Maxwellian solid. This solid is 
represented by a linear spring and a dashpot in series 
(Fig. 2). Let Qi, Qe be the displacements of the end 
of the spring and dashpot; P the external force; and k 
and c the spring and dashpot constants. We have 


r = kO,, P=c(Q.—Q,). 
Eliminating P from these equations we get 
kQi=P, kOr+c(Qi—Q:)=0, 


which upon comparison with the form (3.2) shows that 
P,=P, P:=0. Hence, the simple Maxwell solid has one 
internal constraint. Note that this situation does not 
arise for the Voigt solid (parallel spring and dashpot) 
where we have a single degree of freedom system. 

We now return to the set of Eqs. (3.2) and, using 
time domain analysis, give a quick solution. To get the 
general solution of the system (3.2), one solves the 
homogeneous equation 


4395+ b4q;=9. (3.3) 
We try a solution: 

qji= Co;e"', (3.4) 
where C and ¢; are constants, C being introduced for 
convenience. From (3.3) and (3.4), we get 


(aijst+ pb ;)o;=9, 3.5) 


which may have a nonzero solution if the characteristic 
equation is satisfied, i.e., 


| aut pby;| =0. (3 


For each root p=—\A, of (3.6) we must have ( 
satisfied, i.e., 


(a,;—\.bi)6;*=0 (not summed over s), (3.7) 


where ¢;* is a mode corresponding to the root —\,. 
Next, one can prove that: 


(i) The roots —\, of the characteristic equation are 
real and negative. 


Fic. 2. Simple Maxwell solid. 
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(ii) Any two modes ¢," and ¢,* corresponding to two 
distinct roots —A, and —X, are real and orthonormal, 


i.e., 
bihs";" = 5”*, 


To prove (i), one assumes that A, is complex, and hence 
its complex conjugate \,* is also a root of (3.6); corre- 
sponding to these two roots, we have 


(aij— A*bis)oi** =(. 


Now, multiply these equations by ¢,** and ¢,’, respec- 
tively, and subtract one from the other. Since a,; and 
by; are symmetric and b;,'¢;**>0, we get A,—A,*=0, 
which proves that \, is real. We also solve this way for 
X,, giving us 


\,5"'=ay¢,"¢," (s not summed). (3.8) 


(a,; —h,.bi)b;*=0, 


\, (aijhi'b;**)/ (bi6s'b;*"), 


which is the ratio of two positive quadratic forms. Thus 
\,>0 which proves (i). 

To prove (ii), write (3.7) for two distinct roots 
\,#A,, multiply them, respectively, by ¢,” and ¢,*, and 
subtract one from the other. This gives the ortho- 
gonality of ¢,” [i.e., the first of (3.8) with r#s]. Since, 
through (3.7), ¢;* are determined up to a constant factor 
for each s, we can choose these constants to make 
b.:*6;'=1 for each s, thereby, orthonormalizing ¢,'. 
The second of (3.8) follows by using the first in one of 
these equations [i.e. (3.7) ] multiplied by ¢’. 

Introducing the normal coordinates £, and expanding 
P, into an expansion in terms of the normal modes 

g=o"t,, Z.=Pa* (3.9) 
from (3.2) we get 
£.+n,t.=Z, 


(not summed over 5). (3.10) 


When this is solved and substituted into (3.9), we get 


t 
qi= > Cafe ™+ > Ks f Pj(r)edr, (3.11) 
‘ 0 


where 

Ki;*=$9,'$;', 
which, incidentally, is valid for repeated roots as well. 
Here, K,;* are completely determined since ¢,* are all 
known through (3.7) and (3.8), while C, are constants 
of integration to be determined from the initial condi- 
tions. This part, of course, dies out quickly with time. 
In the case of internal constraints, this result may be 
modified as follows. Write (3.2) as 


(3.12) 


(ayqyt+ b./4;) + (iaGat biaGa) = P; 


(i, j=1,2,---,&), (3.13) 


— (4aj9;+ baff;)™= Pa’ 


(a, B=k+1, ---, ), 


(@agqst- basis . 
(3.14) 


where we assume that the Greek indices take the values 
(k+1, ---,) and Latin ones (1, 2, ---, &). Then, the 
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solution of (3.14) is identical in form to (3.11). Hence, 


qa*= 2 | cots - 


t 
= Kat f [ag g;(r) +-bgjq;(7) je —")dr}. (3.15) 
0 


We thus expressed gu41, «++, gn Lthe left side of (3.15) ] 
in terms of g1, «++, gx. Now, substitute (3.15) into (3.13) 
and use the identity ; 


t 


' | 
f acre rel) dz fare elt) dr 
0 Ne 0 


1 
+-—[q;(t) —9;(O)e**]. 
r 


o 


This gives 


P;- 


x [ ee +q;(O)a;’ /‘(r,)4 ign tot (3.16) 


where 


A, j— > (1/A,)a,%a,’, 


bi— > bb, 


{(a,°/ (A)? ]— (Ao) 4b,"} 


x {(a;7/ (Ae) * ]— (A-) 8,7}, 


a’ Pa’ Cia; by da’ dia. 


In the expression (3.16), the terms containing the 
coefficients A,;, By, and C,,’, respectively, correspond 
to elastic spring, Voigt damping, and Maxwell damping 

Ignoring the transient effect of the initial 
conditions, we may write 


elements. 


Ps= pi—Bi= Avg Bis; 


t 
+ x fic *q;(r)e (tnd 7, 
¢ 0 


where from (3.17) we see also that the phenomenological 
coefficients A,;, B;;, and C,,° are symmetric, i.e., 


Byj= Byi, 


(3.18) 


Ay=A Cif=Cy!. (3.19) 
Thus, in a thermodynamic system with internal con- 
straints, in addition to elastic and Voigt elements [the 
first two terms on the right of (3.18) ], we must super- 
pose a functional term representing the Maxwell Model. 
Let us note that the effect of the forces at the point 
g:=0 is taken into account by the term 8; which enables 
us to treat initial stress problems. Finally, it is meaning- 
ful to separate the purely reversible and irreversible 
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parts of the forces in (3.18) and those of the internal 
constraints and write 


pi=pv+X 


(3.20) 


a= pa’ + Xa, 


where 


piv =Bit+ A is9j, Pa” Ba 


T GajVj T Gaps, 
t 
X= Byi+L f Cofgi reed, 
o 9 
} bad + basis; 
in which 


da= D> (1/Ae) Cas’ 


g 


— 4839; l 


t 
+ f (agj—Aobp;)G;(r)e™ Pdr I. 
0 . 


According to (1.15 
production by 


(3.23) 


we may now calculate the entropy 


(3.24) 


In the following section, we show how this result may be 
applied to the mechanics of continuous media. 


4. THERMODYNAMICS OF HOMOGENEOUS FLUIDS 


We define a homogene free from chemical 


and electrical phenomena by the equation of state: 


mus fluid 


p (4.1) 


Thus, our coordinates (state variables are qi S, 
g2=1 p. Gibb’s equation for densities now takes the 
form: 


(4.2) 
T and 


which defines 
pressure p 


the thermodynami 


in (1.13) ] by 


te mp rature 
[just as 
(4.3) 


7 d6e/OS 1» de/ Op 


We would now lik« 
To this end, we must use the 


to compute the entropy production. 


well-known conservation 
equations of continuum mechani 


p+ pr;,=0 (conservation of mass), (4.4) 


Os 


conservation of momentum), (4.5 


pe=05;d;;,—9 conservation of energy), 4.6) 


J 


— ‘ Ti Pret } } 
now interpreted as the 


a subscript aft 


where the 
stantial derivative, and 
represents differentiation, 


time rate is sub- 


comma 


F =0F ,/dt+ (OF ,/dx;)0;, d ul, Ov,/ OX;, 


and o,;, f;, aj, and 9; are, resp the 
the body force per unit volume, tl LCE 
and the heat input 


stress tensor, 
leration vector, 


surface area, and 
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d,; is the deformation rate tensor; then, 


2d (j= 0;, 5 +0;, «. (4.7) 


Eliminating ¢ between (4.2) and (4.6) and using (4.4), 
we have 
pl 8= (p—Pp)0;, + Sidij— 9,. «, 


where we wrote 


(4.8) 


0j=— Pits, I3p=—ois, (4.9) 


in order to introduce the deviator stress 
mechanical pressure p. 
We may further write (4.8) as 


p+ (4./T), «= pe, 


Sij and the 


(4.10) 
where 

pl a= 7,dj;— (1/T)9,0T/dx,, (4.11) 
and 


T= Pbiytoy=ry+55, r=p—Pp. (4.12) 
Note that in this form @ is the entropy production per 
unit mass. In order to get back into macroscopic 
irreversible thermodynamics, we must multiply both 
sides of (4.10) by the volume element dV and integrate 
over the volume. Using the Green-Gauss theorem, the 
second term on the left of (4.10) is converted to a 
surface integral. Hence, 


(4.13) 


s+ f (Q/T)dA = dz; dt, 
A 


where A is the surface of B, v; is the exterior normal, and 


§ f psdV, = -f podV 
V V 


are the total entropy of our system (B) and the universe 
(B)+(R), respectively. 


(4.14 


Clearly, d=/di>0, according to principle (ii) of the’ 


irreversible thermodynamics; then from (4.13) there 
follows the well-known Clausius-Duhem inequality 


s+ f [(4)/TWA>0 (4.15) 


Truesdell includes (4.15) in the definition of homoge- 
neous fluids. 

From (4.11), it is clear that 7,; and 7—' 67 /dx, play 
the role of Onsager forces and d,; and —4, that of the 
fluxes. Phenomenological relations accordingly should 
read 

T/T = — bij + cid jx, 


7ig= ijnQut bi jade, 


where bj;, Cije, dijx, and bjjn; are phenomenological 
coefficients of the Onsager theory and for which, 


(4.16) 


” C. Truesdell, J. Rational Mech. and Analysis 1, 163 and 228 
(1952). 
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according to Onsager’s principles, we have 


b=) 20, dipr=bewj2O. (4.17) 


The Onsager theory does not tell us anything about odd 
order coefficients cijx, dijx. In order to simplify the 
discussion, we consider only the isotropic fluids. In this 
case, the terms containing ¢,j, and dj, drop out on 
account of symmetry conditions,” and 


binxi= Neb iSert oe (bind jr +5s 55x), 


where 6,; is the Kronecker delta and x, A, and yp, are 
constants. Substitution of (4.18) into (4.16) gives 


di= — (x/T)(0T/0x,), (4.19) 
0 i5= (— PtAcden)bigt 2ped yj. (4.20) 


The first relation is the well-known Fourier’s Law of 
Heat Conduction and the latter is the stress-deformation 
rate relation of the Newtonian fluids. It is interesting 
to note that in (4.19) «/T appears as a coefficient 
instead of x. 

In fluid dynamics often it is argued that r=0 or 
p=/p. This is known as the Stokes condition” We would 
like to see precisely when this is permissible. From 
(4.20), writing i= 7, we get 


a= p—p= (A+4u)0, i. (4.21) 


In incompressible fluids »;,,=0; hence, p=p. Now, the 
argument that for a compressible fluid A= —2y/3 is 
contradictory to experimental facts. There is one more 
case in which p=; that is when the fluid is undergoing 
a reversible change only. In this case, Onsager forces 
7,j= 0 which according to (4.12) is satisfied if 


O54; = — poi;, (4.22) 
where superscripts r represents the reversible value of 
the stress tensor o,;. From (4.9), it now follows that 
p=Dp". (4.23) 


Therefore, the Stokes condition is justified in two cases: 
Incompressible fluids and fluids undergoing reversible 
changes. 

Next, we calculate the entropy production by simply 
substituting 7,; and T,,/T back into (4.11). This gives 


(4.24) 


bj =K by, (4.18) 


r 


047 = — pby= — pb, or 


o=aator, 
where 


plea - ize rdisd et, pl or= bi39.9), 


and ¢g and @r are the entropy production due to 
deformation and heat input, respectively. They are 
positive definite on account of (4.17). Substituting 
(4.18) into (4.25) we get 

= (dix)? + 2yd id j;, 

pl ar=(1/k)9.g:= (x/T*) (OT /dx,)(0T /dx,). 

~ © This is sometimes known as Curie’s theorem [P. Curie, 
Sur la symmetrie dans Les Phenomenes Physique, Oevres (Gauthier 


Villars, Paris 1908), p. 127]. 
*! For a discussion of this condition, see reference 19, p. 228. 


(4.25) 


Té 
vee, (4.26) 
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The pressure p can be determined from (4.3). For a van 
der Waal’s gas, one has 


p=(RTp/(1—bp (4.27) 


ap” 


where @ and b are constants. A few manipulations 
through classical thermodynamics produce 


€ fear -ap+constant, 
(4.28) 
s=R \nL(1/p 


bj+ fear 7T)+ constant, 


where ¢, is the specific heat at constant volume. 


Cy= (0€/0T),1=T (0s/0T),-, (4.29) 


which is a constant for an ideal gas; in such a case, we 
also have a= b=0. 


5. HEAT CONDUCTION IN FLUIDS 


The equation of heat conduction in fluids (Van der 
Waal’s fluid) would be obtained through (4.10). From 
the second of (4.28), we have 


pT RT p/ (1—bp) |+c,pT’. 
Using the continuity equation (4.4), this gives 
pT s=[RTp/(1—bp) vi. +c,pT7’. 
Now, substitute (5.1) and (4.19) into (4.10). 
cypl'+([RpT/ (1 ~ (xT 4/T) c= pT ea 
Nd e+ 2d j;d;;. (5.2) 


ideal have a=b=0, R and 
p=pRT where c, is the specific heat at constant 
pressure. Writing 


p= RT6+RpT 


bp) x. 


For an gas, we Cp— Ce, 


RT pv;.:4 pRT 
— RT pv; ‘ + p(« a" ¢ 7’, 


cpp T —p—(U(«/T)T c= dd ex? + Quad isd j:. (5.3) 


his reduces to the usual form of the equation of heat 
conduction if we write a new coefficient & in place of 
x/T. Equations (4.4), (4.5), (4.18), (4.19), and (5.2) 
constitute the basic equations of fluid dynamics. The 
equations governing anisotropic fluids can be obtained 


in a similar fashion 


6. THERMODYNAMICS OF VISCOELASTIC SOLIDS 


An elastic solic 
state of the form 


1 may be defined by an equation of 


€ $.0ii). (6.1) 
Now, Gibbs’ equation is written as 


Ts+p't 


6.2) 


which defines temperature 7 and thermodynamic 
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stresses /;; as 


T= (de/Os)e;;, t p(O€/0€;;) 8.ekm HK eij = eji- 


Substituting (6.2) into (4.6), we get 


where 

pla —., 
Ox; 
The positive definite character of ¢ indicates that for a 
reversible change, i.e., ¢=0, we must have one member 
from each of the pairs o;;—1t;;, dj; and Q;, T,,/T zero. 
Four possibilities are 


T .=0, o bij hermal process and vanish 


isot 
ing dissipative stress, 


totally adiabatic process and 


(6.6) 


vanishing dissipative stress, 


isothermal process and rigid 
motion, 


totally adiabatic process and 


rigid motion. 
The stress tensor in the first two cases takes its re 
versible value o;,,;’, i.e., the form of (6.5) dictates that 
the Onsager forces are o,j—t;; and 7—'(d7/dx;) and 
fluxes d,; and @;. Hence, 


(1/T)(dT /dx 


postulate (iv) is expressed as: 


(6.7) 


a 
For an isotropic solid, this reduces t 
«/T)(AT/as 
6.8) 
) 
tr léyG 
ough th 


potential 


e t,;-term this expression 
contains the for treating large reversible 
deformation problems. For these stresses, we have a 
stress potential pe as ¢ xpressed by (4.6) which is valid 
for large strains e,; as well. The present method of 
approach also makes it possible to obtain fluid dynamics 
as a limiting case of a viscoelastic solid in which 
t:j= — pé,;. This amounts to using in the equation of 
state (6.1) 1/p for e,:,, which is permissible because of 
the continuity equation. To obtain ¢,; and T for small 
strains and expand pe into a 
power series: 


Let us note that thr 


temperat re rise, We 


p(e—e l 


where 
€é9= €(0,0), a p(de/de;; 


8557 6.10) 


p(dr« Osde 
p Ore de Ot 


dy 


that the expansion is 
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about the initial state s=0, e,;=0. Now, (6.3) gives 
bij=aiytBiSt+B ijer€et, 
pT =atBijeist+Bs. 


If the initial state is stress-free (t,;=0 at temperature 
To), we find a,;=0, a=pT». From (6.11) we solve for s 
and thus write in terms of temperature 


_ (p/8)0— (Bi5/B)e:3, 6= i To, 
bij - (p, 8)8,O+[B. ji (1 ‘B)B Bs t lent. 


Constants a,;, 8:;, and Bij; have obvious symmetries. 
For an isotropic medium, we have 


Bis=Sij,  Bijer=NO bert (Gib 514-8, 8). 
Hence, we get 
tij= (oy/B)Oi5+ A—7°/B)enudig + Que is, 
5= (p/B)0— (y/B)ei. 
Phenomenological relations thus become 


05j= (py/B)05.;+ (A—77/B) end; 
+ Qe pts nd; + 2p dy 


(6.11) 


(6.12) 


(6.13) 


(6.15) 
Gi= — (x/To)(00/dx,). 


We may now obtain various special cases of interest. 

(a) Isothermal deformation. In an isothermal de- 
formation the temperature at all instances is the same 
and is equal to the temperature of the initial state 
To. Hence =0. In this case (6.14) reduces to 


S aie B)eix, 


(6.16) 
l } (A— y*/B )ennbizt+ 2ye,;. 


In the expression (6.5) of ¢ the term containing @ 
vanishes thus indicating that the dissipative de- 
formation energy is solely responsible for entropy 
produc tion. 

(b) Isentropic deformation. In this case, we have 
s=0. Hence, the isentropic values of temperature rise 
and stresses are given by 


d= (y/p)exk, 
l j= en: ;+ 2ye,,. 


(6.17) 


This is the usual form of the generalized Hooke’s Law 
which is often confused with the adiabatic case in the 
literature. Through (6.4) and (6.5) we find that 


4 = (aij— tis) dj. 


Hence the heat input is fully used to balance the dissi- 
pative deformation energy. 

(c) Totally adiabatic deformation. This means that 
during the deformation, the heat is not permitted to 
flow from one point to the next in the body, i.e., g,=0. 
This through (6.15): gives 6,,=0, that is, the tempera- 
ture in this case is uniform throughout the body and 
it may change only with time, 6=96(t). Phenomeno- 
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logical relations (6.14) and (6.15) otherwise retain their 
forms. 

(d) Locally adiabatic process. This means 4,,;=9. 
The heat conduction is steady. Again phenomenological 
relations (6.14) and (6.15) retain their forms except 
that now temperature @ is an analytic function, i.e., 


vVe=0. (6.18) 


We note in both cases (c) and (d), (6.4) and (6.5) 
reduce to 


(04; —t;;)dj;. 


Hence, in both of these cases the entropy change & is 
balanced with the dissipative deformation energy. It is 
customary to compare the elastic coefficient for various 
cases. If we express the thermodynamic stress-strain 
relations in a common form 


b= ennbizt 2pe,;, (6.19) 


we see that the isothermal and adiabatic values A? and 
\* of the constant \ are 


AT=A—72/B, A=, (6.20) 


AT=h'—7°/8. (6.21) 
Since B>0 we see that A7<A*. The elastic constant yu 
is not altered. By the same token, the isothermal value 
of stress 4; is never greater then the isentropic value 
of the stress. The difference — (7*/8)exs5,; represents an 
extra pressure over the isentropic stress. Note also that 
adiabatic Lame constants are the same as the isothermal 
ones. This is contrary to the known results in the 
literature. In the literature often the adiabatic process 
(4, or 9;,,=0) is confused with the isentropic case (s=0). 

On the other hand, for the isothermal case, 9;,; is set 
equal to pTs; then, the Helmholtz free energy e—Ts is 
used as the stress potential for T=constant. This 
replacement for the irreversible changes is not 
acceptable. 

The internal energy function is obtained by putting 
(6.14) into (6.9). 


l= p(e— €o) = 4tije4;+ 4 0s+ pT os, (6.22) 


which may also be expressed either completely in terms 
of e,; and 7, or in terms of e,; and s, by using expressions 
of stresses and entropy. The first two terms in (6.22) are 
the internal energies due to straining and heating the 
body from an initial state of zero strain and zero 
entropy (s=e¢,=0). The last term is the energy which 
is due to an initial temperature 7» at the initial state. 
If we set T)>=0 at this state, we eliminate the last term 
on the right of (6.22). The internal energy U now becomes 
a positive definite quadratic form having its minimum 
at the initial state. This situation appears to be closely 
related to the third law of thermodynamics in which 
we have s=0 as T— 0. 
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To obtain the equation of heat conduction, we 
substitute (6.14) and 9; of (6.8) into (6.4). 


(pT /B)(p0— én) — (xT 6/7) = (oijy—tis)dij. (6.23) 


If we set T= 7)+ 86 when 7)=constant>>@ and linearize 
(6.23), thus dropping the second order Rayleigh dissi- 
pation term on the right, we obtain: 


Cp0—cyéxk—V'O=0, c=pT?/Kf. (6.24) 


According to the Lagrangian point of view, for solids 
the time differentiation is taken as the partial differenti- 
ation, i.e., F=0F/dt. We must now add to the basic 
equations obtained above the equation of the conser- 
vation of mass. 


P— Po= Polii- (6.25) 


The basic equations of general Voigt solids therefore 
consist of the conservation of mass (6.25), conservation 
of momentum (4.5), the phenomenological relations 
(6.15), and the equation of heat conduction (6.24). 

All of this analysis must be modified for the fluids 
and solids having internal constraints. In the following 
section, we carry out the analyses for solids only. The 
situation is very similar for the fluids. 


7. SOLID WITH INTERNAL CONSTRAINTS 


When the solid has internal constraints we must add 
the Maxwellian terms, similar to those of (3.18), to the 
phenomenological equations. Therefore, we write 


1 oT “ 
- b, q +o; Ft » 2 f [ C547 jx (7 
T Ox, J 0 


Ae (t—r dr 


b5;°q;' T) Je 


dijxdh 


t 
+ bijeideit >. f [cijui’der(7) 
4 0 


+ dijx’Qu (7) Je 'dr 


where the even-order coefficients satisfy the Onsager 


symmetry condition. For a linear isotropic medium, 


these relations become 


1 1 ; yg 
6 <=-9:4 py [ —9;i(x,r)e dr, 
T K ¢ vo K? 


0 


(7.2) 


where additional 


CEMAL 


ERINGEN 


the 


internal con 


F and 


constants due to traints. They are 


isotropic values of b 


6,7 (1 K’ 0,3, ri 


‘J 


~ 9 


3) 


The first of Eqs 7 in extens 
of heat conduct 


not 


on of the Fourier law 
t of my knowledge, I do 
the 
l the 
y compatible with the 


recall seel g in tl terature history terms 


involved under the integral sign on right. 


and logical 
wellian terms arising from damping to argue in favor 
of this heat term. We shall only remark, however, that 


this term implies the change of the material conduction 


reasonable 


constants with heating through its heat capacity. The 


final justification of it must, however, await experi- 
mental verification. 
The equation of heat conduction again follows from 


(4.10) upon using (7.2 result. 
This time, however, @; is not expressible in a simple way 


in terms of 06/dx;. The heat conduc 


ind linearizing the 
tion equation Is 
included in the 


6.4 
eat conduction law which 
Fourier We may 
wo expressions of (7.4) 
heat 


of which, the first is the when linearized, 
and the second is the new 
that of 


eliminate q between the t 


reduces to 


when xk m. 


leading to an integro-differential equation for the 


conduction: 
—V'°O+ (poT v1 
t 


>on 


g¢ « 


transforms 
of simplifi- 
for example, transforms 


2) give 


Let us finally remark 

used, 
Thus, 
of the phenomenological relations (7 


of these expressions ar great deal 


cation can be achieved. 


= fs S )~ 


Bsedne 805; +E p.5,; + 2pe 7 
/.6) 


where 
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where ¢ is the transform variable. By taking the Laplace transform of basic equations of thermo-visco-elasticily is 
transform of (7.5), we obtain the same as that of the thermoelasticity with the transformed 
rae body forces f; and surface tractions & in the latter 
—§(x.0)]— / 7 3 ji @ : 
(pT o/8)(¢0 (x,0) ] (yT 0/8) hin tii ; replaced by f= fi—oj, and &=(éij—o;;)nj, and d, 
X [£8 is—ess(x,0) J+ (x/To)VO=0, (7.8) u and x replaced by X, @ and 2 


where 6(x,0) and e¢,,(x,0) are the temperature and 
dilatation at ‘=0. It may be deduced from (7.6) and 
(7.8), and the fact that conservation laws are the same The author is indebted to Mr. John W. Dunkin for 
whether the medium has viscosity or not, that: his various discussions and for his care in checking the 
Theorem of Correspondence: The solution of the Laplace analysis. 
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The nuclear spin thermal relaxation time, 7;, of He* nuclei in pure liquid He* at its saturated vapor 
pressure has been measured at temperatures between 0.8°K and 3.1°K, at static magnetic fields from 1560 
gauss to 12 200 gauss. No dependence of 7; on the static magnetic field was observed. The measured relaxa- 
tion times increase gradually from 300 seconds at 0.8°K to 650 seconds at 3.1°K. These measured relaxation 
times do not appear to have been significantly shortened by wall relaxation processes. These results, which 
do not agree with measurements made elsewhere, are in good agreement with the short correlation time form 
of the Bloembergen, Purcell, Pound theory of spin relaxation in liquids. 


INTRODUCTION results are obtained in two containers of quite different 
sizes, one has presumably measured something close to 
the “true” 7). 

Fortunately, it was discovered early that Pyrex 
surfaces do not relax He’ spins very fast.? The measure- 
ments reported in I were therefore made in two Pyrex 
bulbs of different sizes and the results obtained from 
the two bulbs were in good agreement with each other. 
All the data in I were taken in a static magnetic field 
of 9000 gauss and seemed to be in reasonable agreement 
with the BPP* theory of spin relaxation in liquids, 
provided that one makes the assumption that the 
correlation time for the motion of the atoms (r29°/10D 
~10~" seconds, where 7, a typical inter-atomic distance, 
is a few A, and D~10~ cm?/sec.***) is much less than 
the Larmor period in available magnetic fields (24/wo 
22X10~* seconds). The short 7. approximation would 
appear to be an extremely good one for He’, particu- 
larly at high temperatures (~3.0°K). 

Shortly after the completion of the measurements 


ECENTLY we reported measurements' of the 

thermal spin relaxation time, 7), of He* nuclei in 
pure liquid He’ at its saturated vapor pressure. Previous 
measurements in this laboratory** had yielded different 
T, values depending on the container used. It had been 
concluded from these earlier measurements that in at 
least some of the containers used the relaxation time 
was being artificially shortened by wall relaxation or 
possibly by some impurity. The combination of the 
long relaxation time in liquid He’ and the large diffusion 
coefficient makes it difficult to avoid wall effects by 
simply using a very large sample. In these circum- 
stances, the longest 7; measured at any given tempera- 
ture, pressure, etc., probably lies closest to the value 
characteristic of the bulk liquid, unless there is some 
systematic error which gives spuriously long 7, values. 
The safest procedure seems to be to construct containers 
of a material believed to be relatively ineffective at 
relaxing He® spins; if then approximately the same 


* Supported by the Office of Naval Research and the Office of of a previously unsuspected magnetic field dependence 
Ordnance Research, U. S. Army. z 
t+ On leave from Amherst College, Amherst, Massachusetts, 
1958-59. This work was done during the tenure of an Amherst . ” 
College Research Fellowship. *N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
1 R. H. Romer, Phys. Rev. 115, 1415 (1959), hereafter referred 73, 679 (1948), hereafter referred to as BPP. 
to as I. *R. L. Garwin and H. A. Reich, Bull. Am. Phys. Soc. 3, 133 
2W.M. Fairbank, W. B. Ard, H. G. Dehmelt, W. Gordy, and (1958). 
S. R. Williams, Phys. Rev. 92, 268 (1953). *R. L. Garwin and H. A. Reich, Phys. Rev. 115, 1478 (1959). 
3 W. M. Fairbank, W. B. Ard, and G. K. Walters, Phys. Rev. 7 F. J. Low and H. E. Rorschach, post-deadline paper presented 
95, 566 (1954). to the American Physical Society, April 30, 1959. 


reported in I, the subject was re-opened by the report’ 


of T,. Low and Rorschach, making measurements at 
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the saturated vapor pressure, at 2.0°K, in a }-in. id. 
cylindrical nylon container, using a different technique, 
found 7, values which rose from less than 50 seconds 
at low fields (~1 gauss) to about 175 seconds at 3000 
gauss and 400 seconds at 13 500 gauss. (The 7; value 
reported in I for 2.0°K and 9000 gauss is approximately 
400 seconds.) Since one result of the BPP theory in the 
short 7, approximation is that 7; should be nearly field 
independent,’ the existence of a strongly field dependent 
T, at temperatures as high as 2.0°K, where one might 
expect the BPP theory to be at least approximately 
valid, would require a drastic revision of our ideas of 
atomic motions He’. Low and 
Rorschach had no internal evidence for the absence 
of in their experiment, it seemed 
important to measure 7; at various fields in large 
Pyrex bulbs. We have accordingly made T, measure- 
ments at fields between 1560 gauss and 12 200 gauss, 
at temperatures from 0.8°K to 3.1°K. In view of the 
very large discrepancies between the results of various 
workers in this field, the presentation of the results 
will be preceded by a detailed description of the experi- 
mental procedures used. 


in liquid Because 


wall relaxation 


EXPERIMENTAL PROCEDURE 
A. Cryogenics 


At the start of each run, the He’ sample, stored at 
room temperature into the low- 
temperature apparatus via a purifying trap cooled by 
liquid He* (4.2°K). The data above 1°K were obtained 
by condensing the He*® sample into a Pyrex bulb, blown 
at the end of a long Pyrex capillary. No special cleaning 
or baking procedure was used on the Pyrex bulb. The 
sample bulb was either immersed directly in the liquid 
He* bath or else was inside a copper can in the Het 
bath, the sample being cooled by a small amount of 
He* exchange gas. Temperatures above 1°K were 
determined from measurements of the vapor pressure 
of the He* bath and of the vapor pressure of the He* 
sample. the two temperature 
determinations gave a cross-check on the purity of the 
sample (better than 99% He'). 


was condensed 


Agreement between 


The major discrepancies between our data and those 
of other workers are in the temperature range above 
1°K ; therefore the main emphasis was put on obtaining 
further results in this temperature range. However, 
some data near 0.8°K were obtained with a rudimentary 
He*® pumping system, which consisted of a 7-mm i.d. 


* The important result that 7, should be approximately field 
independent if wore<1 can be seen from the following considera- 
tions. The spin relaxation of a given nucleus is assumed to be 
caused by the fluctuating local magnetic fields produced by the 
magnetic moments of other atoms as they move about; specifically 
by the Fourier components of these local fields at frequencies near 
wo. T- is a measure of the time interval during which the local 
field at a nucleus is approximately constant. The Fourier spectrum 
of the local fields is therefore ‘white’ up to frequencies of the 
order of 1/r-, leading to a relaxation time independent of wo if 
woK1/r¢. 


ROMER 


Pyrex sample bulb, blown at the end of a glass pumping 
lead which tapered from 2-mm i.d. near the sample 
bulb to 8-mm i.d. near the he flask. The lower 
part of the pumping lead was thermally shorted 
to the He* bath about 30 cm above the sample bulb, 
projected into a can which could either be evacuated 
or filled with He‘ exchange gas. The bulb and the lower 
part of the pumping lead were filled with liquid He’ 
at 1.32°K; upon then removing the exchange gas and 
then pumping on the He’, the temperature of the He’ 
in the bulb was reduced. The 
estimated from the 
signal relative to its height at 1.32°K, by 
susceptibility 


top of t 


wl ic h 


temperature reached was 


height of the nuclear resonance 
means of the 
coil 


cm of the 


rht 
data.’ | The nuclear resonance 
surrounded the bulb and the lowest few 
pumping lead. Because of the field gradient of the 
magnet, the nuclear resonance signal from He’ in 
the pumping lead occurred at a different time than 
did the signal from the He’ in the sample bulb as the 
In 


estimating the temperature reached, and in measuring 


t} 
Lii¢ 


magnetic field was swept through the resonance. 


T;, the height of the main signal (from the bulb) was 
used, while the shape and size of the subsidiary signal 
(from the pumping lead) served to monitor the amount 
of liquid left above the bulb. | In the one run made with 
this apparatus, the temperature reached was limited 
by a large heat leak (~500 ergs/sec), due probably 


to residual exchange gas or to a radiation leak. 


B. Nuclear Magnetic Resonance 


A simple bridgeless nuclear resonance spectrometer® 
was used. An rf oscillator fed, through 
the tuned circuit containing the ample 
turn connected the input of an rf amplifier. The 
rectified output of the rf amplifier was direct coupled 
(via a battery which bucked out most of the rectified 
rf carrier) to a high l] The amplitude 
of the He’ then 
observed by sweeping the magnetic field slowly through 
the resonance value. The rf was external to the 
Pyrex sample bulb. 

At each different magnetic field, the 
set at the appropriate Larmor fre 


a high impedance, 
which was in 


to 


gain OSscl 


ont ope. 


resonance absorption signal was 


coil 
rf oscillator was 
quency. The sample 
he appropriate length of 
e amplifier. In this 


*1 


coil was tuned by inserting 
cable between the flask and 
it was possible, with one of 


way 
for 
resonance signals at Larmor 
frequencies between 5 Mc/sec and 40 Mc/sec without 
having to make any changes in the low-temperature 


+} 
the sample cou 


s used, 
instance, to obtain nuclear 


part of the apparatus. (On some occasions, a tuning 
condenser was placed directly in parallel with the coil 
r here. The ceramic con- 
» type TCZ, have a remarkably 
temperature independent capacitance from 300°K to 


below 1°K; vere found to be strongly 


A word of warning is in orde 


densers used, Centralal 


however, they 


® J. Hatton a: 
222 (1949 


London) 199 
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magnetic at low temperatures and must be kept several 
inches from the sample.) 

The filling factor for the He’ in the sample coil was 
kept small to avoid corrections for radiation damping 
effects, which are often appreciable for He*. If these 
effects are not kept small, then the change in the 
rectified output of the rf amplifier upon passing through 
the nuclear resonance is no longer strictly proportional 
to the nuclear spin susceptibility." 

Most of the 7, measurements were made by first 
sweeping the external magnetic field rapidly back and 
forth through the resonance (about once per second, 
with an amplitude of about 1 gauss), simultaneously 
applying an rf magnetic field sufficiently large to 
“saturate” the nuclear resonance signal. Conditions 
were usually such that the signal was nearly saturated 
within 10 or 20 seconds. This saturating rf field was 
usually left on for a time equal to several times 7). 
In order to observe the growth of the signal, the rf 
field was then reduced and the rapid field sweep 
turned off. The external magnetic field was then set 
about 1 gauss above the resonance field, and then, 
typically once every minute, the external field was 
swept slowly through the resonance value at about 
0.1 gauss/sec. The field sweep was derived from the 
saw-tooth oscilloscope sweep, which was manually 
triggered. The oscilloscope trace was photographed 
on each passage through resonance with decreasing 
magnetic field; the passages through resonance which 
occurred with rapidly increasing magnetic field just 
after each downward sweep were ignored. The ampli- 
tudes of successive photographs were then plotted as a 
function of time and analyzed to find 7;. The growth 
curve was assumed to be a simple exponential; there is 
no experimental evidence that it was not. 

In order to make sure that the rf magnetic field used 
in observing the growth of the signal was not itself 
large enough to saturate the signal appreciably, many 
of the recoveries were repeated with different rf voltages 
applied to the sample coil during the observation of 
the growth of the signal. It was found, as expected, 
that when the rf field was quite large, the measured 7, 
decreased with increasing rf field, but that when the 
rf field was kept sufficiently small, the measured 7; 
was independent of the rf field strength. 

It should be emphasized that during the observation 
of any one recovery the rf field was kept constant, and 
the rate of change of the external field was the same on 
each photographed passage through resonance. Thus, 
even though the amplitude of the signal may depend 
on these parameters, the time constant characterizing 
the growth of the observed signal should be the correct 


time constant describing the growth of the nuclear 
spin magnetization. 


“#C. R. Bruce, R. E. Norberg, and G. E. 
104, 419 (1956). 

uG. K. Walters, 
(unpublished). 


Pake, Phys. Rev. 


Ph.D. thesis, Duke University, 1956 
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RELAXATION TIME, 


7% 20 22 29 275 30 32s 
TEMPERATURE, °K 
Fic. 1. Spin relaxation time, 7), in pure liquid He* under its 
saturated vapor pressure, as a function of temperature, at various 
values of static magnetic field. Solid curve is a fit of the data. 
Dashed curve is a plot of the BPP expression [Eq. (2) ]. See text 
for a discussion of the 1900 gauss data. The lower solid line is 
taken from reference 6 and represents 7; measurements made at 
1600 gauss and 2.38 atmospheres pressure. 


Several measurements were made by two other 
methods. These methods differ from the first one 
described only in that different means were employed 
to produce the nonequilibrium spin magnetization at 
the beginning of an observation; the method of ob- 
serving the recovery toward equilibrium was in all 
cases the same. One of these methods was to sweep 
through the resonance once under adiabatic fast 
passage conditions." This produced an inversion of the 
spin level populations, and when the rf field was then 
reduced to the cbserving level, a stimulated emission 
signal (of sign opposite to that produced by an absorp- 
tion signal) was observed. This emission signal de- 
creased rapidly to zero and then built up as an ordinary 
absorption signal. Another method consisted of turning 
the magnet off for about 20 minutes, then suddenly 
turning the magnet on to the desired field and watching 
the absorption signal grow. This last method involved 
no manipulation of the electronics during a measure- 
ment. Measurements made by all three methods were 
in agreement with each other. 


RESULTS 


The results are shown in Fig. 1, which also includes 
the data from I. Each point represents a single 7; 
measurement. Typical error estimates are shown. Each 
point is accurate to at best about +10%, and for many 
points the uncertainty is substantially larger. The 
uncertainty arises from the ambiguities in fitting the 
observed voltage vs time plots with exponentials of 
various time constants. The signal jitter which produces 
this ambiguity probably arises from amplitude fluctua- 
tions in the rf oscillator output. The smooth curve in 
Fig. 1 lies within experimental error of all our measure- 
ments except for those made in one bulb discussed 
below. Several different spherical Pyrex bulbs were 


sloch, Phys. Rev. 70, 460 (1946). 
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used, in addition to the two Pyrex bulbs (5-mm and 
10-mm i.d.) described in I. Most of the new data were 
taken in a 12-mm i.d. bulb, blown at the end of a long 
glass capillary. The points near 0.8°K were obtained 
in a 7-mm i.d. Pyrex bulb, as described previously. We 
have no evidence that wall effects were absent in the 
0.8°K data; the true JT; may be higher than the value 
shown. 

At 1900 gauss, in one bulb, 8.5-mm i.d., we obtained 
T; much than others have 
measured. (See Fig. 1.) Unfortunately, this bulb was 
broken before further data could be obtained from it. 
However, since the only difference of which we are 
aware between the data obtained from this bulb and 
from all the others lies in the different containers, we 
believe that these short 7, values result from some 
contamination. These points do show that our elec- 
tronics is capable of measuring 7;’s shorter than 300 
seconds. This partic ular buib had more opportunities to 
become contaminated than any other. For instance, the 
inside of the tube leading to this bulb (and only this 
bulb) had been coated with Aquadag, and flakes of 
Aquadag were later discovered to have fallen into the 


values shorter any we 


bulb. (This tube and bulb were designed, but never 
used, as a modified version of the He* pumping system 
previously described. The Aquadag was added, at a 
bend in the tube above the sample, in order to trap 
out high-temperature radiation.) There is no proof 
that it was the Aquadag that caused the short 7, 
values, but the fact remains that all the 7; values 
obtained from those bulbs which we have been careful 
to keep clean lie within experimental error of the 
smooth curve in Fig. 1. We conclude that our measure- 
ments give no evidence of any field dependence of 7}. 
The consistency of our data (in particular the agreement 
between the 7; values obtained from different bulbs) 
leads us to believe that wall relaxation has not signifi- 
cantly shortened our results and that the smooth curve 
in Fig. 1 is a good representation of the relaxation time 
characteristic of the bulk liquid. 

The line width, ~0.1 gauss, was in all cases due to 
the inhomogeneity of the magnet. The magnetic field at 
which the resonance in liquid He® occurs was measured 
at 1.3°K and 1560 gauss by comparing the He’ resonance 
frequency with the frequency of the proton resonance in 
mineral oil. The shift from the result expected from 
room temperature measurements on He* gas" was less 
than 1 part in 10%. 


DISCUSSION 


Our 7; measurements are in agreement with the 
short correlation time form of the BPP theory, in so 
far as that theory predicts a field independent 7;. A 
quantitative comparison of our data with the BPP 
theory can now be made. In I we compared our data 
with the BPP expression (for short r.), as modified by 


H. L. Anderson, Phys. Rev. 76, 1460 (1949). 


ROMER 
Torrey'5 and by Kubo and Tomita,'* which involves 

the viscosity coefficient : 
1/T,= 


(6x2/5)yh?Nn/k1 (1) 


Reasonably good agreement was shown to exist between 
Eq. (1) and our results, although the right-hand side 
of Eq. (1) has a stronger temperature dependence than 
do our experimental 7, values. Torrey’s results were 
actually expressed in terms of the diffusion coefficient, 
and Eq. (1) was obtained from Torrey’s expression by 
means of the Stokes relationship: 3rnaD/kT=1. The 
T; expression as given by Torrey’® is 

1/T, 


aD, (2) 


and this expression has been plotted in Fig. 1, with 
a=atomic diameter= 2.7 A, 
measured by Garwin and Reich,®* extrapolated by us 
to the saturated vapor pressure, and NV, the number 
density of He® atoms, as measured by Kerr.’ Equation 
(2) was actually derived by Torrey for the case in which 
the size of the elementary step in the diffusion process 
is comparable to or smaller than the atomic diameter. 
More exactly, Eq. (2) is supposed to hold under the 
approximation (r*)<<6a’?, where (r’) is the mean squared 
flight distance in the diffusion process. Careri ef al.'8 
have suggested that another expression given by 
Torrey, applicable to the case in which the size of the 
elementary step in the diffusion process is large in 
comparison with the diameter, specifically 
(r?)>>6a?, may be a more reasonable one for the case of 
He’*. This expression is obtained by multiplying the 
expression for 1/7; given in Eq. (2) by the factor 
5(r*)/12a?. is not directly known, but it seems 
reasonable that for an “open” liquid like He*® (volume 
~ 38 cc/mole) the factor 5(r*)/12a? would have a value 
somewhat greater than unity and would be roughly 
temperature independent. If this is correct, then the use 
of this alternative expression would the 
calculated 7, values slightly, leaving the temperature 
dependence approximately unchanged. Probably neither 


the diffusion coefficient as 


6 


atomic 


(r* 


dex rease 


approximation regarding the relative values of (r?) and 
6a’ is a good one for liquid He’*. Seidel'® has recently 
extended Eq. (2) to situations in which the parameter 
(r*)/6a? is taken into account in a first approximation, 
without making the extreme assumption (r*)/6a7>1. 
Using for (r*) the values which result if one considers the 
He’ atoms as forming a cubic lattice of the proper density, 
Seidel calculates approximate 7, values as follows: 
1°K, 310 seconds; 2°K, 450 seconds; 3°K, 800 seconds. 
Another discussion of spin relaxation in liquids, based 
on the BPP approach, has recently been given by 


4 H. C. Torrey, Phys. Rev. 92, 962 (1953 


16H. C. Torrey, Suppl. Nuovo cimento 9, 95(1958 

16 R, Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954). 

17 E. C. Kerr, Phys. Rev. 96, 551 (1954 

18 G. Careri, I. Modena, and M. Santini, 
207 (1959). 
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Oppenheim and Bloom.” If applied to liquid He’, their 
calculations yield a formula like our Eq. (2) but with a 
slightly different coefficient. We conclude that the short 
correlation time form of the BPP theory is in quite 
good agreement with our results. 

The reason for the use of Eq. (1) in I was simply that 
the required data are all known," and it was not 
necessary to make any choice for the atomic diameter 
or to make an extrapolation of the experimental 
diffusion coefficient data. It should be noted that the 
Stokes relationship is approximately correct for liquid 
He’; i.e., the ratio 3nnaD/kT has the value 2.3 at 
1.2°K and the value 1.3 at 3.0°K, for example. How- 
ever, the deviations from the Stokes relationship are 
such that the temperature dependence of our 7, data 
appears to be closer to the BPP expression when Ec. 
(2) is used than when Eq. (1) is used. 

Although our data do indicate that the BPP theory 
provides a good description of spin relaxation in liquid 
He*, over a temperature range of four to one, this 
conclusion must be regarded as a tentative one in view 
of the discrepancies between our data and the data 
obtained by other workers, to be described below. 
Even if one can conclude that the BPP theory is 
applicable to He* above 0.8°K, it would be extremely 
interesting to carry out 7; measurements at tempera- 
tures well below the spin degeneracy temperature. In 
this quantum region, something more complicated than 
the single-atom BPP picture may well be needed. In 
particular, the concept of a diffusion coefficient in a 
quantum liquid, where identity effects are important, 
seems quite different from what it is at high tempera- 
tures; the relationship between measured D and 7, 


values might well be quite different from that given 


*® M. Bloom (private communication); I. Oppenheim and M 
Bloom (to be published). 

2K. N. Zinov’eva, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 609 
(1958) (translation: Soviet Phys. JETP 34, (7), 421 (1958) ] 
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by the BPP formula. If wall effects are still a problem 
at these low temperatures, such measurements will be 
extremely difficult, since it will be necessary to cool 
large quantities of He’, preferably to temperatures 
below 0.3°K which is probably as low a temperature 
as can be reached with He® pumping. 

Our data are clearly in disagreement with those of 
Low and Rorschach.’ Although the discrepancy might 
originate in the different methods of measurement, new 
measurements,” made after those reported in reference 
7, indicate that at least some of the short relaxation 
times observed by Low and Rorschach may be due to 
wall effects. Careri, Modena, and Santini'* have reported 
T, measurements made at the saturated vapor pressure, 
in a magnetic field of 4316 gauss, using glass bulbs 
smaller than ours. Their results are in agreement with 
ours at 1.2°K, but their 7, values are much shorter at 
higher temperatures. Their measurements were made 
by quite a different method than the ones we have used. 
Garwin and Reich*® have reported 7, measurements 
(see Fig. 1) made at pressures of 2.38 atmospheres and 
above, at 1600 gauss, in a 6.6-mm i.d. Araldite container 
with a 2.1-mm o.d. copper tube down the center. 
Unless there is a much stronger pressure dependence 
between the saturated vapor pressure and 2.38 atmos- 
pheres than is indicated by their higher pressure data, 
their results do not agree with ours. 
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The analytic solutions are given for the pair of differential equations obtained from classical theory 
which express the time rate of change of the angle between the momentum vector and the magnetic field 
vector, and the time rate of change of the energy of the electron. 


I, INTRODUCTION 


4 MERGETIC electrons (~1 Mev), which coexist 
with low-temperature ions and neutral molecules 
to form a tenuous plasma (Lorentzian gas), can be 
kept under observation for extremely long times! 
(many seconds) when they are trapped in a constant 
magnetic field geometry such as is utilized in controlled 
fusion research, e.g., the mirror machine. If radiative 
effects are negligible, then a minimum vacuum- 
containment time of ions, under certain conditions, 
can be inferred from the observed electron containment 
times since for a given magnetic field configuration 
charged particles moving in the same direction at a 
given point in space and having the same Larmor 
radius will follow the same trajectory. This can be 
shown in the following manner. The force acting on a 
charged particle is given by 


dp/dt=(e/c)vXxB. (1) 


Neglecting radiation this equation can be rewritten as 


d /Vv 
re—(~) (v/v) < (B, B), (2) 
ds\v 


where po= pc/eB=p/| (v/v) X(B/B)| if p=p.ic/eB is 
the Larmor radius, S is the distance measured along 
the trajectory, and v/v and B/B are the unit vectors. 
The conclusion that ions have long vacuum-containment 


ait) 





oa H 


Fic. 1. Qualitative picture of the change in the velocity 
and momentum vectors with time. 
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1G. Gibson and E. J. Lauer, Bull. Am. Phys. Soc. 3, 8 (1958). 
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times is important for some of the schemes proposed for 
creating a plasma by high-energy injection’ since the 
plasma buildup times are equally long and during the 
early stages of the buildup a single particle model is 
applicable. However, for comparable momenta an 
electron traverses a trajectory much faster than an 
ion, and consequently radiates more. The purpose of 
this paper is to determine the importance of radiation 
damping on the motion of an electron with regard to 
its energy and containment time. 

The vector potential for the magnetic field of a 
mirror machine may to a close approximation be 
written analytically; however, the equatious of motion 
for a charged particle in such a field have not been solved 
analytically. Theoreticians have approached the prob- 
lem in several ways. 

A direct method of attack is to solve the equations 
of motion, for a given field configuration and given 
initial conditions, numerically over a length of the 
particle path where accumulative errors are negligible.’ 
This can be done for the order of 10 reflections in a 
mirror machine, whereas observed containment times 
correspond to 10* reflections. 

It can be shown rigorously from a Stérmer type 
analysis, where radiation is neglected, that a certain 
class of particles, all of which encircle the axis, is 
absolutely confined within the mirrors. 

Approximate solutions may be obtained when the 
physical situation warrants making the assumption 
that the relative change in the magnetic field is small 
over a Larmor diameter. This approximation yields 
the adiabatic invariants. One of the adiabatic invariants 
is the magnetic moment of the particle, and this 
property of the particle motion leads to the loss cone 
concept,‘ i.e., if the y vector of a particle at a 
given point makes an angle, 0, with the magnetic field, 
B, which is less than some critical angle, @,, the particle 
is not contained within the magnetic mirrors; whereas 
if 9>9@, the particles are contained 

A loss mechanism for trapped adiabatic particles is 
the scattering of their velocity vector into the loss cone. 
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In a sufficiently good vacuum the effects of radiation 
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due to the helical motion of the electrons about the 
field may also contribute to the loss of the electrons 
which have a kinetic temperature of interest for 
thermonuclear work. Indirectly radiation affects the 
containment time of the electrons since the scattering 
cross section increases as the particle energy decreases 
It may affect the containment time directly if the 
reaction force due to the radiation affects the orientation 
of the velocity vector relative to the field. In a dense 
plasma of course, aside from the complicating effects 
associated with cooperative effects (instabilities, etc.), 
the absorption of the radiation must be considered, 
since it may reduce the effects mentioned above. A 
relativistic effect is the emission of the radiation in 
the higher harmonics of the basic gyromagnetic 
frequency, and it has been shown® that this radiation 
may escape from the plasma. 

To ascertain the importance of the radiation damping 
without absorption in the various containment geome- 
tries the motion of a single electron ina uniform magnetic 
field is investigated. 


Il. EQUATIONS 


From the expression for radiation damping in terms 
of the external field (which is found in several tests®) 
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the following equations may be derived’: 


d6/dr = —sin@ cos/e, (3) 
and 


de/dr= — (&—1) sin”, (4) 
where @ is the angle between the magnetic field and the 
momentum vector, ¢ is the total energy of the electron 
in units of mgc* (the rest energy of the electron=0.51 
Mev), and r is the time in units of }(moc/r@H*) =5.1 
10? sec/[H?/ (kilogauss)*], where H is the magnetic 
field strength, and fp is the classical electron radius. 
The analytic solutions to Eqs. (3) and (4) are 


1 
6(r)=cot 1( sinhBr+< oshBr ) coro) | (5) 
Be(O) 


and 


1 sinhBr+Be(0) coshBr 
«(0)— ——, 
Be(0) coshBr+Be(O) sinhBr 


e(r) a — 
where 


B= (1/e(0)) sind(0){[e(0) + [cota(0) F}! 


and ¢(0), 6(0) are the initial values. As r— ©; 0-40 
and e— 1/B for 6#2/2. 
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Fic, 2. @ vs time for different 
initial energies and velocity orien- 
tations. 
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III. DISCUSSION 


At nonrelativistic speeds the reaction force on the 
electron is normal to the field, however, the damping 
force more nearly approaches the direction opposite 
to the velocity vector as the electron becomes more 
relativistic. For all speeds the velocity component in 
the direction of the field is constant. At ultrarelativistic 
velocities the angle between the velocity or momentum 
vector and the direction of the field does not change 
appreciably with time; however, the magnitude of the 
momentum vector because of the mass 
change resulting from the radiation of energy, whereas, 
the magnitude of the velocity vector is essentially 
constant (~c). At other than ultrarelativistic velocities 
the momentum and_ velocity 


decreases 


vectors decrease in 
magnitude and move in the direction of the magnetic 


field in the manner illustrated in Fig. 1. 


Because of radiation the of the 
and no particles though 
they interact only with the field 


absolutely bound in a mirror machine except for those 


magnetic moment 
particle motion is reduced, 
magnet can be 
special cases of 2,,=0 in the central plane and the 
planes of the mirrors. The motions of electrons started 
with different initial conditions are shown in Figs. 2 
and 3. For these cases the velocity vector would enter 
of the order of +r 1 


energy of these particles may 


the loss cone in a time During 
this time the kinetic 
because of 
the radiation. For a field of 22.5 kilogauss r=1 corre- 


sponds to 1 sec. 


decrease more than an order of magnitude 
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The fundamental parameters of gold in germanium have been investigated between 60-300°K by absorp- 


tion, photoconductivity, and lifetime studies 


Photoconductivity measurements reveal the following capture cross sections for electrons and holes at 


80°K 


cm’, ¢,°~6XK 10 cm’, 6 -~10""" 


subscript refers to carrier being captured; superscript to charge. state of gold center) 


on 1X10 


cm’. Lifetime studies on n-type samples show the existence of a 0.018-ev 


Coulomb barrier at singly charged sites and an indication that a thermal (phonon) mechanism is involved in 
the electron capture process. The lifetime also manifests itself in the noise spectrum 

The photoconductive absorption cross section at 80°K of p-type gold-doped germanium (0.15-ev level) is 
found to be 2X 10™* cm? at 1.8 microns. It is suggested that differences between the absorption and photo 
conductive spectra are due to departure from spherical symmetry of valence band contours away from k=0. 


I. INTRODUCTION 


HE first report on gold-doped germanium by 
Dunlap' proposed, on the basis of Hall effect and 
resistivity data, an energy level scheme consisting of two 
acceptor states per gold atom, at energy levels 0.20 ev 
below the conduction band and 0.15 ev above the 
valence band. Newman? extended the investigation to a 
study of the infrared photoconductive response of gold- 
doped germanium, obtaining results confirming Dunlap’s 
model. Kaiser and Fan’ reported photoconductivity 
data essentially in agreement with Newman. Con- 
ductivity measurements by Morton, Hahn, and Schultz‘ 
supported values of 0.18 ev above the valence band and 
0.24 ev below the conduction band, and, in addition, 
suggested the existence of a third acceptor level at 0.05 
ev above the valence band. Later investigations by 
Dunlap® confirmed the existence of a 0.05-ev level, but 
identified it as a donor level. More recently, the exist- 
ence of a third acceptor level has been reported,® lying 
at 0.04 ev below the conduction band. With these 
modifications, Dunlap’s original proposal for the be- 
havior of gold in germanium might be described as 
follows: gold, with an electronic structure 5s*5p*5d"6s', 
is assumed to enter the lattice substitutionally and to 
have a valence of one in germanium. The 6s electron 
behaves as the 0.05-ev donor, i.e., the strength of 
bonding of this electron to an Au—Ge pair is less than 
the strength of bonding of an electron to a Ge—Ge pair 
by 0.05 ev. The three acceptor states represent the three 
unsaturated Au-Ge bonds. The first acceptor state is 


* Work supported by Wright Air Development Center. 

+ This paper is abstracted from part of a thesis by L. Johnson 
presented to Graduate School, Syracuse University, in partial! 
fulfillment of the requirements for the Ph.D. degree. 

} Now at the Bell Telephone Laboratories, Murray Hill, New 
Jersey. 
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Inc., New York, 1956), p. 556. 
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determined by the energy required to remove an elec- 
tron frém a nearby Ge—Ge bond and to place it on a 
neutral gold atom, or, alternatively, the minimum 
energy (~0.15 ev) required to release a hole. The second 
acceptor state appears only through compensation, i.e., 
filling the 0.15-ev lower gold levels and part of the 
0.20-ev levels with electrons from added donor im- 
purities. The upper level will then contribute n-type 
conduction by excitation of these electrons to the con- 
duction band. Similarly, the high-lying 0.04-ev level 
appears when both lower acceptor levels have been 
compensated. 


II. PREPARATION OF SAMPLES 


Germanium single crystals were grown by Mr. Alfred 
Mac Rae, using both the Kyropolous’ seed-in-melt 
method and a technique based on the zone refining 
process.* For most crystals, successive purifications 
were made, prior to doping, until n-type material with 
less than 10" carriers/cm* was obtained. Hall mobilities 
varied between 3000 and 3500 cm*/volt-sec. 

Antimony was used when compensation of acceptor 
impurities was desired. Doping elements were Johnson, 
Matthey, and Company spectrographically standardized 
gold and antimony. 

‘Crystals were first cut into slabs perpendicular to the 
axis of crystal growth, to maximize sample homogeneity, 
and then cut into samples of various sizes ranging from 
cubes 3X33 mm! to bars 2X2 10 mm for Hall and 
resistivity measurements. Samples were etched in a 
70% HNO;—30% HF chemically pure etch solution 
and washed in doubly distilled water. 

For photoconductivity measurements, ohmic contacts 
to p-type samples were made with Johnson-Matthey 
indium, while tin or a composition of 63% Pb—35% Sn 
—2% Sb low melting point alloy was used for n-type 
samples. Samples were soldered to copper blocks to 
provide good thermal contact, and the assembly was 
mounted in the cavity of a demountable metal cryostat 
7S. Kyropolous, Z. anorg. u. allgem. Chem. 154, 308 (1926). 
*W. G. Pfann, J. Metals 4, 747 (1952). 
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Fic. 1. Spectral sensitivity of n- and p-type Au-doped Ge. 


fitted with a AgCl window. A copper cylinder served as 
radiation shield. 


Ill. PHOTOCONDUCTIVE SPECTRA 


A comparison of the absolute spectral sensitivity of an 
n-type sample, SG-21, and a p-type sample, SG-25, at 
78°K, is shown in Fig. 1.9 The response for the n-type 
sample extends to about 6 microns; the p-type response 
to about 9 microns. Three points are of particular 
interest : 


(1) the structure in the intrinsic region at 1.4 microns; 

(2) higher sensitivity for the n-type than the p-type 
sample in the intrinsic region 0.5—1.4 microns; 

(3) an apparent superposition of spectra in the n-type 
sample in the extrinsic region 1.8—2.8 microns. 


(1) The structure in the intrinsic region of a p-type 
sample, SG-37, is shown more clearly on an expanded 
scale in Fig. 2. Included in the graph is the absorption 
spectrum” of pure germanium at 77°K. The correlation 
between the photoconductive and absorption spectra is 
clearly evident. The structure at 1.4 microns (0.88 ev) 
has been interpreted by Dash and Newman as arising 
from the onset of direct transitions." At 77°K, the 
intrinsic edge for indirect transitions is seen to be at 1.72 
microns (0.72 ev) from the absorption data and at 1.8 
microns (0.69 ev) from the more sensitive photocon- 
ductive spectrum. Since the photoconductive response 
intersects the absorption spectrum at an absorption 
constant of 10~' cm~', and since the relative intrinsic 
response extends more than a decade below its value at 
this point, the intrinsic photoconductive spectrum in 
this region of low absorption can be considered to be an 


® The scale chosen for the ordinate is Noise Equivalent Power 
This is essentially the energy flux necessary to produce a signal-to- 
noise ratio of unity. 


” W.C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 


" J. Bardeen, F. J. Blatt, and L. H. Hall, Photoconductivity Con 
ference, edited by R. J. Breckenridge et al. (John Wiley & Sons, 
Inc., New York, 1956), p. 146. 
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extension of the absorption spectrum down to a value of 
8X10-* cm. If the impurity response is subtracted 
from the total response, leaving the true intrinsic re- 
sponse, then the absorption spectrum can be determined 
down to a value of 3X 10-* cm™ (this is shown in Fig. 2 
as the dotted extension of the intrinsic response). 
Extrapolating the impurity response into the true in- 
trinsic response, the absorption coefficient for impurity 
photoconductivity has the value 8X10-* cm™ at 1.77 
microns for sample SG-37 

(2) Regarding the greater sensitivity of n-type gold- 
doped germanium in the intrinsic region, it is seen from 
the absorption spectrum that energy is very highly 
absorbed in this region. One hole-electron pair is pro- 
duced per absorbed photon in the wavelength region 
1.0-1.7 microns.” Thus pairs are generated primarily 
within a small thickness near the surface where recombi- 
nation is high and lifetimes short. However, some 
carriers will diffuse a considerable distance into the 
interior, if their bulk lifetimes are sufficiently long. An 
approximate value for the diffusion distance L, before 
recombination, may be calculated from the relation: 


L=(Dr)}, 


where D=diffusion coefficient, s=bulk lifetime. The 

diffusion coefficient is given by the Einstein relationship: 
D/u=kT/e, 

where yw is the 


mobility; &=Boltzmann’s constant; 
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T=absolute temperature. At 77°K, and for a mobility 
of 10* cm?/volt-sec for both electrons and holes, 


D-~80 cm?/sec. 


For the n-type sample, the electron lifetime r,= 150 usec 
is dominant, whiie in the p-type sample both hole and 
electron lifetimes are less than 10~* seconds. Hence, the 
diffusion distances L, in the n-type sample and L, in the 
p-type sample are: 


La~1 mm, 
L,<0.1 mm. 


For other samples differences in bulk lifetimes leading to 
different diffusion lengths satisfactorily account for 
variations in intrinsic sensitivity of both n-type and 
p-type gold-doped germanium. 

(3) The third feature of the photoconductive behavior, 
the superposition of spectra in the extrinsic region of 
n-type gold-doped germanium, would be expected to 
arise from a combination of photoionization of electrons 
from_the valence band to the 0.20-ev gold level and from 
both gold levels to the conduction band. To determine 
which processes are dominant, a study of the dependence 
of time constant on wavelength was undertaken. In 
particular, the lifetime of an electron in the conduction 
band or a hole in the valence band should be dependent 
on whether the recombination center was a hole in the 
valence band, or a neutral, singly, or doubly charged 
gold atom. 


IV. LIFETIMES AND CAPTURE CROSS SECTIONS 
IN p-TYPE AU-DOPED GERMANIUM 


The experimental technique employed consisted of 
inserting a variable slit and variable speed square-wave 
chopper at the entrance port of a Perkin-Elmer mono- 
chromator, in the path of a beam from a tungsten lamp 
or globar source coming to focus on the entrance slit. 
The emergent monochromatic beam was focused onto 
the sample, the response fed through a’ cathode follower 
to a model 450 A Hewlett Packard amplifier, and the 
rise-decay behavior displayed on a Tektronix Type 535 
Oscilloscope. For the observation of effects having a 
duration of several seconds, a 20 ufd condenser coupled 
the signal to the cathode follower, and a Tektronix 
Type 53-B dc amplifier replaced the Hewlett Packard 
amplifier. The arrangement was limited to decay times 
greater than 4 microseconds, the onset time for the 
beam. The radiation intensity was kept sufficiently low 
so as to assure linearity between photo-signal amplitude 
and radiation intensity, at least in the regions of low 
absorption. In this range, one would expect an expo- 
nential rise and decay for the case of a single mono- 
molecular recombination process, with a time constant 

=1/8N, where 8= recombination coefficient, V = den- 
sity of recombination centers. It should be mentioned 
that only rarely did the traces fit an exponential accu- 
rately. Hence, for the purpose of discussion, the time 
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Fic. 3. Wavelength dependence of time constant for p-type 
Au-doped Ge. (Time base on oscilloscope tracings: 1 m sec _ 
division; amplitude of tracings: 5 mv/div across 100 000-ohm 
load.) 


constant for the rise will be defined as the time required 
to reach 63% of the final resistance value and for the 
decay, that required to reach 37% of the initial value. 

Oscilloscope traces of the rise-decay behavior of a 
p-type sample as a function of wavelength are shown in 
Fig. 3. A summary of the dependence of time constant 
on wavelength is also shown in Fig. 3, with a logarithmic 
plot of relative spectral response superimposed to illus- 
trate the correlation between the photoconductive and 
time constant spectra. Behavior in three separate wave- 
length regions will be distinguished : 


(a) Extrinsic Region, beyond 2 Microns 


In the region of impurity photoionization the lifetime 
is shorter than the chopper onset time. Hence 7 was 
calculated by combining the relative spectral sensitivity 
curve, the measured signal from 500°K blackbody 
radiation, and the 80°K impurity absorption spectrum 
(see Sec. VI). In a simple series circuit consisting of 
battery, photoconductor, and load resistor, the voltage 
change (AV) appearing across the load resistor when 
low level illumination of appropriate wavelength falls on 
the sample is given by: 


TRceR, Gr 
sVo——— =, (1) 
Rot+R No 


where J=current, Rc=sample resistance, R= load re- 
sistance, mo= “‘dark”’ free carrier concentration, G= rate 
of generation of carriers per unit volume, r= lifetime of 
liberated carrier. 

The generation rate for blackbody radiation is given 
by: 


G=Ne f oxN(v)dv, (2) 


where N,=compensated acceptor concentration, ¢, 
=absorption cross section of acceptors for photons of 
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frequency v, c=velocity of photon beam in medium, 
N(v)=density of photons of frequency ». 

From these two expressions we find lifetimes ranging 
from 2X10~* to 4X10~7 sec. Variations of lifetimes are 
due to differences in density of recombination centers 
(negatively charged gold atoms resulting from the 
presence of donors). This may be seen in the expression 
for lifetime 


1 
T=—_ (3) 


, 
N po, VU 


where v=average thermal velocity of holes, V p>=con- 
centration of occupied 0.15-ev goid levels (Au~ atoms), 
and o,~= capture cross section of an Au~ impurity for a 
hole. 

When donors are present in a p-type semiconductor 
(as is always the case in practice), the following expres- 
sion can be derived : 


(N ) ) Ne 
ptictais Mos POO A, (4) 
N-Np-p 2 


where V = acceptor concentration, p= free hole concen- 
tration, V ¢= 2(2rm*kT/h*)'= effective density of states 
in the valence band, m*=effective mass of a hole in 
valence band, AE= acceptor activation energy (0.15 ev), 
A=equilibrium constant. Below 150°K, px<N—Np; 
then: 

p=[(N—Np)/Nop]A. (5) 


N p is computed from (5) with N—Np, the uncompen- 
sated acceptor concentration, given by a Hall measure- 
ment; p is calculated from the resistivity and the 
mobility dependence up « T-** (u4=3000 cm*/volt-sec at 
300°K) ; A=1.87X 108/cm* at 80°K, using an effective 
mass,'* m*=0.3mo (mo=free electron mass). Vp for a 
variety of samples is found to cover a range 4X10" to 
7X10" atoms/cm’. This includes samples from in- 
tentionally compensated crystals and crystals to which 
no donors were added. 

At 80°K the kinetic theory average thermal velocity 
in a Maxwellian velocity distribution is = (8&7 /xm*)! 
= 10’ cm/sec. Inserting these values into (3) we find the 
capture cross section of an Au~ atom for a hole to be: 


on =1X10-" cm’. 


This represents the average of the cross section com- 
puted for some 50 samples, the total spread being about 
a factor of 2 on either side of this value. 


(b) Intrinsic Region, 1.7 Microns 


Referring again to Fig. 3, the wavelength interval, 
1.5-1.7 microns, is in the intrinsic region of photo- 


13 See, for example, W. Shockley, Electrons and Holes in Semi- 
conductors (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950), Chap. 16. 


4 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 


AND 


H. LEVINSTEIN 


ionization, although the absorption coefficient in this 
range is small (a<10 cm“). Hence, the intrinsic ioniza- 
tion and recombination processes are taking place 
largely in the bulk of the sample rather than at the 
surface. Now, the extrinsic process in p-type gold-doped 
germanium involves the excitation of an electron from 
the valence band to a 0.15-ev gold acceptor level (Fig. 
4). The lifetime of the hole freed by this process before 
capture by singly-charged gold atoms is 10~* to 10~ sec, 
depending on N p. In the 1.5-1.7 micron intrinsic region 
one might say that the recombination process involved 
the direct capture of an electron in the conduction band 
by vacant states in the valence band. But these states 
are few; furthermore, if such a mechanism were prob- 
able, it should be independent of sample type. Since a 
time constant of than 4 
appear in n-type behavior, one 
is not a dominant process. Th 


microseconds does not 
can conclude that this 
intrinsic recombination 
process, then, for a ge nerated hole-electron pair in p- 


less 


type gold-doped germanium must involve the capture 
of the hole by singly charged gold atoms and the elec- 
tron by neutral gold atoms, both ground states lying at 
the 0.15-ev gold level, and both lifetimes being less than 
4 microseconds [] ig. 4(a) |. The calculation from (1) 
and (2) gives the value of 0.02 microsecond for a hole 
lifetime in this particular sample. No p-type crystals 
were found to have electron or hole lifetimes, in the low 
absorption region, large enough to permit measurement 
l.e., greater than 4 microseconds. 
But a simple analysis of the photosignal in this region 


by the above technique, i.e., 


enables one to calculate the electron lifetime in p-type 
material, from which one obtains o,°, the capture cross 
=6<10-" 


section of neutral gold atoms for electrons: CO. 
cm? (see Appendix). 


(c) Intrinsic Region, below 1.5 Microns 


Figure 3 shows that below 1.5 microns, the behavior 


consists of two distinctly different mechanisms, each 
contributing to the total signal amplitude an amount 
depending on wavelength. A fast component, r<4 
microseconds, is present in both rise and decay at all 
wavelengths. However, the fraction of the total photo- 
signal amplitude attributed to the fast component is 


smaller on the decay than on the rise. This is a region of 
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high absorption with all hole-electron pairs being gener- 
ated in a narrow surface layer. The fast component 
presumably arises from the diffusion of holes and elec- 
trons into the interior of the crystal, where they are 
rapidly captured by gold recombination centers. 

In addition, a slow component exists with a varying 
decay characteristic (~ 400-1200 microseconds) differing 
from a variable rise (~ 100-1000 microseconds). The 
decay is also characterized by a delay in the initial decay 
rate. The slow component is most likely due to trapping 
of carriers in various surface states. After the light is 
removed these carriers contribute to the signal as they 
are released from the traps. The delay in the initial 
decay rate and the smaller percentage contribution of 
the fast component to the total decay amplitude than 
to the rise supports the argument. 

A brief comment should be made on the value ob- 
tained for the capture cross section of an Au~ atom for a 
hole (o,-=1X10-" cm?*). Such an exceptionally large 
capture cross section for a single atom (~100 times an 
atomic dimension) might arouse some skepticism. How- 
ever, suppose it is postulated that capture of a free hole 
by an attractive Coulomb potential occurs at that dis- 
tance Ry such that the magnitude of the potential 
energy of interaction e?/€Ro is equal to the kinetic energy 
of the free particle plus the binding energy E;=0.15 ev: 


(e2/eRo) = fmv?+ Ex, 


LIGHT LIGHT 
—-)> 
Qn 


! 
\o- 4.5 sec —o) 
' ‘ 


Fic. 5. Quench effect in n-type Au-doped Ge when exposed to 
2-mic-on radiation. (a) Oscilloscope tracing. (b) Composite 
drawing of rise-decay behavior. 
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where e=16=dielectric constant. Taking the kinetic 
energy to be the average thermal energy §&T at 80°K, 
we find: 

o=7Re~1 X10 cm’. 


This approach yields a capture cross section a factor of 
10 too small. But the study of recombination radiation 
has shown that the radiative process is an improbable 
one in Au-doped germanium, i.e., capture is most likely 
accompanied by absorption or emission of phonons." 
Let us suppose that capture is accompanied by emission 
of a phonon of energy /, (or phonons of total energy 
E,): 


(e?/eRo) = 4mv?+ E,— E,, 


and compute the phonon energy required to agree with 
the experimental value of o,~. We find: 


E,=0.1 ev. 


By coincidence, perhaps, this is the energy difference 
between 0.05- and 0.15-ev gold states, suggestive of an 
Auger-type process at the gold center (energy transfer 
by excitation of the atom to a higher state). 


V. LIFETIME MEASUREMENTS, n-TYPE 
AU-DOPED GERMANIUM 


A. Wavelength Dependence and Quenching 


The dependence of time constant en wavelength in 
n-type gold-doped germanium is more complex. In addi- 
tion to the expected appearance of another time con- 
stant in the superposition region, a quenching phe- 
nomenon occurs.'* Quenching will be defined as a 
decrease in conductivity under illumination; a typical 
oscilloscope trace for 2 micron radiation is shown in 
Fig. 5(a). Figure 5(b) is a composite drawing which 
illustrates the rise-decay behavior in the quench region, 
including both the shape of the initial response and the 
quench. The conductivity at first rises sharply under 
illumination, then decreases slowly (r~1 sec) to a value 
lower than before the radiation was turned on. When 
light is removed, the conductivity initially decreases 
sharply, then increases slowly to the level set by 300°K 
background radiation. The wavelength region of quench 
is shown in Fig. 6, where we define 


initial peak—steady state 


% quench —, 
background level of conductivity 


The onset of quench occurs at about 2.4 microns 


. (0.52 ev), rises sharply to a peak at 1.85 microns 


16H. Gummel and M. Lax, Ann. Phys. (N. Y.) 2, 28 (1957); 
M. Lax, J. Phys. Chem. Solids 8, 66 (1959). 

16 Quenching effects in n-type gold-doped germanium have been 
investigated extensively by R. Newman, Phys. Rev. 94, 278 (1954). 
Certain unexplainable phenomena associated with quenching pre- 
vented his specifying a mechanism in detail and, in particular, one 
which involved gold centers. Some of the effects reported by 
Newman were not found in our samples, and this has jed to our 
model for quenching which explicitly involves gold. 
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Fic. 6. Quench spectrum, n-type 
\u-doped Ge (sample SG-30) 
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(0.67 ev) and then decreases sharply at the intrinsic 
edge. 

Oscilloscope traces of the rise-dec ay behavior as a 
function of wavelength for this sample are shown in 
Fig. 7. In the superposition region chopping speeds are 
such that quenching is not observed, and only the shape 
of the initial rise when light is turned on and decay when 
light is turned off is recorded. Beyond 2.4 microns, rise 
and decay are identical and are characterized by a time 
constant of about 20 microseconds. This is the region of 
photoionization of electrons from the upper gold level to 
the conduction band (0.20 ev), with recombination to 
singly-charged gold atoms [ Fig. 8(a) ]. Time constants 
in the region beyond 2.4 microns have been found to 
range from 10-1000 microseconds for different samples. 


Below 2.4 microns a slow component, of the order of 10 


more and more to the tota! 


milliseconds, contributes 


photosignal as the intrinsi 


peak is approached. Rise and 


decay traces are symmetrical down to 1.5 microns. In 


this region one expects to observe transitions 


e valen states in the 


a) from tl 
upper level, and 


to empty 


(b) from the lower states, which are now 


filled with electrons, to th nduction band. 


eptor 


These ionization a1 d recombinat 
in Fig. 8(b). 


slow component occurs at 


1 processes art shown 
Figures 6 and 7 show that the onset of the 
the same wavelength as that 
for quenching. Analysis of the various recombination 


possibilities reveals that only the process of ionization 
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Fic. 7. Wavelength dependence of time constant before quench 
ing for n-type Au-doped Ge (time base for oscilloscope tracings: 
2 milliseconds per division; amplitude 2 mv/div across 1-megohm 
load). 


from the valance band to the upper gold level can lead 
to quenching. The model proposed for quenching con- 
sists of a three-step process of exciting an electron from 
the valence band to a vacant upper state, capture of a 
freed hole by an electron in the lower gold state (Au 

atom).and then recombination of a conduction band 
electron with the hole in the lower state (Fig. 9). The 
net result has been the trapping of a conduction band 
electron in an upper gold state (equilibrium will not be 
restored until this electron is reexcited to the conduction 
band by 300°K background radiation after light has 
been removed). It is to be remembered that two other 
are taking place simultaneously: excitation 
from both the lower and upper levels to the conduction 
band. From the data on p-type samples, hole capture by 
Au atoms is very rapid (~10-*—10~* second). Thus, 
the initial spike when light is turned on is due to the 
rapid rate of capture of holes in lower gold states (step 2 
in Fig. 9) and the rapid rate at which equilibrium with 
the radiation is established between the upper level and 
the conduction band. Thus, the two processes of hole 
capture by Au~ atoms and excitation from the lower 
level to the conduction band are creating electron 
vacancies in the lower gold states. If the first process 
were not occurring, then the latter would have a chance 


processes 
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to come to equilibrium with the radiation field. In other 
words, if there were no holes being created in the valence 
band to be subsequently captured by Au~ atoms, then 
under low-level illumination the trace pattern should be 
represented by two response times, characterizing excita- 
tion from and recombination to the lower and upper 
level respectively. Furthermore, the process involving 
the lower state would be expected to be much slower, 
since only those vacancies created by light can take part 
in recombination. And indeed, it can be seen from 
Fig. 6(b) that following the initial increase in conduc- 
tivity (~microseconds) there is a slow increase in con- 
ductivity (~milliseconds) before quenching sets in. If 
quenching were not to follow, the time associated with 
this slower component would be characteristic of the 
rate of approach to equilibrium for the process of 
electron generation from the 0.15-ev state to the con- 
duction band. 

However, two “times” 
response pattern in the 


do not characterize the total 
“light on” stage and we must 
have a third time, i.e., a “quench time.” This comes 
about as a result of the disturbance created by hole 
capture in the lower level. Thus, while electron excitation 
from and recombination to the lower and upper levels are 
processes which, by themselves, can come to equilibrium 
with the radiation field, the process from the valence band 
to the upper level followed by hole capture in the lower level 
is one which can never come to equilibrium with the 
radiation field. Hence, the background level of con- 
ductivity must shift to achieve a balance, i.e., conduc- 
tion band electrons will be required to fill the vacancies 
created by hole capture in the lower gold states. The net 
result will be a reduction or a “quenching” of the “dark 
carrier” electron concentration in the conduction band 
during the “‘light on” cycle. 

From the difference in conductivities before and after 
quenching the density of electrons quenched can be 
determined (4X 10° cm~ for Fig. 5(a)). This also reveals 
the density of centers rendered capable of quenching by 
the incident radiation. With the observed quench time 
of 0.5 sec, and a thermal velocity of about 10’ cm/sec, 
one finds the capture cross section of these centers to be 
5X10-" cm*. In the Appendix it is shown that this 
agrees with the capture cross section of neutral gold 


* ® % ® 
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Fic. 9. Model of the quench 
ing process in m-type Au 
doped Ge 


atoms for electrons, as expected according to the 
quenching model. 

When the 2 micron radiation is removed, return to 
equilibrium occurs in about 1.5 sec [Fig. 5(a) ]. The rate 
equation for equilibrium between background radiation 
and electrons in the 0.2-ev level shows the generation 
rate per doubly charged gold atom to be 0.4 sec for the 
background level on the sample of Fig. 5(a). This means 
a transition time of 2.5 sec for electrons trapped in the 
0.2-ev level (net result of quenching), in reasonable 
agreement with the observed 1.5 sec. 


B. Temperature Dependence of Lifetime and 
Capture Cross Section in n-Type 
Gold-Doped Germanium 


The behavior of time constant with temperature in 
n-type Au-doped germanium has been observed over the 
temperature range 60-120°K. Measurements were con- 
fined to an investigation of the upper gold level, by 
recording oscilloscope traces of the decay for low in- 
tensity 3 micron radiation. The results on four samples 
are plotted in Fig. 10 in the form logr vs 1/7. Two 
SE/kT are clearly 
indicated: a rapidly changing function of temperature 
above 100°K, and a more slowly varying function below 
100°K. The processes involved are more clearly seen 
when the resistance of a typical sample is plotted in the 
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Fig. 10). It can be 


seen that above 100°K the time constant approaches the 


same manner as the time constant 
slope of the resistance curve, indicating that a thermal 
mechanism governs the behavior of the time constant. 
Below about 90°K the dark carrier concentration is 
invariant with temperature, to the level of back- 
ground radiation; the decreases due to an 
increase in mobility. However, the time constant con- 


dus 


resistance 
tinues to increase with decreasing temperature but with 


a new value of AF((AF)=0.018 ev). In this region the 
time constant should be given by 


(6) 


where .\ \ D 
absolute 


de nsity of vacant upper gold states at 


zero (recombination centers), o, =capture 
atoms for an electron, v=average 
Vp, are invariant and 
t is only weakly temperature-dependent, the capture 


of the 


cross section of Au 


vhermal ve locity Since JV, ind n 


cross section must be form: 
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screen in the 


Au ion 


ve Coulomb 


charged 


To get a physi ul pi ture of such behavior it will be 
that the upper 
states are all singly charged gold atoms due to filling of 


the lower 0.15-ev level 


recalled vacant gold recombination 
Hence, while a neutral gold atom 
acts like an unscreened potential well for the capture of 
electrons, a singly charged Au atom possesses a repulsive 
Coulomb screen for electrons which raises the lip of the 
well by about 0.018 ev (Fig. 11 

At 90°K we find from cm*, It 
seems unreasonable to say that by converting a neutral 


harged 


(6) that o--~10-" 
gold atom the cross section 
from 6X10-" cm? to 
~10-" cm?, a reduction by a factor ~6000. However, 


gold atom to a singly « 
for electron capture Is reduced 


since the effectiveness of the Coulomb screen depends on 
the thermal energies. of the free carriers it may be 
possible that at 90°K its influence is very significant. On 
the other hand, at thermal energies sufficiently high that 
kT>AE, 
will have lost its effec 
electron capture should approach that of a neutral gold 
atom: 


one would expect that the Coulomb screen 


tiveness and the cross section for 


ross section of Au® atoms, 
90°K. 


~6 x 10 


where CG, electron ( 
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Hence, the Coulomb screen cannot account for the large 
reduction in capture cross section which is indicated. 
But we can see from Fig. 10 that a more drastic mecha- 
nism governs the lifetime at higher temperatures, for 
the lifetime departs from a 0.018-ev slope at about 
100°K. We note from Fig. 10 that this is also the tem 
perature at which the resistance starts to approach its 
characteristic 0.20-ev slope. Yet this is not a region 
where mo is sufficiently large to reduce the lifetime in 
Eq. (6) (mo is still muuch smaller than V—N p). Hence, 


the variation in lifetime must again reflect the tempera- - 


ture dependence of the capture cross section, and a 
thermal (or at least a strongly temperature-dependent) 
process must be involved in the actual act of capture 
itself'® (in distinction to the role that temperature plays 
in determining the density of recombination centers). 
The time constant appears to have the same slope as the 
resistance. This is not completely certain since the time 
constant becomes very short within a small temperature 
range. But it appears that above 100°K the process 
involved in thermal ionization, i.e., interaction between 
gold atoms and lattice vibrations (phonons), is also the 
mechanism by which electrons are captured at Au~ 
sites. Below 100°K capture is influenced by Coulomb 
repulsion at the center. 

With this interpretation let us consider again the 
significance of the constant a9 in (7). With ¢,~ 107" cm? 
at 90°K, we find ap~10~* cm’, i.e., of the order of an 
atomic dimension. The form of (7) states that a» is the 
value of electron capture cross section of Au~ atoms at 
temperatures sufficiently high that k7>ABE, i.e., when 
the Coulomb screen is no longer effective. We observed 
that this would make the Au~ atom appear neutral to 
the incoming electron, but we find that the capture 
cross section thus obtained (~10-'® cm?) is much 
smaller than the value found for the electron capture 
cross section of Au°® atoms in p-type germanium. It is 
believed that no discrepancy exists because there is a 
fundamental difference between these two situations: 
depth of the ground state. n-Type capture proceeds to 
the 0.20-ev state; p-type, to the deeper 0.15-ev state. 
Tighter binding implies components of higher mo- 
mentum in the bound state wave function. When it is 
remembered that phonons have high momenta but low 
energy, we see that the probability for transfer of energy 
between electrons and lattice vibrations may he 
governed primarily by the selection rule on exchange of 
momentum. The wider the spread in the distribution of 
momenta in the ground state wave function the greater 


the probability that high-momentum phonons may par- 


ticipate in capture, and the larger the capture cross 
section. 

As a final point of interest, we may use the value 
AE=0.018 ev at a singly charged gold atom to deter- 
mine the magnitude of the scattering potential at any 
multiply charged impurity site. The work of Tyler and 
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Fic. 12. Noise and photosignal spectra of a characteristic n-type 
Au-doped Ge sample. 


Woodbury’ on mobility in germanium with multiply 
charged impurities has shown that the scattering cross 
section follows a Z* dependence for Z=1, 2, or 3 (Z is 
the charge on the impurity center). Hence, the magni- 
tude of the screening potential at a doubly charged gold 
atom would be about 0.07 ev, and 0.16 ev at a triply 
charged site. 


C. Noise Spectra 


In evaluating the photosensitivity of n- and p-type 
gold-doped germanium it was observed that while 
photoconductive signals from n-type specimens were 
invariably greater than from p-type, noise levels were 
also greater. Signal levels are higher primarily because 
of a longer lifetime before recombination at gold centers, 
so one asks if there is a factor contributing to noise 
which arises from fluctuations in the generation-recom- 
bination rates at gold centers. If so, then it should have 
a characteristic time identical with the photoconductive 
decay time. 

In the previous section it was shown that the lifetime 
in n-type Au-doped germanium depends rather strongly 
on temperature. Hence, a noise component associated 
with gold levels should manifest itself by a shift with 
temperature in the same manner as the lifetime. The 
noise voltage spectra of a representative n-type sample 
at two temperatures are shown in Fig. 12. The photo- 
signal characteristics are also included for comparison. 
The noise spectra can be represented by two com- 


17W. W. Tyier and H. H. Woodbury, Phys. Rev. 102, 647 
(1956); H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 
(1957). 
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Since photoconductive lifetimes are in the range 10~* to 
10~* sec, the knee of a g-r component would occur in the 
0.1-100 Me region (wr~1). The flat portion, therefore, 
represents the g-r component in the range wr<1. 


EXPERIMENTAL POINTS (78°K) 
*** 96-26 
4446-37 
«x * 36-28 


SOLID LINES - THEORETICAL CURVES 


— 


- VI. OPTICAL ABSORPTION IN p-TYPE 
AU-DOPED GERMANIUM 


ARBITRARY UNITS 


A. Absorption Measurements 


The experimental arrangement for transmission meas- 
urements is as follows: radiation dispersed by a spec- 


NOISE VOLTAGE, 


trometer equipped with CaF, or NaC! prism is collected 
and focused onto the sample; the transmitted energy is 
then collected and monitored by a thermocouple. Both 
continuous recording and sample in—sample out tech- 
niques were used. For measurements at liquid nitrogen 








temperature, samples were mounted ina Dewar equipped 
with AgCl windows. Window corrections were made by 
FREQUENCY ,cps . . . . 
comparing room temperature sample transmissions with 
Fic. 13. Noise spectrum of a typical p-type Au-doped Ge sample and without windows. This was found ne essary due to 
somewhat nonuniform transmission of the AgCl. 

ponents such that The expression for the energy transmitted by a plate 
with parallel faces at normal incidence, taking into 


account multiple internal reflections is given by :"® 
l 1—R)}*e-* 
where f=w/2r= measuring frequency, and K, and Ky RY, 


are parameters which are independent of frequency. 
The first term is the familiar 1 ] contribution to noise where To and T are the ine ident and transmitted in- 


power ; the second represents the frequency dependence _ tensities, respectively ; R is the reflectivity,” a= absorp- 


i 


of a generation-recombination (g-r) component having tion coefficient (cm~'), and X =sample thickness (cm). 


characteristic time r. Over a range for which aX<1, T=[(1—R)/(1+R) ] 


The solid lines in the noise spectra of Fig. 12 were 0.47. Thin specimens of pure germanium were found 
obtained by inserting the photoconductive time con- 
stant (measured by decay to 3-micron radiation) into 
(8) and weighting the parameters K,, K, to obtain the 
best fit to the experimental points. It is seen that the 
choice of photoc onductive lifetime for the characteristic 
time in the g-r component gives a good fit to the data. 
Furthermore, the required characteristic time follows 
the same variation with temperature as the lifetime, 
clearly identifying this component with generation- 
recombination fluctuations for the 0.20-ev gold level. 

The parameter Ke has been shown by van Vliet'® to 
be given by: 


CROSS 


K?= (41?/no)r, 


° 
7 


ABSORPTION 


where J=dc current, and mp=total number of free 
oteen ton « ,} ‘2 5 we ‘ a ee F P-TYPE SOL D-DOPE 3E RMANIUM 

carriers in sample. This may be compared with experi Ay 

ment by computing the amplitude of the g-r noise AND FLETCHER (DATA MULTIPLIED BY 1.9) 


component from the measured total noise voltage and 





——_-4________ 


0.5 0.6 


the weighted curve which best fits the data (making 
appropriate corrections for bandwidth and load re- 
sistor). Kg as determined from van Vliet’s expression is 
found to be about a factor of 2-3 larger than the experi- 
mental value 

Noise spectra for p-type samples are shown in Fig. 13. 


18K. M. van Vliet, Proc. Inst. Radio Engrs. 46, 1004 (1958) 


wR 


Fan and 
Scientific 

*® Over 
n= index of refraction 


TRON VOLTS 


of Au-doped Ge and normal 
at 295°K 


Rev. 38, 338 (1931); H. ¥ 
Vaterials (Butterworth’s 
oO. Bae 


n—1)/(n+1)? where 
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to exhibit about 47% transmission in regions of low 
absorption (3-11 microns), but thick samples frequently 
did not. This occurred when faces were not perfectly 
parallel following polishing operations. The necessity of 
using a small area thermocouple resulted in a portion of 
the internally reflected energy not being focused onto 
the thermocouple, the effect being magnified in thick 
specimens. To eliminate this difficulty, samples were 
oriented a few degrees from normal incidence so that 
internally reflected energy was not recorded by the 
thermocouple. Under these conditions the transmission 
is given by: 


T= (1—R)'e-**, 


where aX<1, transmissions of 41-42% were observed 
for pure specimens. A value of 41% should be obtained 
for a reflectivity R=0.36. 

Transmission measurements were made on several 
samples, differing in thickness and gold concentration. 
Results from measurements on a 1-cm thick p-type 
Au-doped germanium sample at 80°K and 295°K are 
shown in Figs. 14 and 15. 


B. Discussion 


The sample contains about 2X10" gold acceptor 
atoms per cm*. At 295°K these holes are free and give 
rise to the well-known absorption associated with 
valence band interband transitions.”! A comparison of 
the absorption spectra of Au-doped germanium and 
“normal” p-type germanium” at 295°K is shown in 
Fig. 14. Lattice absorption has been subtracted,” and 
the absorption coefficient a has been divided by the free 
hole concentration to obtain a cross section. The magni- 
tude of the absorption cross section is in closer agree- 
ment with the data of Kaiser, Collins, and Fan while the 
shape more nearly resembles that of Briggs and Fletcher. 
Hence, to illustrate the difference in absorption between 


—| 
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PHOTOCONDUCTIVITY ~~. 
(CONSTANT QUANTA, RELATIVE 
UNITS) 


ABSORPTION CROSS SECTION (CM?) 


| | 
3 a 6 
WAVELENGTH IN MICRONS 
Fic. 15. Absorption cross section of p-type Au-doped Ge at 85°K. 
2H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952); 
91, 1342 (1953); W. Kaiser, R. J. Collins, and H. Y. Fan, Phys 
Rev. 91, 1380 (1953). 
# “Normal” refers to group III acceptors. 
% W. F. Simeral, thesis, Michigan, 1953 (unpublished). 
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Fic. 16. (A) Absorption in excess of normal free hole absorption 
at 295°K. (B) Excess absorption at 85°K. 


Au-doped and normal p-type germanium at 295°K, the 
data of Briggs and Fletcher was used, multiplied by a 
factor of 1.9. The spectra are seen to be quite similar 
except in the region above 0.4 ev. Interband transitions 
account for absorption bands at 0.26 ev, 0.4 ev, and the 
broad band below 0.2 ev. However, Au-doped germanium 
exhibits an additional absorption at 295°K which over- 
laps the band at 0.4 ev and extends to the main absorp- 
tion edge at 0.65 ev. 

At 85°K the sample exhibits photoconductivity to 
about 9 microns. Most of the holes arising from the 
2X10"* gold atoms per cm* are trapped on gold ac- 
ceptors 0.15 ev from the valence band, leaving only 
~10" free holes per cm’ in the valence band. Thus 
interband transitions will not be observed. The absorp- 
tion spectrum at 85°K is shown in Fig. 15. The ab- 
sorption coefficient a has been divided by the gold 
concentration NV to obtain an absorption cross section o 
per gold atom (a= No). 

There exist, then, two aspects of the absorption 
spectra which require closer examination: the absorp- 
tion at 85°K not observed in photoconductivity, and the 
absorption above 0.35 ev at 295°K in excess of the 
absorption characteristic of normal p-type germanium. 
These two features are illustrated more clearly when the 
absorption predominating in photoconductivity has 
been subtracted from the 85°K spectrum (Fig. 15). The 
results are shown in Fig. 16. It is seen that the bands of 
excess absorption at 85°K and 295°K differ both in 
threshold and sharpness at the knee. The absorption at 
295°K is believed to arise from hole transitions to the 
heavy mass band from the gold acceptor state 0.20 ev 
from the conduction band. At this temperature holes are 


liberated from the 0.15-ev acceptor states and undergo 
the interband transitions of normal p-type germanium. 
Holes are still bound to an acceptor state above the 
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middle of the forbidden band, however, and may under- 
go transitions to the valence band. Taking the minimum 
separation between valence and conduction bands at 
0.62 ev at 300°K,” the threshold for these transitions 
should lie at 0.42 ev. This is considered to be in fair 
agreement with curve (A) of Fig. 16 in view of the fact 
that this absorption overlaps the 0.4-ev interband ab- 
sorption. Electron transitions from the 0.15-ev levels to 
the conduction band are also possible at 295°K, be- 
ginning at 0.47 ev, and this may tend to obscure any 
plateau region in curve (A) of Fig. 16. In this connec- 
tion, it should be pointed out that the comparison with 
the 300°K data of Kaiser, Collins, and Fan*! indicated 
more clearly the presence of two overlapping bands. 

At 85°K it is believed that the mechanism suggested 
for the excess absorption at 295°K does not apply 
(electron transitions from valence band to 0.20-ev level). 
Three reasons are given for this. First, at 85°K the lower 
0.15-ev acceptors are now empty (of electrons), and the 
0).20-ev state probably does not exist under this condi- 
tion; i.e., the upper state appears only when the lower 
state is occupied.” Second, if transitions between valence 
band and 0.20-ev states were possible, it would be 
difficult to account for a shift in threshold to lower 
energy (curve B, Fig. 16). At this temperature holes are 
bound to 0.15-ev acceptors and intuitively one would 
expect this to depress the 0.20-ev state rather than shift 
it closer to the valence band. Thirdly, an increase in the 
intrinsic energy gap with decrease in temperature would 
also work in the opposite direction.2® Furthermore, the 
process should contribute to photoconductivity, al- 
though the lifetime may be too short to be significant. 
Thus the explanation proposed is that the excess ab- 
sorption at 85°K arises from vertical hole transitions 
from 0.15-ev acceptors to valence band states which are 
far removed from the center of the Brillouin zone at 
k=(. That such is possible is indicated by the following : 
a hole bound to a deep acceptor implies a greater spread 
in & space than a hole bound to a shallow group III 
acceptor. For example, localizing a hole on a 0.15-ev 
gold acceptor to a radius appropriate to an absorption 
cross section of 2X10~'* cm? (Fig. 14)** requires mo- 
mentum components in the bound hole wave function 
extending to ~ 10° cm” in k space, i.e., all the way to 
the zone boundary. The excess absorption at 85°K would 
represent then the shape of a valence band energy 
surface (probably the heavy mass band) between points 


well removed from k=0 and the zone boundary. The 


* The situation is as follows: a neutral gold atom presents three 
acceptor states which are triply degenerate at 0.15 ev from the 
valence band. A doubly degenerate 0.20-ev state appears when an 
electron occupies one of the 0.15-ev levels. Similarly, the high 
0.04-ev level appears when a 0.20-ev state is occupied. 


*6 Incidentally, it has been pointed out that as the energy gap 
increases the 0.15-ev level remains fixed relative to the valence 
band: W. Kaiser and H. Y. Fan, Phys. Rev. 93, 977 (1954). 

26 Obtained from Fig. 15 by extrapolating to the intrinsic thresh 
old at 1.8 w» that portion of the absorption spectrum observed in 
photoconductivity. This value was also used to calculate time 
constants from photoconductivity data (see Sec. IV). 
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transitions are shown schematically in Fig. 17. They are 
in contrast to those allowed for indium acceptors, where 
bound holes possess wave vector components extending 
only to ~ 10’ cm~". If complete knowledge of the bound 
hole wave function were known (say from spin reso- 
nance experiments) then, in principle, the valence band 
contour could be determined. According to this inter- 
pretation there should be a correlation between the low- 
temperature photoconductive and absorption spectra of 
Au acceptors and the spectra for other deep-level ac 
ceptor impurities. Photoconductivity of deep levels has 
been studied extensively”? but absorption has been 
measured only for Cu (0.04 ev),*? Zn (0.03 ev),?* and 
Ni.2? Cu exhibits an absorption excess somewhat similar 
to Au, but Ni apparently does not. Thus one is not yet 
certain whether the excess absorption at low tempera- 
ture in p-type Au-doped germanium is a reflection of the 
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contour of a valence band energy surface or represents 
behavior specifically identified with Au impurity. 


VII. APPENDIX 
The following method was used to determine a,°, the 
capture cross section of neutral gold atoms for electrons. 
As mentioned previously, when hole-electron pairs are 
generated in p-type Au-doped germanium, holes are 
captured by Au~ atoms and electrons by Au® atoms. In 
the vicinity of the intrinsic absorption threshold the 
total photoresponse (.S) is given by: 


rar, 


where a,;=intrinsic absorption coefficient, a= impurity 


27 See, for exan ple _ R. Newmar 
Physics, edited by F. Seitz and D. Tur 
New York, 1959), Vol. 9, p. 49 

*8 Burstein, Picus, and Sclar, P 
edited by R. J. Breckenridge ef 
York, 1956), p. 253 


und W. W. Tyler in Solid State 
nbull (Academic Press, Inc., 
hotoconductivity Conference, 

ul. (John Wiley & Sons, Inc., New 
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absorption coefficient, 7.°, r,~ are electron and hole 
lifetimes. 

Suppose we have a sample in which r.°r,4~, which 
implies VN—N p>N p, where N—N p= the concentration 
of uncompensated (neutral) gold atoms. If we now 
compare the intrinsic photoresponse curve of this sample 
with one for which N—Np/Np<1, we can determine 
te’ (see Fig. 18); that is: 

S, (agtay) ray tajrey 


S> (a;+az) The 
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Fic. 18. Influence of electron lifetime on intrinsic response in 


p-type Au-doped Ge. 


where a; and a, are impurity absorption coefficients of 
samples 1 and 2. For sample 2, re®<raz-. 
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TABLE I. Estimated capture cross sections in Au-doped Ge. 


o,°~6X10™ cm? 
o, ~10™ cm?, 90°K 
o, “1X10 cm? 
a, >10-™" cm'* 





Electron capture by Au® 
Electron capture by Au 
Hole capture by Au 
Hole capture by Au~~ 


Using 7, values calculated from (1) and (2), and the 
observed ratio S,/S_ (on the low absorption side of the 
threshold), we find re;°= 1.1 10-8 sec for the sample in 
which (V—Np)/N,<1. The electron capture cross 
section of Au° atoms is found to be: 


| 
a? ~6 10-" cm’, 
tev(N—Np) 


where v, the average thermal velocity at 80°K is given 


by”: 
8\' kT \! 
v= ( )( ) = 1.4 10’ cm/sec. 
rT m,* 


Using this cross section, we find ref?=0.210~ sec in 
the sample for which (V—Np)/Np>>1, compared with 
the calculated hole lifetime rhg~ = 15 10~* sec. Hence, 
for this sample, the condition r°<r,~ is fulfilled. 

We find, then, that the capture cross section of a 
singly-charged gold atom for a hole is about a factor of 
2 larger than the capture cross section of a neutral gold 
atom for an electron. Electron capture by singly 
charged atoms has been discussed in Sec. V(B). A table 
summarizing the estimates of capture cross sections in 
Au-doped germanium is presented in Table L. 


* The electron effective mass was taken to be m,*=0.16m 
[R. N. Dexter, H. J. Zeiger, and B. Lax, Phys. Rev. 104, 637 
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\ctivation energies for the volume diffusion of certain impurities in polycrystalline platinum 
been obtained by studying the ions released from their surfaces at te mpe ratures above 1000°C. F 
sample these energies were 4.7+-0.2 ev for the diffusion of Na, 4.4+0.2 ev for K, 
all the energies were 10-15% 


however, 


bursts of K* 


ample, 
at room temperature, 


a second 
and Na* 


respectively 


ions were released at temperatures of about 
Activation energies associated with this release were 1.9+0.1 ev for K* ar 


1 ] } 
samples have 


or one Pt 
ev for Ca. For 
After periods of inert gas ion bom! 


t t 


und 3.7+0.2 
vardment 
600°C and 700°C, 
2.6+0.1 ev for Na* 


higher 


In this case there was close agreement between the two different samples. 


INTRODUCTION 


JOSITIVE ions are emitted from metal surfaces (a) 
at elevated temperatures (thermionic emission) ,'~* 
(b) at intermediate temperatures following a period of 
ion bombardment (activated thermionic emission) ,*~® 
and (c) at any temperature during ion bombardment 
(secondary ion emission).°.*:"° Mass spectrometric studies 
have shown that the thermionic positive ions are mainly 
of alkali metal impurities and—if the temperature is 
sufficiently high—of the base metal itself. Similar studies 
have shown that secondary ions include, in addition to 
the above, various species and fragments of surface 
compounds and “reflected” ions of the bombarding 
beam. There has been some question as to the nature 
and origin® of the activated ions, but in the experiments 
to be described it is clear that they were certain bulk 
impurities that became uncovered during the bom- 
bardment and were then free to desorb (as ions) during 
the subsequent heat treatment. 

A study of positive ion emission from metals provides 
information on various thermally activated processes 
occurring within the metals and on their surfaces. The 
present paper describes a study of the thermionic and 
activated thermionic emission of certain alkali metal 
and calcium impurity ions from a Pt surface. Activation 
energies for diffusion and desorption of these impurities 
were obtained from the study. 


EXPERIMENTAL 


rhe experimental arrangement has already been de- 


scribed in detail previous paper.” For reference 


bo research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
De od yment Command 
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include here 
source region of the sector 
(Fig. 1). The 
platinum 
that ions released from its 
and mass analyzed. Thermioni 
studied by heating the met 
by an electric 
being measured by an optica 


purposes we only a diagram of the ion 
field mass spectrometer 
being investigated—in this case 
axis of the instrument so 


surface may be accelerated 


metal 
is located on the 


positive ion emission is 


il to any desired temperature 
conduction current—the temperature 
pyrometer. Secondary ion 
emission is studied by bombarding the platinum surface 
with inert gas ions of any energy up to 1000 ev. Acti- 
vated thermionic emission is studied by first bombarding 
the surface at room temperature and then heating it to 
any desired temperature. 


RESULTS AND DISCUSSION 


A. Thermionic Emission and Volume 
Diffusion 
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DIFFUSION AND DESORPTION 
where R is the rate, Ro depends on the gradient of the 
concentration of the diffusing material but is essentially 
constant for a constant gradient, Qyp is the activation 
energy for volume diffusion—that is, the height of the 
potential energy barrier which a particle must surmount 
in order to move to another site, & is Boltzmann’s con- 
stant, and 7 is the absolute temperature. 

When a refractory metal such as platinum is heated 
to a high temperature the alkali metal impurities diffuse 
to the surface and immediately desorb as positive ions. 
This is the thermionic emission previously referred to. 
The emission is initially very high (microamperes) be- 
cause the more or less uniform distribution of impurities 
in a fresh sample results in a steep concentration gradi- 
ent right at the surface. After the sample has aged for 
several hours at a high temperature the emission has 
dropped several orders of magnitude and is no longer 
rapidly changing with time, indicating that the gradient 
at the surface is also changing only slowly with time as 
the impurities become depleted. 

To study emission rates as a function of temperature 
it is necessary to use a well aged sample and to operete 
at temperatures low enough so that the concentration 
gradient (and hence Ro) remains essentially constant 
during the time required to make a series of measure- 
ments. The reproducibility of the data serves to indicate 
whether or not these conditions are adequately being 
fulfilled. 

The experimental procedure here consisted simply of 
meas"iring the peak height of each impurity as a func- 
tion of the temperature of the well aged platinum 
sample. Figure 2 shows the experimental data for a 
typical run, and Fig. 3 is the same data replotted on a 
semilog scale. The straight lines indicate that the rate 
law was of the expected form. Activation energies for 
volume diffusion of the various species are obtained 
from the slopes of these lines and are listed in Table I. 


It is curious that the values obtained for the two 


different platinum samples differ from each other by 
such a large amount (10-15%). Possibly this is due to 
the fact that neither sample was a single crystal, and 
therefore, the relative importance of bulk and grain 
boundary diffusion may have been different for the two 
cases. Diffusion along grain boundaries is believed to 


Taste I. Activation energies in electron volts for volume diffu 
sion of certain impurities in platinum. Probable errors in the values 
are estimated to be about +0.2 ev. 


Ionic 
radius* 
(angstroms) 


Second 


sample 


First 
Impurity sample 


Na 4.7 0.95 


K 44 1.33 
Ca 


* See reference 
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Fic. 2. Peak height vs temperature for the various impurity ions. 
require a lower activation energy than diffusion through 
the grains.” 

Published activation energies for volume diffusion in 
solids are usually less than 3 ev"; thus for Cu in Pt, Ni 
in Pt, and vacancies in Pt, the values are 2.4, 1.9, and 
1.1 ev, respectively." These are considerably lower 
than the values in Table I. However, energies of 4 or 5 ev 
have occasionally been reported,'*® especially for the 
more refractory metals. Furthermore, we observed acti- 
vation energies of approximately 2 ev on applying this 
technique to a copper sample. The method is therefore 
probably quite reliable. 
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Fic. 3. The data of Fig. 2 plotted on a semilog scale. Qyp, the 
activation energy for volume diffusion, is equal to the slope of the 
line for each species 
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The activation energies for the three impurities are 
not in the same order as their atomic or ionic sizes.'7 Na 
and Ca are very nearly the same size, yet the activation 
energy for the diffusion of Na is 20-30% higher than 
that for Ca. The activation energy for K, the largest 


atom (or ion) of the three, lies between the other two. 


B. Activated Thermionic Emission and 
Desorption 


Desorption is also a thermally activated process. It 
can generally be studied separately from diffusion be- 
cause the activation energies (and hence the tempera- 
ture ranges in which measurements are made) are 
usually quite different for the two processes. For ex- 


ample, in the present instance Na and K desorbed 


readily from Pt at temperatures several hundred degrees 


below that for which diffusion was appreciable. For Ca, 
however, the temperature ranges overlapped. 

In order to study the desorption of the impurity 
atoms, it was first necessary to get them onto the sur- 
face. Ordinarily this is accomplished by evaporation 
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17 Handbook of Chemistry and Physics, edited by C. D. Hodgman 
(Chemical Rubber Publishing Company, Cleveland, 
thirtieth edition, p. 2628. 
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Fic. 6. A plot of logr vs 1// , the activation energy for 
desorption, is equal to t] ope of the straight line 


from some external source.'* In the present experiment 
the bulk material itself served as the source, and the 
impurities were brought to the surface not by heating, 
for this required a temperature well above the desorption 
temperature, but by ion bombardment. The mechanism 
involved here was undoubtedly one of erosion. That is, 
the sputtering away of surface layers by the ion bom- 
bardment caused subsurface impurity atoms to become 
exposed. These were then free to desorb as positive ions 
upon heating. Judging from the desorption currents, the 
number which were exposed by the bombardment was 
more or less proportional to the length of time the beam 
was on for periods up to five minutes. This suggests that 
within these periods the surface concentration of im- 


1 


purities was considerably less than a monolayer, which 


is of significance here because activation energies for 


independent of coverage only if the 


coverage is very low. 


desorption aré 

The experimental procedure for all desorption runs 
consisted of (1) flashing the Pt to 1350°C for 30 seconds 
to clean its surface, (2) bombarding it at room tempera- 
ture for two minutes with a 10 wa/cm?— 1000 ev inert 
gas ion beam to expose the impurities, and (3) heating it 
(without bombardment) to some predetermined tem- 
perature T while simultaneously measuring the peak 
heights of the impurities as a function of time. 


volts for desorption 
in the values 


TABLE II. Activation er 
of certain impurities from platinum. P 
are estimated to be about +0.10 ev 


ergies in electror 


abie errors 


Impurity 
Na 
kK 


113, 1023 


18 See, for exan ple, # ighes ef al hy Rev 
(1959 
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Figure 4 shows a typical desorption run. At time /=0 
the Pt sample, which had previously been flashed and 
bombarded as specified above, was suddenly heated 
from room temperature to 870°K. It can be seen that 
the K+ peak decayed exponentially with time in ac- 
cordance with the relation 


r by the expression 


r= ryeCl FT, 


Thus, by measuring 7 for several different tempera- 
tures and plotting logr vs 1/&7, one obtains Q4q directly 
from the slope of the resulting straight line. Figure 6 is 
such a plot and the desorption energies for K and Na 
are recorded in Table LI. Reliable values for Ca were not 
obtained. 


toe **, 

The characteristic time constant 7 is obtained from 
the slope of the straight line in Fig. 5, the same data 
replotted on a semilog scale. 

The activation energy for desorption (4 is related to 


It is interesting to note that although the volume 
diffusion energies were appreciably different for the two 
samples, the desorption energies were very nearly the 
same. 
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Ionic Conductivity of Gamma Irradiated Sodium Chloride* 
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Single crystals of NaCl were subjected to about 510° roentgens of Co gamma irradiation at 5°C, and 
then rapidly heated and maintained at a fixed temperature in the range 65°C to 135°C. The dec ionic con- 
ductivity at this temperature was measured by means of a vibrating reed electrometer as a function of time. 
It decreased in the temperature range 65°C to 80°C during a period of several hours to a value that was less 
than the preirradiation conductivity by a factor which was typically about 3U. The conductivity is presumed 
to be a direct measure of the number of positive ion vacancies. The data fit a rate equation describing the 
bimolecular process A+B — AB, with an activation energy approximately equal to that of the mobility 
of the positive ion vacancies. This confirms the supposition that the change of conductivity reflects the 
clustering of the positive ion vacancies with other imperfections at a rate controlled by the diffusion of these 
vacancies. Above 100°C, many of the clusters appear to break up again with an accompanying increase of 
conductivity. The conducting vacancies appear to be localized in a rather small fraction of the total volume 
of the crystal. 


I. INTRODUCTION below temperatures (about 500°C in ordinary so-called 


“pure” crystals) at which the number of vacancies is 
primarily intrinsic. In addition, positive ion vacancies 
are considerably more mobile and thus conductivity can 
be taken as a direct measure of their number. 
Measurements of density changes and of coloration® 
which occur when crystals are irradiated with x rays 
indicate creation of new vacancies. In an apparent con- 
tradiction with this increase of vacancy concentration 
there have been observed decreases in diffusion’ and in 
ionic conductivity resulting from irradiation. Of par- 
ticular interest here are studies’~‘ in which NaCl and 
KCI crystals were exposed to either 350-Mev protons or 
2-Mev gamma rays and then their conductivity meas- 


‘YEVERAL studies have been made of the ionic con- 
ductivity of NaCl and KCI which were irradiated 
with ionizing radiations.'~® In such crystals, whether 
irradiated or not, it has been accepted that the current 
is ordinarily due to the motion of free positive ion 
vacancies, each having an apparent negative charge’ 
The presence of positive divalent impurities and the 
requirement of charge neutrality necessitates that there 
are many more positive than negative ion vacancies 
* Work was supported by a U. S. Atomic Energy Commission 
research contract 
t Now at the International Business Machines Corporation Re- 
search Laboratories, Poughkeepsie, New York. Submitted in 


partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at the Carnegie Institute of Technology, June, 1959 
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ured while the temperature increased at a constant rate 
(1-2°C/min) from room temperature to about 400°C. 
Typical results‘ are illustrated in Fig. 1, which shows 
the ratio of the conductivity o of irradiated crystals to 
the conductivity, oo, of unirradiated crystals at the 
same temperature. It is important to remark that, 
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Phys. Rev. 75, 627 (1949) 
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Fic. 1. «/oo vs temperature of proton irradiated NaCl with 
temperature increasing at 2°C/min [from Kobayashi*]. Gamma 
irradiation causes essentially the same effect. Horizontal line at 
0.025 indicates the approximate value of ¢./o9 and the arrows 
visualize the progress of isothermal anneals. 


qualitatively, the results for gamma and for proton 
irradiations were the same. The primary characteristic 
of these results is that, with the exception of the vi- 
cinity of room temperature, the conductivity was below 
that of unirradiated crystals, signifying that there were 
fewer free positive ion vacancies after irradiation. The 
existence of two minima suggests that there is more 
than one process for immobilizing or removing va- 
cancies. All the effects of irradiation anneal out upon 
heating to about 300°C-400°C. The nearly normal con- 
ductivity of the irradiated crystals near room tempera- 
ture rules out the neutralization of vacancies by trap- 
ping of holes during irradiation. It appears instead that 
these changes of conductivity have to be accounted for 
in terms of immobilizing existing vacancies rather than 
in terms of annealing out of defects. This is based upon 
the important observations by Kobayashi® that the 
density decrease, thus the total number of point defects, 
introduced by irradiation near room temperature does 
not anneal out until a temperature of about 200°C is 
reached. Smoluchowski** proposed that the decrease in 
conductivity was the result of the formation of clusters 
at elevated temperatures, whereas Seitz” suggested that 
the positive vacancies may trap holes and thus become 
neutralized at the higher temperatures. The first 
mechanism would be a slow ionic diffusion mechanism 
while the latter would be a more rapid electronic 
process. 

The logical extension of the conductivity measure- 
ments described above is the study of conductivity 
changes during isothermal annealing. Christy and 
Harte® have recently reported such investigations be- 
tween 150°C and 200°C: They observed first an in- 
crease and then a decrease in conductivity, which is all 
the while still less than its pre-irradiation value. These 

® K. Kobayashi, Phys. Rev. 107, 41 (1957). 

® R. Smoluchowski, Phys. Rev. 94, 1409(A) 

” F. Seitz, Rev. Modern Phys. 26, 7 (1954). 


(1953). 


cR., AND B 


SMOLU ( 


HOWSKI 


} 


consistent W 


results are those shown in Fig. 1. The 
work here reported is concerned with the measurement 
and interpretation of the conductivity changes in 
gamma irradiated NaC! crystals held at constant tem- 


peratures in the range between 65°C and 135°C. 


Il. THEORY 
A. Bimolecular Trapping Process 


This section is a discussion he nature of the con- 


} 


ductivity changes that should result if positive ion 
vacancies were to combine with other imperfections, 
“traps,” during an isothermal anneal. It is assumed 
that the vacancies are able to diffuse randomly, and 
that when one accidentally comes within some distance 
ry of an immobile trap then Coulomb, or electron ex- 
change forces or lattice relaxation cause the vacancy 
and trap to become bound to each other. Initially it 
will be required that a trap be incapable of trapping 
more than one vacancy, and that only one kind of trap 
Neither of 


actually attained but, as 


exists. these two requirements may be 


brought out later, 


conclusions of the 


will be 


they do not alter strong! the 


discussion. 


A simple way of treating the process is to consider 
> AB, where “A”’ 
“AB” 


is a combined vacancy-trap cluster. The rate dn/dt at 


1+B 


B”’ is a trap; and 


it as a “bimolecular” reaction 
is a free positive ion vacancy ; “‘ 
whi h this process { ike S place 


Annp 
Kn{ nz 1 ; (1 


dn/di 


where n is the concent ion vacancies; 


npg is the concentration of tray a rate constant; 


nN is the initial concentration of posit VE ic n vacanc ies; 


np; is the initial concentration of traps; and / is the 
annealing time 


The rate constant is ¢ xper 


temperature 7 in the usua 


ted to de pend on absolute 
way: K=K exp(—e kT), 
tivation en¢ rgy If the process is dif- 
includes Dy, the 


mobilit 


in which € is an a 
fusion controlled, A diffusion coefh- 
y activation en- 

the traps. 
| known appiications in chemistry, 


cient of A (so that « is €,, tne 
ergy), and 


Equation (1) has we 


some measure of the size of 


1 initial 


and its solution for t required concentration is 


in which n= n,; when / 


"The term “bimolecular’’ will be used throughout this report 
to refer to the ty] reaction stat ibove. It should be dis 
tinguished fron reaction in which A 
is identical with B hi yuld be the case which the positive 
ion vacancies were to cl rhe latter reaction 
would occur at a rate ily to the square of 
the concentration. In the ial proce ng considcred here, the 
rate is proportional to both re and linear terms of the 


concentration 


the so-call cor rder 


h each othe 
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Waite” has analyzed the diffusion controlled reaction 
rigorously and has obtained a resuit which approaches 
Eq. (2) after the anneal has progressed beyond a time 
t'=490?/wDa4, where ro is the radius of the trap. This 
time decreases with increasing temperature and is esti- 
mated to be about 10 sec for NaCl at room temperature. 
Therefore, for the conditions of this experiment, Waite’s 
solution is effectively the same as the bimolecular solu- 
tion. His analysis is, however, of particular interest 
here because it yields an explicit expression for the rate 
constant 


K=4areDa, (3) 


which is valid whenever trapping is complete for A and 
B, separated by not more than ro. Equation (3), with 
an appropriate “effective” size of the trap ro, can be 
applied to more complicated trapping models such as a 
trap surrounded by a zone in which there is partial 
trapping with some probability for the vacancy to 
escape. Equation (2) can be put into the form 


1— (n,,/n)=Co exp(—K 2), 


with n,,=n;— mpi, K.=n,K, and Co= (ngi/n,) exp(K do) 
in which a positive m,, represents the number of positive 
ion vacancies after a long time of anneal and a negative 
nN. represents the remaining traps after the anneal. 
Since m is not directly measured, it is necessary to 
introduce the quantity actually measured, i.e., the 
conductivity. It is possible that vacancies and traps 
are not uniformly distributed throughout the crystal 
but exist mainly in localized regions. These higher 
densities, rather than the average densities, would then 
govern the rate of trapping. The conductivity, in terms 
of the local density of positive ion vacancies, m, is then 
a= Nep= fnepol exp(—e,/kT) where N is the average 
density of vacancies; f is the effective fraction of total 
volume in which the vacancies and traps exist in the 
higher densities; ¢ is the electronic charge; and yu is the 
vacancy mobility. Thus 


1— (c,./0)=Cy exp(—K 2), 
where 
n= [Nnalh, 


and the three parameters o,, K,., and Co can be experi- 
mentally determined. Irradiation and subsequent com- 
plete isothermal! anneal reduce the number of free posi- 
tive ion vacancies by 


R= ee) Cu= No/ Nx, 6) 


where go is the ionic conductivity before irradiation, at 
the temperature of the anneal and mp is the number of 
free positive ion vacancies before irradiation at the 
temperature of the anneal. Assuming now that the 
initial concentrations of positive ion vacancies and of 
traps depend on the irradiation time ”;=%o+7(r) and 
Ngi=Nnp,(r), where 7 is the irradiation time, and using 


2T. R. Waite, Phys. Rev. 107, 463 (1957). 
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the definition of m,, and Eq. (6), one obtains 
no [ngi(r)—9(7) J=1—R,. (7) 


Thus the experimentally observable dependence of R, 
on rt gives information about the difference in the rates 
of creation of traps and vacancies. 

It is convenient to introduce the parameter K’ de- 
fined by 


K'=K./Too=K/fuTe 


= (fuse) "Ko exp[(e.—©)/kT]. (8) 


It will be shown later that experimentally both K’ and 
R, are approximately proportional to the irradiation 
time and that R, is independent of temperature. It is 
therefore useful to “normalize” K’ to the same quantity 
and efficiency of irradiation for all the crystals by using 
the ratio 


K'/R,« exp[ (€,—OkT], (9) 


which should be independent of r. A study of the tem- 
perature dependence of K’/R, gives a comparison of the 
activation energy for the rate constant with that for 
the mobility. In particular, if K’/R, is independent of 
T then one can conclude that the observed conductivity 
changes are controlled by the mechanism of positive ion 
vacancy diffusion. In this case Eq. (3) is a reasonable 
expression for K. If so, K’ can be calculated from Eqs. 
(3), (8) and the Einstein relation 4/D4=e/kT: 


K ! = 4D a/ fu Te 
(4k ‘e*) (ro/f). 


Putting ro=Xa, where “‘a’’ is the lattice constant (2.8 A 
for NaCl) and ) is a number greater than one and prob- 
ably less than about five, we have 


K’ = (4arka/e*) (d/ f) 


~1.9X 10°/ f(Q cm/°K sec). (10) 


It should be noted here that since \ is a measure of the 
size of the traps it may take on different values for 
different conditions of irradiation. 

The parameter Co, mentioned earlier, does not turn 
out to be useful because fo cannot be determined experi- 
mentally with sufficient accuracy. 


B. Deviations from the Bimolecular Process 


If positive ion vacancies are rapidly released, for 
instance from clusters, in significant numbers during an 
anneal the effect should be to decrease the apparent 
rate at which vacancies become trapped. It will be 
brought out in the results that such an effect probably 
occurs during the initial part of each anneal. Therefore, 
there will be some effective time ¢, after which the bi- 
molecular theory is applicable, but before which it is not. 

Another deviation from the ideal process may occur 
towards the end of an anneal where the number of 
vacancies and traps in a crystal may be determined by 
approach to an equilibrium situation (in which the rate 
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of release of vacancies equals the rate at which they are 
trapped), rather than by the bimolecular trapping 
process alone. Therefore, it is not expected that the 
actual limit of the conductivity as ¢ approaches infinity 
necessarily corresponds to the parameter ¢,, if o,,<9, 
or approaches zero if ¢,,2 0. It is expected thus that the 
bimolecular process will dominate the reaction up to a 
certain time fo, greater than /;, before the reverse process 
becomes significant. It follows that Eq. (4) will apply 
only during the portion of an anneal between times 
ty and fy. 

Other factors which may cause a deviation from a 
rigorous bimolecular behavior are (a) the presence of 
various sizes of traps, (b) consecutive trapping, and 
(c) change of spacial distribution (geometry) of traps 
and vacancies during the progress of the reaction. A 
more detailed analysis shows that in most of these 
instances the simple bimolecular formalism outlined 
above is still a good approximation if average, effective 
parameters are used. 

Since the effective parameters for an anneal depend 
on /; and fg, it is necessary to choose these times in such 
a manner as to allow a rigorous comparison of anneals 
carried out at different temperatures. This can be done 
by noting that for all the crystals here compared (K J) 
represents the same stage of anneal. Knowing that the 
temperature dependence of K,, or K, is exp(—e,/kT), 
t; can be chosen for each crystal such that (K,J;) is the 
same for all crystals. A similar choice can be made for f». 
Although ¢,(~0.9 ev) is only known at present to 
within about 15%, the experimental results show that 
an exact choice of ¢, and thus of ¢; and f is unimportant 
compared to other sources of error. For instance, an 


07 


error of 20° in ¢, leads to an error of only 2% in o,. 


Ill. EXPERIMENT 
A. Samples and Conductivity Measurements 


Sodium chloride single crystals, approximately 2 cm 
23 cmX1} mm, were cleaved from blocks of “‘pure”’ 
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X—Crystal 
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0-"O" Ring 
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T — Thermocouple 
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C— Styrofoam insulation 





























Fic. 2. Crystal container for gamma irradiation 
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optical quality Harshaw Chemical Company crystals. 
The samples were annealed in vacuum at 425°C for 
about 5 hours, and the temperature was then lowered 
at 2°C/minute. Electrodes were provided by painting 
the two large surfaces of each crystal with alcoho! 
“Dag.” 

The crystals were irradiated with Co® gamma rays 
from a 1.2 Curie source. During irradiation the crystals 
were mounted in a brass container, shown in Fig. 2, 
designed to maintain a fairly constant, repeatable tem- 
perature below room temperature by means of circulat- 
ing cold water. One reason for this was to prevent as 
much annealing during irradiation as conveniently 
possible. The other reason was the possibility that the 
radiation effects themselves may depend upon the 
temperature of irradiation, and, therefore, elimination 
of this variable was desirable. The crystal was held in a 
water-tight inner container in helium atmosphere which 
was introduced before irradiation. It was found that 
5+2°C convenient maintain. 


was a temperature to 


e Plote 
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ty meausrements 


With the source about 1 cm above the crystal, the in- 
tensity of radiation was greater near the 
center of the crystal than near its edges. The average 


ibout 50% 


intensity was estimated to be 1.45 X 10* roentgens/hour 
or 2.310" photons/cm? hour. Irradiation times were 
from 3 to 35 hours. 

For the conductivity measurements, the crystals were 
held in helium or low vacuum in a container, shown in 
Fig. 3, which was placed in an electric furnace. The 
crystal rested on a base plate which provided electrical 
and thermal contacts and its temperat 
to about 0.1°C, was determined wit! 


ire, repeatable 
a thermocouple 
attached to the base plate in the crystal container. A 
thermocouple fused into a crystal showed that for the 
first 10 minutes of the anneals the temperature of the 
base plate was not a good measure of the crystal tem- 
perature, but that thereafter they were within 0.1°Cfof 
each other. Thus only data taken after 10 minutes were 
considered meaningful. This, as shown later, was not a 
serious limitation. During the anneals the temperature 
fluctuated as much as 1°C, but an average temperature 
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for each anneal was determined and then a correction 
was introduced to each conductivity measurement on 
the basis of the known temperature dependence of the 
conductivity of unirradiated crystals. 

The basic circuit for measuring the conductivity is 
similar to that used by Pearlstein. In essence, the 
unknown crystal resistance is compared to a known re- 
sistance R,, ranging up to 102 in series with the crystal. 
A potential of 50 volts was applied to the crystal by way 
of the thermocouple leads to the base plate in the crystal 
container, and the voltage across R, measured by means 
of a vibrating reed electrometer (VRE). During each 
isothermal anneal a continuous record was kept of this 
voltage (typically about 5 mv) with a recording meter 
attached to the output of the VRE. 


B. Polarization 


A major problem in conductivity measurements was 
the decrease in the apparent conductivity over a period 
of several minutes after the application of voltage. In 
order to reduce and control such effects, the input 
voltage to the crystal was periodically reversed, each 
reversal separated by a 1.5 min period of recovery of 
zero voltage. This is illustrated in Fig. 4, which shows 
the recorded indications of the VRE. Such effects?’ can 
be due either to the usual “polarization,” i.e., reduction 
of the effective voltage by accumulation of free charges 
near the electrodes, or due to a decrease in the total 
number of carriers by the sweeping action of the field. 
In order to obtain meaningful conductivity measure- 
ments for our purposes, the effect was investigated in 
some detail and the results can be summarized as 
follows: 


(a) Freshly cleaved crystals, or those which were not 
exposed to air for more than about a half hour, did not 
exhibit any noticeable changes if the conductivity 
measurements were made with the crystal in vacuum. 
On the other hand, crystals exposed to air for several 
days showed changes in conductivity comparable in 
magnitude to the conductivity itself. It was also found 
that the effect was decreased by a factor of two or more 
when a crystal was placed in low vacuum (10-* mm), 
although this did not completely eliminate it. Helium 
atmosphere did not cause conductivity changes except 
with prolonged exposure, presumably because of con- 
tamination of the gas. Water adsorbed on the surfaces 
did not seem to produce any changes if the crystals were 
not otherwise exposed excessively to air. 

(b) If a constant prolonged voltage was applied to 
a crystal which exhibited conductivity changes of not 
more than about the same magnitude as the conduc- 
tivity, the VRE output seemed to come to a fina! con- 
stant value in about 5 min. This time showed no tem- 
perature dependence. Furthermore, this “‘final value’’ 
was independent of the initial current indication and, in 


‘D. B. Fis hbach and A. S. Nowick, J. Phys. Chem. Solids 2 
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Fic. 4. Trace of VRE output vs time, illustrating polarization. 


particular, it was the same as that for crystals which 
did not show any polarization. (The experimental 
accuracy of these comparisons was about 10% of the 
conductivity.) This led to the conclusion that the “final 
value” of the VRE output was a reasonable, repeatable 
measure of the dc conductivity. This is especially true 
for a relative comparison of conductivities. 

(c) There did not seem to be any direct correspond- 
ence between the magnitude of the changes in con- 
ductivity and the conductivity itself. Furthermore, the 
magnitude of these changes remained constant for at 
least 2 or 3 hours at the temperatures required for 
isothermal anneals. 

(d) There does not appear to be any evidence that 
the gamma irradiation had a direct influence on the 
observed changes. 

(e) The magnitude of the conductivity change rela- 
tive to the conductivity was temperature dependent: it 
was essentially absent below about 50°C and near 75°C 
and it had a maximum at about 65°C. Above 75°C the 
effect increased again and then disappeared above 
100°C. 


In view of the above behavior of the conductivity 
changes, crystals were exposed to air as little as possible, 
although it was difficult to completely eliminate it. The 
following procedure was finally adopted for obtaining 
meaningful data from the VRE output: It was assumed 
that all of the changes were essentially gone after 6 min 
of constant applied voltage, V.=50 volts, and that the 
VRE output at this time was a “true” measure of the 
conductivity. Since it was not very practical to wait 
this long after each voltage reversal, the VRE output 
was determined one minute after each voltage applica- 
tion, that is, every three minutes. At some convenient 
time during or immediately after each anneal, V, was 
held constant for more than 6 min and the change 
determined. This change was then applied as a correc- 
tion to all the VRE output measurements. 

The results make it reasonable to conclude that the 
observed changes were not due to the motion of va- 
cancies but to extra charge carriers, possibly electrons, 
introduced into the crystal when nitrogen or oxygen is 
absorbed at the surface. These added carriers “collect” 
at some crystalline boundaries in a few minutes, leaving 
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only the vacancies to contribute to the conductivity. 
It might be expected that a polarization would affect the 
electric field in the crystal so as to decrease the flow of 
positive ion vacancies. If this situation exists, the effect 
is small compared to the magnitude of the current from 
the added carriers. 


C. Summary of the Experimental Procedure 


After a crystal was prepared, its conductivity was 
measured at several temperatures in order to determine 
the pre-irradiation conductivity at the temperature of 
the isothermal anneal of the irradiated crystal. The 
crystal was next irradiated. Immediately after irradia- 
tion the inner crystal container (of the irradiating 
apparatus) was immersed in ice-water where it remained 
until the beginning of an isothermal anneal, usually a 
period of about a half hour. Several hours in advance of 
the anneal, the furnace assembly, including the holder 
for the crystal, was heated to approximately the desired 
annealing temperature. When this was ready, the crystal 
irradiating container was warmed for about 10 minutes 
to room temperature (to prevent condensation of water 
on the crystal); then it was opened and the crystal was 
inserted into the furnace assembly. The air in the 
crystal holder was then removed and helium introduced. 
Helium was kept in the holder for about 10 min, then 
it was replaced with vacuum. (The helium aided in 
bringing the crystal to annealing temperature more 
rapidly.) Measurements of conductivity and tempera- 
ture were then commenced. 


IV. RESULTS AND DISCUSSION 


The conductivity of unirradiated crystals was found 
to be independent of time and to obey the expected 
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ineals were at about 75°C. 


temperature dependence 


ay» 1 exp é kT), 

1.15 ev as measured be- 
tween room temperature and 100°C. For most of the 
crystals, group “a,” 


with an activation energy 


the pre-irradiation conductivities 
at a given temperature were within 10% of each other 
and at 75°C were approximately 1.0X10-" (Q cm). 
Another group of crystals presumably less pure, group 
“b.” had conductivities about 2.2 times higher. Meas- 
urements made at room temperature immediately after 
irradiation indicate 

conductivity was not 


hat, prior to the anneals, the ionic 
changed by more than a factor of 
two by the irradiation which is small compared to the 
changes introduced by subsequent annealing. 

Typical o/oo vs ¢ curves for irradiated crystals an- 
nealed at 69°C and 79°C are plotted in Fig. 5. The 
parameters o,, Co, K, were determined by fitting Eq. 
(4) to such data. If one uses the thus determined values 
for o.., typical plots of log(1—¢,,/a) vs ¢ are shown in 
Fig. 6. These illustrate the fact that in each anneal 
there is a significant part which follows, with a very 
good approximation, a bimolecular process mechanism. 
Some of the early points in one of the anneals shown in 
below the line, a 


Fig. 6 are slightly straight 


whi h is typical of most of ie 


result 
anneals and suggests 
ussed above 


that at this stage, as di vacancies may be 


released for a short time. Similarly at a late stage of the 
anneals the points again fall somewhat below the line, 
suggesting the existence of one of the previously dis- 
cussed possible deviations from a simple bimolecular 
process. 

By far the source of error in the 
values of the parameters was caused by a temperature 
drift of about 0.1°C. If other experimental fluctuations 
are also taken into account, there is about 10% un- 
certainty in o,, K,, and R 


most significant 


The un ertainty in the 
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repeatability of the quantity of irradiation, and there- 
fore effectively in +, was about 20%. Optical bleaching 
of the crystals during transfer to the holder for anneal- 
ing was too small to affect the results. 

Figure 7, a plot of R, and K’ vs 7, shows the effect 
of irradiating crystals for various times r and annealing 
them at very nearly the same temperature. For a given 
irradiation time, R, was independent of the annealing 
temperature in the range 69°C to 80°C. It is evident 
from Fig. 7 that both R, and K’ for crystals of group 
‘‘a”’ depend linearly upon irradiation time r. An excep- 
tion is a crystal of the “impure” group ‘b,” No. 30, 
which had an anomalously high initial conductivity oo 
but even in this case both R, and K’ deviate in the same 
direction and by roughly the same amount. It appears 
that if there is a difference in the efficiency of the 
irradiation for different samples it is apparently appli- 
cable to both R, and to K’. This shows that K’/R, 
[given by Eq. (10) ] is indeed ‘“‘normalized” to a con- 
stant quantity and efficiency of irradiation, as men- 
tioned earlier. This ratio is plotted as a function of 
annealing temperature in Fig. 8. Most of the crystals 
investigated were in group “a” for which K’/R, appears 
to be independent of 7, within the accuracy of the ex- 
periment, and, therefore, according to Eq. (9), e=«, to 
within 0.15 ev. This indicates that the trapping mecha- 
nism is indeed controlled by the diffusion of the positive 
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Fic. 7. R,=0o0/c~ vs 7 is represented by the open circles and 
solid line, and K’ vs ¢ is represented by the closed circles and 
dashed line. The triangles are for a crystal with a preirradiation 
conductivity 2.2 times higher than that of the other crystals. 


OF y IRRADIATED 


NaCl 





10 K 10" 





K'/R, (a-om/*K-sec) 


- oCrystoa! Group (oc) 


@Crysta! Group (b) ! 
— 2 © 7 EEE a 


a3 70 74 78 82 
Anneoling Temperature (°C) 





Fic. 8. K’/R, vs temperature. The crystals in group (6) have 
pre-irradiation conductivities 2.2 times higher than those in 
group (a). 


ion vacancies to the traps. One cannot make an equally 
strong statement for the three points for the less pure 
crystals of group ‘‘b,” although even there the quantity 
K’'/R,, is within 20% temperature independent. 

Of interest also are the results of annealing of a 
crystal which was optically bleached after irradiation 
but before the anneal. The bleaching caused R, to be 
increased by a factor of 10, but left K’ nearly the same. 
This gives further support to the bimolecular theory 
because it indicates that the effective rate constant is 
indeed proportional to ,. 

It is suggested that the strong dependence of the 
parameter K’ on irradiation time 7 is the result of one 
or more of the following mechanisms: (1) there are 
several types of traps and their average size increases in 
proportion to the amount of irradiation; (2) some of the 
traps are capable of trapping two vacancies, and in- 
creasing amounts of irradiation increase the proportion 
of this kind of trap; and finally, (3) large spacial 
inhomogeneities of concentration of vacancies and traps 
may cause different rates of increase in the number of 
traps in these different regions, resulting in an apparent 
dependence of K, on r. An investigation of the influence 
of the temperature of irradiation on K’ may make it 
possible to distinguish between these possibilities. 

The magnitude of A’ is useful for obtaining an upper 
limit to the fraction f of the total crystal volume in 
which vacancies and traps occur in significant numbers : 
Extrapolating to zero irradiation time [see Fig. 7 ] 
one obtains the minimum possible value of K’=5 
X10" cm/°K sec, or \/ f= 260. Putting f=1 one ob- 
tains the quite unreasonable result that the trap size is 
of the order of several hundred Angstroms. It appears 
much more sensible to assume that d is of the order of 
unity and that / is of the order 10-* to 10-*. Thus one 
concludes that only a small fraction of the total crystal 
volume contains significant concentrations of the con- 
ducting vacancies. 
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The growth curve of (mgi—n) vs 7,° shown in Fig. 
9, does not permit a drawing of definite conclusions 
concerning 7 or mg; alone, although probably (see 
reference 13) it represents the initial rapid growth and 
later saturation of the number of traps mg; as a func- 
tion of r. 

Measurements of the conductivity o’ vs temperature 
in the range 45°C to 100°C were made on several crystals 
after each was annealed isothermally for a long time in 
the same temperature range. Although R,=o0/¢,, was 
independent of temperature, it was found that oo/o’ was 
somewhat temperature dependent and was greater than 
the oo/a,, calculated from the results of the isothermal 
anneal. The temperature dependence of o9/o’ leads to 
an activation energy of about 1.28 ev for the conduc- 
tivity after the anneal which is somewhat higher than 
the activation energy before irradiation. This may indi- 
cate the existence of an association energy of 0.1 to 
0.2 ev between the conducting vacancies and those 
defect clusters which do not anneal out at these times 
and temperatures. Between 85°C and 100°C, no iso- 
thermal changes in conductivity were observed for 
periods of over an hour, presumably because the re- 
action was completed by the time temperatures of the 
measurement were reached. 

Figure 10 shows o/¢o vs ¢ for crystals irradiated for 
about 17 hours and then annealed at 113°C, 125°C, 
and 135°C. At each temperature the conductivity shows 
an increase over a period of about three hours to a value 
which is still approximately a factor of three less than 
the preirradiation conductivity. Assuming a simple 
monomolecular process for the release of vacancies from 
traps, calculation of the rate constant was made for each 
anneal between the times 20 min and 100 min. The re- 
sults for the three temperatures are 0.015, 0.020, and 
0.022 min, respectively. These increases of conduc- 
tivity show that vacancies are being released from their 
traps. The fact that the rate constants do not vary 
much over this wide temperature range may indicate 
the existence of several types of traps and several acti- 
vation energies. Continued annealing at 135°C resulted 
in the conductivity reaching a maximum [not shown 


5 See the discussion leading to Eq. (7 
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in Fig. 10] and then at the end of 17 hours decreasing 
again to about a factor of five less than the preirradia- 
tion value. This decrease in conductivity after a long 
time of anneal at 135°C was expected because of the 
original observations by Kobayashi‘ and Pearlstein? 
and because this effect was prominent in the results 
obtained by Christy and Harte® on x-rayed crystals 
and 200°C. This 
decrease is presumably the result of an increase in the 


annealed isothermally between 150°¢ 


number of smal! traps at these temperatures caused by 


a gradual dissociation and breaking up of larger clusters 
of defects. 

The crystal which was annealed at 115°C was cooled 
after five hours to 75°C and its conductivity re- 
measured, giving oo/0= 13, as compared to oo/0= 18243 
for similar crystals annealed in the lower temperature 
range. This suggests that some of the traps may have 
become inactive at the higher temperature. 

For comparison, some qualitative measurements were 
made on the optical absorption of irradiated crystals. 
After irradiation the optical absorption was measured ; 
then the crystal was annealed at about 75°C for about 
14 hours, cooled and the absorption measured again at 
room temperature. The were very lightly 
colored, and only two bands were observed—the F band 
and the M band. The anneal decreased the F band by 
about 25%, 
completely 


crystals 


while the M band seemed to disappear 

As far as the various possible models of the traps are 
concerned, it seems most reasonable to assume that the 
traps consist of negative ion vacancies or clusters of 
vacancies. If this is correct, the irradiation either trans- 
forms existing vacancies and clusters into traps, or 
creates vacancies and clusters, or possibly does both of 
these things. We shall consider here clusters composed 
of up to five vacancies and will make the following as- 
sumptions: The original clusters are either “neutral” 
(such as an F center or a pair of positive and negative 
ion vacancies) or may have one effective charge, either 
positive or negative. Those clusters which act as traps 
must be either neutral, or, preferably, charged positively 

for example, a free negative ion vacancy is considered 
a good trap. Since there is no trapping observed in an 
unirradiated crystal one concludes that the positively 
charged traps (including the free negative ion vacancy) 
can exist only in equilibrium concentration with positive 
ion vacancies before irradiation. Conversely, if a par- 
ticular type of neutral cluster exists in regions where 
unirradiated 
it cannot trap. 

Three distinct processes for creating traps appear to 
be possible : 


there are positive ion vacancies in an 


crystals, it must be concluded that 


(a) The simplest case is that in which a trap is 


created by ionization of an existing cluster—for ex- 


ample, a neutral cluster is made positive. A trap con- 
sisting of a positive ion vacancy with one or two trapped 


holes can be eliminated because the conductivity at 
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Fic. 10. o/oo for irradiated crystals vs time for three 
different anealing temperatures. 


room temperature is changed so little by the irradia- 
tion. There are thus essentially four possibilities: a 
cluster of two positive-one negative ion vacancies with 
either one or two holes, a cluster of three positive-two 
negative ion vacancies with one hole, and two positive- 
two negative ion vacancies with one hole. It is to be 
noted that this last cluster may be capable of trapping 
two vacancies. 

(b) It is possible that in addition to the previous 
mechanism positive-negative ion vacancy pairs are 
created at dislocation jogs during irradiation.'® These 
pairs may migrate during irradiation’’ to each other or 
to existing clusters, and could thereby cause the growth 
in the size of clusters. Of the smaller clusters (five 
vacancies or less), those predicted in (a) are still allowed 
but, in addition, there is now the possibility that the 
cluster of two positive-two negative ion vacancies exists 
as a trap. 

(c) Large clusters either already existing or formed 
by the growth mechanism of (b) may be caused to 
break up under the influence of the ionizing irradiation. 
This mechanism adds four more types of possible traps 
to the list: Negative ion vacancies and F centers can 
apparently be created, as can the cluster of one positive- 
two negative ion vacancy with one electron (the M 
center) or without one. The possibility that F centers 
and M centers are traps is supported by the observed 
decreases in these color bands that result from anneal- 
ing. Also, the growth curve for the number of traps 
[see discussion of Fig. (9)] seems similar to a growth 
curve for the F band as observed by Kobayashi'* and 

'6 F. Seitz, Rev. Modern Phys. 18, 384 (1946) 

'7G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 

'®K. Kobayashi (private communication). 
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Nowick." In conclusion, there is the particularly inter- 
esting possibility that there exists a mechanism whereby 
the irradiation causes positive-negative ion vacancy 
pairs to be created at internal surfaces or dislocations ; 
these pairs cluster with each other, trap an electron or 
hole, then break up to form F centers, M centers, and 
traps. 

Vv. SUMMARY 


The main conclusions of the research described above 
are as follows: 


(1) The observed changes in the conductivity of 
NaCl upon annealing in the range 65° to 80°C after 
gamma irradiation obey very well a bimolecular process 
which is assumed to be the trapping of mobile positive 
ion vacancies by immobile traps created during 
irradiation. 

(2) The rate parameters are independent of the 
annealing temperature. 

(3) The activation energy of the annealing process is 
equal within 0.15 ev to the mobility activation energy 
of positive ion vacancies. 

(4) It appears that the conducting vacancies are 
localized in a rather small fraction of the total volume 
of the crystal. 

(5) The irradiation dose affects the rate of the anneal- 
ing in a manner which indicates the existence of several 
kinds of traps. Possible trap models are discussed. 


(6) There is a release of conducting vacancies from 
traps near 125°C. 


Note added in proof.—An alternate interpretation of 
the results here reported is perhaps possible on the 
basis of thermoluminescence observations by Halperin, 
Kristianpoller, and Ben-Zvi (Phys. Rev., to be pub- 
lished). It appears that in x-ray irradiated crystals 
there are several peaks in the glow curve. This suggests 
that x-ray irradiation suppresses ionic conductivity by 
a factor of the order of 50 by trapping positive ion 
vacancies and that these do not become free until a 
temperature of perhaps 200°C is reached. The almost 
normal conductivity of an irradiated crystal near room 
temperature would be thus caused by an accidental 
presence of a current glow peak in this neighborhood. 
Further studies are necessary to distinguish between 
the two interpretations. 
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The magnetic susceptibility of donor centers in semiconductors is calculated for the case 


vf small inter 


actions between closely adjacent donors. A hydrogenic model is assumed for the donor centers. The random 


distribution of the centers, as well as the variation of the energy of interact 
pairs of donors, is taken into consideration. A twofold modification to the Curie law 


with separation distance ol 


which is correct for 


independent donors) is predicted by the resulting expression, namely, a curvature as well as a decrease of 
the slope of the Curie plot of the susceptibility versus inverse temperature. Both of these effects increase with 


the donor density, becoming appreciable in silicon with 10'’—10" donors/cn 


* and in germanium in the 


range around 10"* donors/cm*. The theory is in good agreement with results of measurements 


I. INTRODUCTION 


HE magnetic behavior of semiconductors at low 

temperature is very strongly dependent upon the 
degree of doping. In highly doped material, after 
merging of the conduction band and impurity levels 
has occurred, the magnetism of the impurity centers is 
completely overwhelmed by the band magnetism of 
the merged band. This has been observed in heavily 
doped germanium,' where for donor densities greater 
than 10'* cm the conduction band diamagnetism 
sufficed to explain the data. The other extreme case, 
that of such low doping density that the overlap 
between donor centers was negligible, has also been 
observed, in this case in silicon? with less than 210" 
cm™~ donor. Here the contribution of the conduction 
band is absent below 50°K because all of the conduction 
electrons are frozen out on donor centers. The magne- 
tism of these centers is well represented by a Curie law 
and is proportional to the number of donors. Both of 
these extreme situations are reasonably simple, and 
agreement between theory and experiment seems to 
obtain. However, when the amount of doping is between 
these extremes, a more complicated behavior is ob- 
served. We shall be concerned here with the magnetic 
behavior when the doping becomes somewhat greater 
than in the simple isolated donor extreme case. The 
experimental facts which have clearly been observed 
in the case of silicon* are that the slope of the Curie 
curve of susceptibility versus inverse temperature 
decreases as the temperature is lowered and that, even 
at higher temperatures, as the donor density is in- 
creased above about 2X10"? cm™, the slope deviates 
more and more from that expected for independent 
donor centers. In germanium there seems to be an 
indication of a similar behavior'; however, it occurs in 
appreciably purer samples: (5X 10'* cm~*). Because of 
limitations on the sensitivity of the measurements, no 
systematic data on impurity contribution have been 
obtained for germanium 


* Oak Ridge Nationa! Laboratory is operated by Union Carbide 
Corporation for the U. S. Atomic Energy Commission 

1R. Bowers, Phys. Rev. 108, 683 (1957). 

? E. Sonder and D. K. Stevens, Phys. Rev 
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Theoretically, there are two obvious approaches to 
the treatment of this intermediate situation. One is to 
Start 
apply these to the magnetic 
lation has been made by Mooser.* There seem to be two 
problems in this type of approach. The first is that a 
band resulting from a “random lattice” has not yet 
been satisfactorily treated in a theoretical sense and 
that, therefore, the impurity band is usually approxi- 
mated by one for a direct lattice of appropriately large 
lattice spacing. The second is that the one-electron 
repulsion between 
electrons, which becomes appreciable as the band gets 
narrower, becoming so great in the limit of weakly 
overlapping atomic orbitals as to reduce effectively the 
number of states in the band by a factor of two. (A 


from ideas related to impurity banding and to 
properties. Such a calcu- 


picture neglects the electrostatic 


completely banded donor band has states for 2N,q 
electrons, while for the separated donors there are 
available one-electron states for only Ng electrons.) 
The other approach to the treatment of weakly inter- 
acting donors, which is the one we shall use, starts 
from the independent donors and permits weak inter- 
actions of only two at a time. This approach was 
by Hedgcock* and by Sonder 
the experimental results for 
germanium and silicon, respectively. Hedgcock has 
by dividing the donors 


| 
suggested independently 
and Stevens’ to explain 


made an estimate of the effect 
those which are independent and 
and 


into two 
therefore 


paired as diatomic 


groups, 
magnetically active those which are 
molecules and are consequently 
nonmagnetic. He has used hydrogen molecule 
equilibrium distance, corrected, of course, for the 
dielectric constant of the semiconductor and the effec- 
the distance which 


§ donors is to be 


tive mass of the donor electrons, as 
pair 
pair of independent atoms. 

magnitude for the effect 
simple making it 
worthwhile to calculate the consequences of interactions 


determines whether a given 
considered a molecule or a 
The correct 


obtained 


was 
seem 


order of 
me vel l. 


thi 
Lilis 


from 


of donors in pairs more carefully, taking into considera- 


tion the variation of electron binding energy with 


Mooser, Phys Rev 10¢ 


3 
. Hedgcock, Can. J. Pl 


E 
fe 


1216 





MAGNETISM OF 


distance between donors as well as the change with 
temperature in the ratio of bound-to-unbound pairs 
of electrons. 


Il. THE HYDROGENIC MODEL FOR THE 
DONOR CENTER 


The problem of equilibrium energy levels of a particle 
in an inverse square force field (the hydrogen atom) has 
been solved exactly both semiclassically® and quantum 
mechanically.* Using these solutions, it is quite simple 
to compare the expressions for the energy levels, as well 
as the mean radii of the wave functions (Bohr orbits 
in the semiclassic treatment) for particles of unit elec- 
tronic charge but different masses moving in a media 
with different dielectric constants. The following ex- 
pressions result : 


ky my, ‘K ‘es 
E. 7 mM, IK? 


7, Ky/m, 


= se (1-b) 
Fe K2/mz 
where the subscripts 1 and 2 refer to two particles, 
respectively, of mass m, and mz, in media of dielectric 
constant K, and K>. f refers to the mean radius, while 
E refers to the energy of a given state of the system. 
In the hydrogenic model of the donor center in a semi- 
conductor, this type of comparison is made between 
the donor (electron mass, m*, in a medium of dielectric 
constant, K) and the hydrogen atom (electron mass, m, 
in vacuum). The assumptions that are implicit in this 
derivation should be kept in mind, however. A semi- 
conductor is not really a continuous medium; neither is 
the concept of a dielectric constant perfectly valid in 2 
region containing only a few hundred atoms. If these 
assumptions are accepted, however, then the model can 
be used to treat the interactions of two centers. Solutions 
for the energies and separation distances of the lowest- 
lying eigenstates of a hydrogen molecule or molecule 
ion have been calculated’-" or deduced from spectro- 
scopic data.” These, in conjunction with Eqs. (1), will 
yield the energies of the magnetic and nonmagnetic 
states of donor pairs as a function of their separation 


* See, for instance, G. Hertzberg, Alomic Spectra and Alomic 
Structure (Dover Publications, New York, 1944), p. 15 ff. 

® See, for instance, L. I. Schiff, Quantum Mechanics (McGraw 
Hill Book Company, Inc., New York, 1949), p. 80 ff. 

7 E. Teller, Z. Physik 61, 458 (1930). 

* H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 

°H. M. James, A. S. Coolidge, and R. D. Present, J. Chem. 
Phys. 4, 187 (1936). 

J. C. Slater, Technical Report No. 3, Solid State and Molecu- 
lar Theory Group, Massachusetts Institute of Technology, 
Cambridge, 1953 (unpublished). 

1 O. W. Richardson, Proc. Roy. Soc. (London) 152, 503 (1935); 
Molecular Hydrogen and its Spectrum (Yale University Press, 
New Haven, 1934). 

%R. Rydberg, dissertation, Stockholm, 1934 (unpublished); 
reproduced by G. Herzberg, Molecular Spectra and Molecule 
Structure. I. Diatomic Molecules (Prentice-Hall, Inc., Englewood 
Cliffs, 1939). 
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distance. This information will then make it possible 
to obtain the magnetic susceptibility as a function of 
donor density and temperature. 


Ill. THE MAGNETIC SUSCEPTIBILITY OF 
TWO-DONOR MOLECULES 


The magnetization, M (magnetic moment per unit 
volume), may be defined in terms of the partition sum, 
Z, of a system by the expression 


M=kT(d \nZ/dH), (2) 


where H is the magnetic field strength, k is the Boltz- 
mann constant, and T is the absolute temperature. The 
system which we shall consider will consist of unit 
volume of the crystal containing N4/2 two-donor 
systems, in which we shall assume that all electrons 
are frozen out of the conduction band. The grand 
partition sum in the presence of a magnetic field will 
then contain only terms for zero-, one-, and two-electron 
states of the two-donor centers, giving 


Na/2 


II [e+ > e” 4) (GH Tho bH/kT) 
ve] j 


z= 11 z 


F > e2r-h( HIRT 4 1 4g BH /kT) 4+. S$ ete «), (3) 
k a 


Here ¢ and 7 are the energy of a given eigenstate and 
the Fermi energy, respectively, both in units of kT, and 
8 is the Bohr magneton. The sum over j refers to a 
sum over-all one-electron states of a single two-donor 
center, while the sums over k and k’ refer to sums over 
triplet and singlet two-electron states of one molecule, 
respectively. The two lowest one-electron molecule ion 
orbitals (1se and 2p) suffice to describe atom and bare 
donor, and the lowest singlet and triplet two-electron 
states (‘Z, and *2,) suffice to describe all neutral atoms 
in the ground state. All other excited states are much 
higher in energy" for the conditions which we are 
considering. Our two-donor grand-partition function 
can thus be approximated by a sum of five terms. 

It should be pointed out here that the terms Z,; 
within the product in Eq. (3) are not all the same since 
the electronic energies E=kTe differ for different 
separation distances of the molecules. However, the 
partial potential of the electrons (Fermi energy) 
u=kT7y is a constant throughout the whole sample and 
is determined by the number of electrons present, which 
is, of course, equal to the donor concentration Ny. The 
relation between this number and the Fermi energy 
is given by 


Va=kT(d \nZ du) (d InZ/dn). (4) 


Performing the differentiation indicated in Eqs. (2) 
and (4) and expanding terms of the form exp(@H/kT) 


4 The lowest excited singlet two-electron state, for instance, is 
the 'Z, which in hydrogen is more than 11 ev above the ground 
state. (See diagram by G. Herzberg, reference 12, p. 340.) This 
would correspond to about 0.03 to 0.04 ev in silicon or a tempera- 
ture above room temperature. 
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to first order in BH/kT™ yields for Ng and M 
following expressions : 


Na= 3% (Na); 


the 


_ 2erper) +6694 Jere 
T 142 (ert ert) 4 3e-a4 rma 
2 (enter) 4 Berra 
1+2(erf ert) 4+3eraf era 


BH 
M=— 
kT 


3 (6) 
J 

where ¢, and e, are the energies of the one-electron 
states and ¢, and e; are the energies of the singlet and 
triplet two-electron states, respectively, all in units of 
kT. If it is noted that the denominators in Eqs. (5) 
and (6) are identical, these expressions can be combined 
as follows: 


3H 
M= 7. (wwe 
kT i 


2(e*" 1— gr ¢3) 
) (7) 


Equation (7) can be simplified by defining the energy 
difference €3;=¢;—¢€, and assuming that the compen- 
sation, if it exists at all, is not of very great magnitude 
(e.g., is less than 25%), permitting the neglect of zero- 
and one-electron states.'® The resultant expression for 
the magnetic moment is 


(wa 


The first term in this sum is, of course, simply the total 
number of electrons. 


1+ 2(e%-**-+-e-%) + 3e**- 8+ 4 


2(1—e-*) 


1+3e- 


BH Nal 
ts 


(8) 
kT 1 


IV. DISTRIBUTION OF SEPARATION DISTANCES 
FOR TWO-DONOR SYSTEMS 


The sum in Eq. (8) may be converted to an integral, 
since N4/2 is a very large number. However, it must 
be recalled that the triplet-singlet splitting energy, €,:, 
may be a strong function of the donor-pair separation so 
that, if our integral is to be over the separation distance, 
r, a weighting function, or probability of finding a 
donor pair with a given separation distance, must be 
determined. This we shall now do. 

If the donors are distributed at random, then we can 
fasten our attention on one donor and determine the 
probability that there is no nearest neighbor closer than 
r and also one neighbor in the spherical shell volume 

“The assumption 81<AT is good above 3°K, since for the 
magnetic fields usually used in susceptibility measurements 
Hs 20 koe or BH/k 3° S04. 

18 In n-type silicon, for instance, at temperatures in the neighbor- 
hood of 10°K the Fermi level is ~0.025 ev below the conduction 
band edge, while the energies of the one- and two-electron states 
of a pair of donors of intermediate separation are —0.06 and 
—0.10 ev, respectively. The exponents »—« and 2n—«, at this 
temperature are accordingly 41 and 58, respectively. 
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element 4xr*Ar at r. This will give the probability of 
finding a nearest neighbor in Ar at r. We use the 
Poisson distribution, which gives the probability P(N), 
of exactly N events in terms of the expectation value, 
G: P(N)=(N!)"'G* exp(—G). The expected number of 
donors in a volume V is NzV, where Ng is the donor 
density. This gives for the probability of no neighbors 
closer than radius r, P(0,0:r) = exp[_— (49/3)N a’ }, and 
for the probability of finding one neighbor in a shell of 
thickness Ar at r, 


P(1,r:7r+Ar) = N Anrdr exp[ — (Narr) }. 


The product of these two probabilities will yield the 
expression applicable for our case, which for infinitesimal 
Ar is given by 


dP=4nN g'dr exp[ — (4/3)4N a’ ]. (9) 


The relative probability dP/dr of finding the nearest 
neighbor at r is graphed in Fig. 1. 

The remainder of this section will be devoted to a 
discussion of the validity of the assumptions made 
concerning the above distribution function; the reader 
may wish to go directly to Sec. V, where an approximate 
expression for the magnetic moment is obtained. 

Equation (9) is strictly correct only for the donors 
which make up the first pair. It would be correct for 
all pairs if already-paired donors were still available 
for further pairing. This is obviously not the case. 
However, let us point out that we are here interested 
in the situation where only a fairly small fraction of 
donors are close enough to be considered effectively 
paired (i.e., such that some of the magnetism is re- 
moved). The fraction of groups of three in such cases 
will be even smaller. Moreover, if we pick our pairs 
in such a way as to remove from consideration first the 
pairs of closest spacing, then by the time deviations 
between Eq. (9) and the actual distribution of distances 
becomes significant, we will be dealing with pairs that 
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have such large separation that their contribution to 
the magnetic moment is exactly what it would be if 
the donors were unpaired and is thus independent of 
the separation distance. 

In order to make a more quantitative estimate of 
the error resulting from use of Eq. (9), we can define 
a separation distance, beyond which pairs will act like 
independent donors by such criterion as Ey,=2k7. 
Then let all the Va(Ng—1)/2 inter-donor distances be 
listed in order of increasing magnitude, and use them 
in this order to fill in the low separation tail of the 
distribution given by Eq. (9). Eventually one of the 
members of the pair currently being chosen will be 
found to have been paired with another donor pre- 
viously. An estimate of the possibility for this event is 
given by the probability that the neighbor at distance 
r is a mext nearest neighbor, i.e., that there exists one 
atom within the sphere of radius r and, also, one in the 
vicinity of the surfave. This probability is given by 


dP’ = (4/3)nN @'4aN ode exp[—(4/3)eNa*]. (10) 


The over-all probability for this should be doubled 
because either of the atoms of the pair we are currently 
picking might have been chosen previously; the 
probability that both have been selected previously 
is neglected. Summing over all of the pairs as we pick 
them, starting from the first, will give an estimate of 
the total number which have been discarded due to 
prior pairing. This total number discarded is given by 


vr 
p=2 far'=2f NaV exp(—NaV)NadV, (11) 
0 


where V = (4/3)zr is the volume. For small V, which 
is now the range of interest, D~ (NV.V)*. Comparing 
this with the total number of pairs which have already 
been picked, 


vr 
= - far-f exp(—NaV)NadV=NaV_ (12) 
0 


we find for the ratio D/# = N,V. This shows that the 
relative number of discards to the number of pairs 
picked is, for V<1/Na, =NaV or Na(4/3)xr’. There- 
fore, if the criterion E,,;=2kT is satisfied when r is 
approximately 4 of the maximum of the distribution 
given by Eq. (9), as is the case here, then the error 
resulting from the use of Eq. (9) will be only a few 
per cent. 

It might be pointed out from the foregoing discussion 
that, when r approaches rmax too closely, the number of 
rejects becomes appreciable and the present calculation 
may overestimate the effect of pairing by a factor of 
two. This is also evident from a qualitative considera- 
tion of the pairing process. 

The assumption of a statistically random distribution 
of donor centers is, strictly speaking, not exact because 
there is an energy of interaction between every pair of 
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Fic. 2, Energies of the singlet and triplet ground states of the 
hydrogen molecule with fixed atoms and the energy difference 
between the two states as a function of atom separation. The 
points on the two upper curves were obtained from the literature 
as follows: @ James, Coolidge, and Present, reference 9; @ James 
and Coolidge, reference 8; « Slater, reference 10; © Herzberg, 
reference 12. The points on the difference curve were obtained 
from the difference between the singlet and triplet curves, while 
the dashed line is of the functional form shown. 


donors. This energy rises sharply for small internuclear 
distances for the same reason that the hydrogen 
molecule and hydrogen molecule ion have high energies 
in the corresponding case of small internuclear distances. 
If the energy of electrostatic interaction e&/Kr '* of the 
two donor ions be equated to a multiple of k7,,, say 
2kT,,, and the volume corresponding to this radius be 
excluded from consideration, the effect on the final 
results is slight (less than 1%) for the conditions of 
validity of this theoretical analysis. Such an effect 
will be neglected in the following. 


V. EVALUATION OF THE MAGNETIC MOMENT 


From Eq. (8) we get for the magnetic moment of 
the crystal, using Eq. (9) and the appropriate normali- 
zation to a total of N,/2 two-donor systems, 


BPH ¢ Na 2[.1—exp(— a1) } 
u-—— f (2-- Bin —~) 

kT 2 1+3 exp(— es) 

Xexp(—VNa)NadV, (13) 

where V = (4/3)xr’. If it is recalled that the magnetic 
moment for isolated donors is #HN4/kT, then it is 
evident that the value given by Eq. (13) is that for 
isolated donors multiplied by the correction factor 
(1—J), where 


1—exp(— és) 
=f - —_—— exp(—- NV) NAV. 
1+3 exp(— ea) 


This latter expression, of course, has the correct 
* Actually, the ions are screened by the conduction electrons 
with a Debye length of \p= (44N/KkT)~. However, near the 
melting point \p~ 100 A, which is much larger than the pertinent 
distances here (~5 A). 


(14) 
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3. The function [1—exp(—e)]/[1+3 exp(—e)] vs « and the 
approximation to it (dashed curve) used 
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asymptotic behavior, vanishing for small ¢3; and causing 
the paramagnetism to disappear for large €5:. 

In order to evaluate the correction J, it is necessary 
to know how £;; varies with separation distance. This 
can be obtained from calculations on the hydrogen 
molecule. Figure 2 shows the variation with inter- 
nuclear distance of the energies of the singlet and triplet 
states of a hydrogen molecule, as well as the difference 
E,— E,=(Eu)u. The points shown on the difference 
curve of Fig. 2 are obtained from the calculated values 
of E; and E; shown, while the dotted curve shows 
the approximation to be used later, (Eu)”a=Aua 
xX exp(— ByV)" where A w= 9.66 ev and By =7.84X 10” 
cm. The hydrogenic expression must be scaled for 
dielectric constant and_ effective mass, _ giving 
= (m*/ K*) (Es:) = (m*/K®)An expl— Bu (m*/K)*V | 
where the effective mass, m*, and dielectric constant 
K have been left in the equation explicitly as 
parameters. In Fig. 3 the function f(e) 
=[1—exp(—e) |/[1+3 exp(—e) }. As can be seen from 
the figure, the broken line is a reasonably good approxi- 
mation (~10%) and will be used in the integration of 
Eq. (14). (The explicit form is f(¢) = «/3.7 for 0<¢<3.7 
f(€&)}=1 for «>3.7.) These approximations lead 
finaily to the following simple expression for the 


i 
4431 


is shown 


and 


correction factor: 


3.7kT/m*A)* 
I . (15) 
1+N./B(m*) 
where Ni/B(m*)*, A=An/K?(=0.068 ev for 
By/K*(=4.65X 10" cm- for silicon). 


These expressions give finally for the magnetic suscepti- 


a 


silicon), and B 


17 A Heitler-London calculation [See, e.g., L. Pauling and E. B. 
Wilson, Introduction to Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1935), p. 340 ff.] gives for the splitting 
Exn= f(r) exp(—2r), where f(r) is a moderately complicated 
function. However, as Fig. 2 shows, the fit of A exp(—BYV) is 
quite satisfactory in the range of greatest importance. The use of 
this latter function makes it possible to perform certain inte- 
grations which occur later. 
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bility per gram, x= M/pH. 


x=C/Tr« (16-a) 


-1 
(3.7k/m*A (1+ ) .  (16-b) 


VI. DISCUSSION AND COMPARISON WITH 
EXPERIMENT 


A. Silicon 


where 
NS Na 


Bm** 


pk 


It is found experimentally’ that the plot of x. vs 1/T 
is curved and has a smaller slope than N4S*/pk. These 
two effects are both predicted by Eqs. (16). The power 
of the inverse T dependence is diminished by the term 
N./Bm*™, and the constant C, which for no interactions 
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Fic. 4. The paramagnetic susceptibility of donors vs reciprocal 
temperature plotted on log-log paper. The data are obtained from 
reference 2. @ Specimen 743 (5 10'*); @§ Specimen 1407 (12-20 
<10'"); ~z Spec imen 1262 (6-10X10 Specimen 329 
(2-4X 10"). 
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is simply N46*/pk, is diminished by two factors, both 
increasing with V4. Figures 4 and 5 show an attempt to 
fit the temperature dependence of the derived expression 
to the experimental data reported for silicon.? The data 
of Fig. 5, reference 2, have been replotted in log-log 
form, so that the slope of the resulting curve is 
1—N,/Bm*™. The factor V,/Bm™ thus obtained has 
then been compared with N, reported from Hall 
measurements. It should be pointed out that there is a 
rather large uncertainty in the values of Ng obtained 
from Hall measurements, depending upon the assump- 
tions which are made concerning the mode of electron 
scattering and degree of degeneracy of the sample.'* 

‘8 To obtain the donor density, Na, fr 
the equation Nyg= 


ym the Hall coefficient, R, 


un /p)/Rec is used. (uy /pu) is the ratio of Hall 
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In Fig. 5 the values of Nz determined on the basis of 
assuming phonon scattering (circles) and impurity 
scattering (squares) have been plotted versus the factor 
Na/Bm*™ obtained from the slopes of the curves of 
Fig. 4. A straight line connecting the points should be 
proportional to 1/Bm*. If the model is good, m* should 
be the effective mass of an electron frozen on an arsenic 
donor in silicon. Lines for m*=0.51, 0.53, and 0.55 
have been drawn on Fig. 5. The m* calculated from 
the donor activation energy” and Eq. (1a) is 0.513. As 
can be seen, the agreement is fairly good for samples 
having jess than 10'* cm~* donor. The deviation in a 
sample having 5X 10'* cm~* donors is quite large, but 
in this range the assumptions which entered this theory 
are not satisfied. {It might be pointed out that in the 
sample with 10'* cm~* donors the maximum of the 
distribution of distances [Eq. (9)] occurs for such 
interatomic distances that the splitting energy is 
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Fic. 5. The donor density, Nz plotted vs N4/Bm*. The points 
are from the experimental data shown in Fig. 4, while the straight 
lines are predicted by the theory for different values of the effective 
mass of electrons in donor states. 


0.0007 ev, which, together with the criterion E = 2&7, 
gives a temperature of about 4°K, below which this 
theory would tend to break down.} 


B. Germanium 


In germanium the effective mass is much smaller 
than in silicon, and the donor levels are much closer 
to the conduction band. Moreover, the dielectric 


to conductivity mobility, equal to 34/8 for spherical energy bands 
and phonon scattering. For the more complicated conduction 
band of silicon and for an admixture of thermal and impurity 
scattering, the ratio may vary between 0.8 and 1.9. See reference 
2 and references 28 and 29 therein for a fuller discussion. 

® Morin, Maita, Shuiman, and Hannay, Phys. Rev. 96, 833 
(1954). 
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Tae I. Comparison of constants used in the expression 
of the magnetic susceptibility. 


H, Si Ge 


0.049 0.012 
11.9 16 


Ionization energy, E(ev) 13.6 
Dielectric constant 
Effective mass 

(electron masses) 1 
m*An/K* (ev) 9.66 
(m* By /K*(cm™*) 7.84X 10" 


0.51 0.23 
0.0348 0.0087 
6.17X10"% 2.3310" 


constant is greater; and so the donors interact at larger 
distances. In Table I is shown a comparison of the 
constants m*A,/K? and (m*)*'B,/K® for silicon and 
germanium. Since it is the ratio of Ng to the second of 
these which determines the deviation from a linear 
dependence on 1/7, it is evident that the situation in 
germanium corresponding to that which we have 
discussed in silicon arises in samples which are purer 
by a factor of 25. This means that the present discussion 
applies to germanium only when the concentration of 
impurities is less than about 5X 10'* cm~ donor. It is in 
just such a specimen (5.5 10"* cm) that Bowers' has 
observed a slight parainagnetism at low temperature, 
with a slope less than one would expect for non- 
interacting donors. There actually seems to be a slight 
curvature in the data presented by Bowers,’ which also 
is in qualitative agreement with the foregoing. 


SUMMARY 


The magnetic susceptibility of donor centers distri- 
buted at random in a semiconductor has been calculated 
for the case in which interactions between pairs of 
donors is smail but not negligible. A hydrogenic model 
was assumed for the donor center; the energy difference 
of singlet and triplet donor-molecule states was scaled 
from corresponding values for the hydrogen molecule. 
The difference, or splitting energy, was approximated 
by a mathematical expression which permitted the 
evaluation of certain integrals. Only the singlet and 
triplet ground states were retained in the partition 
sum, which included terms for a range of values of 
internuclear distances. Summing over the distance 
between donors and differentiation of the partition sum 
gave the final expression for the susceptibility. 

Even though there are no adjustable parameters in 
the theory, agreement with experiment seems fairly 
good in the case of silicon. The theory predicts an 
onset of pairing in germanium at a value which is also 
in qualitative agreement with experiment. 

One of the results of this calculation is to raise some 
questions about the procedure of using the temperature- 
limiting slope of the Curie plot to obtain the donor 
density of the specimen. A sizeable correction factor, of 
the order of 10 to 50%, seems to be required even when 
no large curvature is apparent in the data. 
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An experimental and theoretical re-examination of the F “‘super-hfs”’ in the electron paramagnetic reso 
nance (EPR) of Mn** as a dilute, substitutional impurity in ZnF; has been made. The observation of 
anomalous spectra at 23 kMc/sec has necessitated a modification of the phenomenological theory first 
offered by Tinkham. Precise measurement of all of the hfs interaction constants, in conjunction with the 
new theory, allows direct comparison to be made with the results of the NMR experiments of F® in MnF». 
The agreement now found is most satisfactory. The theory of the origin of the F" hfs is discussed in the light 
of recent work of Mukherji and Das, Marshall, and Keffer e¢ al. 

The Mn* hfs was measured and found to be anisotropic. This, in conjunction with Mn** specific heat 
measurements in antiferromagnetic MnF2, enables one to compute the magnetization of a sublattice at 


T =0°K 


INTRODUCTION 


INKHAM' has observed the electron paramag- 
netic resonance (EPR)? of Mn** as a dilute, 
substitutional impurity in the diamagnetic ZnF, 
lattice. The unusual nature of this spectrum stems from 
the fact that, in addition to the now commonly observed 
Mn* hfs, there is superimposed on each Mn*®* hyperfine 
component an extensive “super-hfs.” This latter struc- 
ture results from the hfs interaction of the nonlocalized 
magnetic electrons of the central Mn++ ion with the 
nuclei of the octahedra of nominally diamagnetic F~- 
ions that surround the paramagnetic ion. From these 
observations an attempt was made’® to interpret the 
distribution of magnetic electrons using a molecular- 
orbital treatment as Owen‘ had done previously in 
treating charge-transfer in octahedral complexes. 
Closely related to this are the observed large shifts 
in the NMR® of F" in the isomorphic MnF, lattice. 
The spatial distribution of magnetic electrons causes, 
in the antiferromagnetic state, an appearance of the 
NMR at very high frequencies even in the absence of an 
external magnetic field.*? It was, indeed, a considera- 
tion of the relation of these phenomena that motivated 
this more detailed the EPR 
spectrum. 


re-examination of 


ZnF, belongs to the rutile class of crystals which 
exhibit macroscopic tetragonal symmetry. Since the 
local symmetry of a Zn** site is only orthorhombic, the 
tetragonal character results from the axes of the two 
Zn ions in a unit cell being rotated by 90° about the c 


1M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956) 

* The experiments of Tinkham were performed at 9 kM« 
(private communication to V. Jaccarino). 

*M. Tinkham, Proc. Roy. Soc. (London) A236, 549 (1956). 

* J. Owen, Discussions Faraday Soc. 19, 127 (1955). Reference 
will be found here to earlier work of Griffiths and Owen and the 
theory of Stevens. 

® R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956); 
108, 1219 (1957), B. Bleaney, Phys. Rev. 104, 1190 (1956). 

® V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957); 
V. Jaccarino and L. R. Walker in Colloque International de Mag- 
nétuisme (Centre National de la Recherche Scientifique, Paris, 
1959). 

7V. Jaccarino and L. R. Walker, (to be published). 


axis from each other. This feature, which adds more 
complexity to the EPR spectrum, is depicted in Fig. 1. 
It is to be noted that if the field lies in the a-c, or (010), 
plane the two sites become equivalent. Relevant 
parameters for the ZnF; and MnF; lattices are given 
in Table III.* 


SPIN HAMILTONIAN 


The ground state of the Mn** ion is (3d°)*®S and in a 
crystalline field of orthorhombic symmetry was de- 
scribed in an approximate fashion by Tinkham by 
using the spin Hamiltonian 


K=g8H-S+S8-D-S+A*"I-S, (1) 


assuming g and A® to be isotropic. 

In consideration of the length of our more detailed 
presentation our attentions were confined to a precise 
measurement of the F and Mn** hfs. Only the sign of 
the crystal field parameters was confirmed by observing 
the variation of the intensities of appropriate transitions 
at low temperatures. Tinkham’s values for the com- 
ponents of the D tensor and the value of g were 


D,=(23415)g D,=(110+10)g, 


D,= —(13345)g g=2.002+0.005. 


The Mn*®* hyperfine interaction 
measured and 
result of A= 


fully later. 


constant was re- 
Tinkham’s 


This will be discussed more 


found not to 
(103+3)¢ 


agree with 


EXPERIMENTAL METHODS 


The experiments were performed on single crystals 
of ZnF:, obtained from Professor J. W. Stout,® in two 
frequency regions; 23 kMc and 54 k Mc. 

The 23-kMc apparatus employs a high-O (~15 000 


§ The structure parameters of the iron group difluorides are 


given in | 3 W. Stout and S. A. Reed, J. Am 
(1954) and more recently by W. H 
(1958). 

*The principal magnetic impurities were in weight percent 
(approximately); 0.04 Ni, 0.03 Mn, and 0.03 Fe. The crystals 
were grown by Reed and Stout with the hope, originally, of 
observing the Ni** spectrum at millimeter wave frequencies. 


Chem. Soc. 5, 5279 
Baur, Acta Cryst. 11, 488 
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unloaded) reflection cavity and superheterodyne de- 
tection. The cylindrical cavity, whose axis is vertical, 
operates in the TE», mode with the sample being 
supported on a Lucite rod in the central maximum of 
the rf magnetic field. A 12-inch Varian magnet, ro- 
tatable in the horizontal plane, provides the necessary 
dc magnetic field (Ho). The samples were oriented so 
that Ho» could be rotated in either the (110) or (001) 
planes. 

A novel feature of this spectrometer is a mechanism 
(suggested by R. Kompfner) that allows the external 
coupling of the cavity to be varied during operation 
and thereby eliminates the need for a microwave 
bridge.” Maximum sensitivity is achieved by operating 
very near to the matched condition where no power is 
reflected. Sensitivity to either the real or imaginary 
parts of the sample susceptibility is achieved by small 
purposeful departures from critical match. An un- 
balance achieved by changing the coupling permits 
observation of the imaginary (absorptive) component, 
while an unbalance produced by a shift in frequency 
of the signal klystron permits observation of the real 
(dispersive) component. 

At 77°K the absorption signal was sufficiently 
intense to allow a relatively noise-free oscilloscope 
(CRO) presentation of the second detector crystal 
output using a synchronous magnetic field modulation 
of up to 25 gauss peak-to-peak. Orientation of the 
crystal in the plane of the field could be quickly ob- 
tained, to an accuracy of better than 0.5° by sym- 
metrizing the CRO display. A Numar NMR gauss 
meter was used for precise measurements of the dc 
magnetic field. A dual channel CRO allowed simul- 
taneous display of EPR and NMR signals thereby 
facilitating the field measurements. 

The 54-kMc apparatus is a noncavity transmission 
type spectrometer" employing a backward-wave oscil- 
lator as a signal source and single crystal rf detection 
and audio demodulation. For purposes of adequate 
sensitivity small field modulation and phase-sensitive 
detection were employed, with the spectra displayed 
on a chart recorder. Observations were made at 77°, 
14°, and 4°K. 


PHENOMENOLOGICAL THEORY OF THE F’" hfs 


General Considerations 


The hfs interaction of the F” nuclei with the non- 
localized spin magnetization of the Mn** ion may be 
described by adding to the spin Hamiltonian a term of 
the form 


K=> §-A‘-L, (2) 


where the summation is to be taken over the six 
neighboring F” nuclei. 
0 J. P. Gordon (a more complete discussion of the spectrometer 


will be published elsewhere). 
uM. Peter, Phys. Rev. 113, 801 (1959). 
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Fic. 1. A diagrammatic representation of the two nonequivalent 
cation sites in the ZnF, lattice. The local system of axes for each 
Mn** (dark) is given and is seen to differ from site to site only 
by a 90° rotation of the surrounding F~ (light) octahedron about 
the [001] direction. The three crystalline directions along which 
the magnetic field was placed are indicated in the lower right-hand 
corner of the figure. The distortion of each octahedron leaves the 
anion crystalline field with only orthorhombic symmetry at the 
Mn** position. 


Before pursuing the phenomenclogical description 
we digress to consider various interpretations that have 
been given of the origin of the hfs interaction. In his 
paper on Mn:ZnF,, Tinkham ascribed the effect to 
covalent bonding between the metal ions and fluorine 
ions. According to this picture, the metal ion d-wave 
functions have augmented to them small amounts of 
ligand wave functions of the proper symmetry to form 
antibonding orbitals, while the ligand wave functions 
are similarly augmented with d-wave functions to form 
bonding orbitals. The bonding orbitals are filled with 
paired electron spins and give no net contribution to 
the fluorine hyperfine interaction. The unpaired d 
electrons, however, spread out in the antibonding 
orbitals and produce the observed interaction. This was 
also the point of view of Stevens, and of Griffiths and 
Owen, in discussing the hyperfine structure of the spin 
resonance of Ir** ions in the chloroplatinates. 

In their first paper on the fluorine nuclear resonance 
in MnF;, Shulman and Jaccarino® used a different 
point of view closely related to the superexchange 
mechanisms discussed by Kramers and Anderson. In 
this picture, the ground-state configuration has un- 
paired electrons in the d states and paired electrons in 
the fluorine p and s states. Excited configurations are 
then introduced in which an electron is transferred 
from occupied fluorine states into a d state wave 
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function. The hyperfine interaction is ascribed to the 
remaining unpaired electrons in fluorine wave functions. 
This picture is incomplete in that it ignores a contri- 
bution to the hyperfine interactions already present in 
the ground-state configuration due to the nonortho- 
gonality of the metal ion and ligand wave functions. 

Recently several attempts have been made to calcu- 
late the fluorine hyperfine interaction from first prin- 
ciples. Mukherji and Das,” for example, proceed by 
orthogonalizing the d wave functions to the ligand 
wave functions. The resultant, distorted d wave func- 
tion is then used to calculate the interaction, just as 
in the covalent bonding picture. This gives a result 
that depends only upon the overlap of the d wave 
functions and ligand wave functions, and which is just 
the nonorthogonality effect above. This 
calculation neglects, however, the electron transfer 
effect. 

A unified treatment of the problem, which includes 
both contributions to the hyperfine interaction, has 
been given very recently by Keffer ef al." They begin 
with a set of nonorthogonal d and ligand wave functions 
for the ground state, and then calculate by second-order 
perturbation theory how much of the various excited 
transfer must be added. A _ proper 
calculation of the fluorine hyperfine interaction then 
yields both orthogonality and transfer effects. 

In order to understand more clearly the basis of the 
phenomenological treatment of the experimental results 


discussed 


configurations 


of the present experiments, let us consider briefly a very 
simple two-center problem exhibiting the effects dis- 
cussed above. Imagine a wave function y centered at 
point 1 occupied by a single electron, and a wave 
function ¢ centered at point 2 and occupied by two 
electrons. 

For ease in calculation we introduce a wave function 
6= (1—S*)-'(W—S¢g) where S is the overlap integral 
between y and g. The wave function of the system 
including effects is (@tytge-)+A(OtO- ot), 
where A is calculated by second-order perturbation 


transfer 


theory, and the plus and minus signs indicate the 
direction of electron spin. This wave function may be 
used to calculate the hyperfine interaction with a 
nucleus situated at point 2. The result is proportional 
to (S+A)*, where S is the overlap effect and A the 
transfer effect. In very simplified form, this is the 
calculation carried out by Keffer et al. 

An entirely equivalent point of view is the following. 
We adopt three wave functions 


(1+ 2aS$+a*)-!(g++ay*), 


= (14+26S+8)-1(det+y*), (3) 


¥ (1+2¢S+¢)-\We¢ y-). 

A. Mukherji and T. P. Das, Phys. Rev. 111, 1479 (1958); 
W. Marshall, Bull. Am. Phys. Soc. 4, 142 (1959). 

% F. Keffer, T. Oguchi, W. O’Sullivan, and J. Yamashita, Phys. 
Rev. 115, 1553 (1959). 
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Wave functions a* and 8+ are made orthogonal by 
demanding (b+a)+(ab+1)S=0. The wave function 
y~ is already orthogonal to the other two by virtue of 
its spin. We now find the best values of a, 6, and ¢ by 
minimizing the energy. If we imagine a determinantal 
wave function formed from a*@*y~, one can readily 
show that neither the energy or hyperfine interaction 
can depend upon a or }. Consequently, the minimi- 
zation problem depends entirely upon c and determines 
a value c=. The total hyperfine interaction is again 
(S+A)*, to second order. 

We may now relate this approach to the idea of 
covalent bonding. Since the system is independent of 
b, we may as well choose b=c. Wave functions 6+ and 
y~ then become the filled bonding orbital and give no 
net contribution to the hyperfine interaction. The total 
interaction is therefore proportional to a?, which by the 
orthogonality relation is just (S+A)?, as before. 

In this paper we shall adopt the covalent bonding 
point of view in constructing a phenomenological 
description of the fluorine hyperfine interaction. Con- 
sequently, the entire burden of the interaction will rest 
upon the augmented d wave functions. 

We shall first, in the next two sections, express the 
hyperfine constants in the augmentation 
parameters of the wave functions, and then in the final 


terms of 


section, discuss the spin resonance spectrum that results 
from the fluorine hyperfine interaction. 


AUGMENTED WAVE FUNCTIONS 


The geometry with which we shall be concerned is 
shown in Fig. 2(a) where we may see a manganese ion 
Mn** surrounded by six fluorine ions F-, arranged on 
a distorted octahedron having orthorhombic symmetry. 
The F 
identification. 

We note first that 
belongs to the point group Des. This group has eight 
one-dimensional representations, four of even parity 
and four of odd parity. Using the notation of Koster," 
we denote the four even representations by 1, m2, 73, 
and 74. The manganese d wave functions form a repre- 
sentation of the group as follows: 


positions are numbered for purposes of 


the structure given in Fig. 2(a) 


d= (15/163)!(222—2?— *) (1/r°)R 
da= (15/163) *(2?— y*) (1/r)R 

dy= (15/4e)'xy(1/r2)R 

d,= (15/49) 'sx(1/r7)R belongs to m2, 
ds= (15/4x)y2(1/r2)R 


belongs to m1, 
belongs to m, 


belongs to 73, 


belongs to ms, (4) 


where R is the normalized hydrogenic radial wave 
function for n=3 and /=2. 

If we consider only 2s and 2p wave functions of the 
fluorine ions, we have a total of six 2s wave functions 


4G, Koster in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5. 
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and 18 2p wave functions. The 2s wave functions form 
even representations of the group as below: 


(1/v2) (ss+56) 
$(si+52+53+54) belongs to m, 
4 (S:—Sat+53—54) 


belongs to ;, 


belongs to 7, (5) 


where the subscripts refer to particular centers as 
assigned in Fig. 2(a). The normalization of these wave 
functions assumes explicitly that the overlap integrals 
are negligible. 

The representations formed from p functions are 
considerably more complicated. We designate the 
various wave functions according to the scheme given 
in Figs. 2(b) and 2(c) where the positive lobe carries 
the label in each case. Since no symmetry requirements 
dictate a special choice for the directions of the o and yu 
orbitals, we allow them to lie on the z 
respectively. 


and y axes, 


(1/V2)(os+<o¢) 
§(uitmetustus) 
4(o,+02+03+04) 
(1/V2) (we+us) 


1 
3 (wy +72—43— 74) 


belongs to m, 
belongs to m, 
belongs to m, 
belongs to m2, 
belongs to m2, 
(1/v2) (xe—-75) belongs to 73, 
3(4,:—32—m3+,4) belongs to 7, 
$(ui—u2t+us—ps) belongs to mu, 


4(a;—o2+03—0,4) belongs to m, 


The augmented d wave functions can now be written 
down by combining wave functions belonging to the 
same representation. We obtain 
D,= nil dy+ (ay ‘V2 (Ss+56)+81/2(51+524+-53+54) 

+ (y:/V2 (ast+-o6)+ (61/2) (uit meotustus) 
+ (€,/2) (0; +02+03+ 04) 1 
D,= Naf do+ (B2/2)(sitSet+Sst+54) 
+ (62/2) (uit-wetustns) 
+ (€2/2)(o1+024 ost+04) l 
D;= N af d3+ (az v2) (we—75) 
+ (83/2) (4i1—42— 434+) ] 
D,= nal dyt+ (a4 /V2) (ue— ps) 
+ (84/2) (itm, —~H3— 4) 1, 
Ds= ws dst+ (as/2) (s1-- S24+-53—54) 
+ (85/2) (ui— wetus— ps) 
+ (¥5/2)(01—o2+03—«,) |. 


It should be noted that D; and D; are not automatically 
orthogonal by symmetry. In order to insure this ortho- 
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gonality, one relation must exist amongst the augmen- 
tation parameters of D, and Ds. 


FLUORINE HYPERFINE INTERACTION 


The electron spin-fluorine nucleus interaction Hamil- 
tonian is,'® 


S,:I, 3 (rea Se) (fea-Ia) 
7 + -_ — 


3 


KH” = gByBn z( _ 
xa 5 


Tea Tea 


Sar 
+ #(rne)8u-ls), (8) 
3 


where r;, is the electron-nucleus distance and & is 
summed over electrons and a over nuclei. We shall be 
concerned with a manifold of electronic states where 
one electron occupies each of the states D,, D2, Ds, Du, 
Ds with spins aligned to give a total spin S=§. Within 
this ground manifold, we may easily show by an appli- 
cation of the Wigner-Eckart theorem that (6) is equi- 
valent to 


S-I, 3(ra-S)(r.-1,) 


Ss ; 


1 
1019 — Ss = 
K gByvBn- >| D, 


lo Ta" 


&ar 
+—$(r,)S-I, D.), (9) 
3 


where m sums over wave functions, @ over nuclei, and 
r, is the electron-nucleus distance. 
Let us define the following quantities : 


1 S-I, 3(r.-S)(r,-1,) 
U. = £578 w (- +- ), 


5 re r. 
V.= g8yvBw} (8x/3)8(r.)S- L,, 
F,= (N1B1/2)*+ (N282/2)?+ (Ngas/2)?, 
f= (Niu)*/2, 
F = (Nb1/2)?+ (N52/2)?+ (No8s/2)*, 
fa= (Neas)?/2, 
Fy = (Nye,/2)*+ (N2€2/2)°+ (Nsys/2)*, 
fo=(Nm)*/2, 
Gye= (N 6;/2)(N16:,/2)+ (N 52/2) (N262/2) 
+ (Ns8s/2)(Nevs/2), 
F = (NB2/2)"+(NB/2), Fe= (Noas)*/2, 
F=5—4(F,4-F,+F,4+F,) 
—2(f.+fitSetfe). 


The fluorine hyperfine interaction (9) can then be 


6 +6y = — 7". 
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written 


9 pe S: am 3(Ra-S)(Ra-I.) 
KH! ae i-= : : 


RS 


+ » [F, (Se a) +f 


@a=—1,2,3,4 
+Fi(o4 


+2Gre(po! C 


u(Ma a Ma) 


|Ualoa) +F e(4a| U| 4a) | 
)+ z Cf(se| Vo 


a~6,6 
Ua| pa) + fel(oa| Valea) 


+ f,(mq\ l 


Jq\m)] 


Sq) 


+ fulue| 
(13) 


Here R, is the distance from the manganese ion to 
fluorine ion a. All electron charge density not repre- 
sented in fluorine wave functions is considered to be 
spherically distributed about the manganese center. 

We may now proceed from Eq. (13) to write out 
explicitly the interaction tensor A in the coordinate 
system chosen in Fig. 1. We designate nuclei 2 and 4 
to be of type I, 1 and 3 of type I’, and 5 and 6 of type 
II, and obtain the components listed in Tables I and 
II. The interactions for type I’ nuclei are obtained by 
reversing the sign of 8. In Table I we note the presence 
of the off-diagonal component A,, which was neglected 
by Tinkham and is important in what follows. 

We now introduce some further definitions 


Let 
A p'= gByBn(F 
1,'= gByBn (I 
A 4! = g8yBn(2/25)(1/r° 
A = g8yBy (2/25)(1 


5)1/ Ry’, 

s(0)\?, 
[G+ (F.—F,)* }! 
r*)3(|[G,2+(F.—F,)*]}! 

—F,—F,+F,}, 

Gye/ (Fe —F,), (14) 
jo panes 1/Rn’*), 

T= gByBn(f,/5) (82/3) 
1 1! = gByBw(2/25){1/r*)(f.— fs), 


d 1! = g8yBw (2/25)(1/r*)(fe— 


8 5)(S9r 3) 


tan2a= 


> 


s(O) ? 
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Fic. 2. A diagrammatic represen- 
tation of the isotropic . aniso- 

tropic character of the F~ wave 
Me functions. The nomenc Lien and 
orientation of the wave functions 
are explained in the text. 





It follows then from Eq. (12) and Tables I and II that 
Azs'=A,}—Ap'—A,'+24,', 
Ay =A+ (3 sin’B—1)Ap 
L (3 sin’a— 
1)Ap! 
+ (3 cos’a— 1) 


1,!—A 


I_ 3 Sina ¢ osaA ,!, 


(16) 


- 

The A! tensor is now seen to consist of four parts ; one, 
of strength Ap!, is the dipole field of the manganese 
magnetization and involves the actual bond angle, 6; 
there is an isotropic part of A,'; the term 
proportional to A,' arises from an effective magnetic 
dipole in the x direction and the remaining contribution 
is that of an effective magnetic dipole in the yz plane 
of strength A,! The 
A" tensor may be resolved in a similar way. 


strength 


making an angle a with the z axis. 


PREDICTED SPECTRA 


That part of the complete spin Hamiltonian of the 
system which depends upon the F” nuclei will be the 
sum of six terms, one for each independent F"™ nucleus. 
Each of these may be written in the form 

H,=1,-A‘-S+y6yHo(L- (17) 


i=1, 2, ---, 6, where A 
propriate to the ith 


is the hyperfine tensor ap- 
nucleus and Hon is an applied field 
of magnitude Hp». For sufficiently large Ho we may 
replace A;-S by mA*-n, m is the projection 
quantum number of S along n. The individual nuclei 
are now quantized along an effective magnetic field, 
H on+ (m/y8n)A*-n. Unless A;-n happens to be parallel 
to n, the direction of this field will depend upon m, 
shifting when an electronic transition occurs. Either 
nuclear state for a given m will a projection upon 
each of the nuclear states for other m value. It 
follows that in a +1 transition, 


where 


have 
any 


(m<> m electronic 
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TABLE I. Type I. 


Avwy A as 
3 sin?s—-1 3 cos*s —1 
1 1 
2 = 
—1 
i e 
0 0 


1 
2 
1 


either nuclear level of m may go to either of those for 
m-+-1. If the change in the field direction is close to 0° 
or 180°, one pair of transitions will be almost inhibited ; 
the spectrum arising in such a case we call simple. The 
spectra observed by Tinkham under his particular 
experimental conditions were all of this type. On the 
other hand, a spectrum with contributions from all 
transitions present to a significant extent we call 
complex. Clearly a substantial change in the direction 
of the effective magnetic field is necessary for excitation 
of such a spectrum. This requires that the resultant field 
in the direction of the applied field Ho and the transverse 
hyperfine field be comparable in magnitude. 

If we write A ,‘ for the hyperfine component, (n- A;-n) 
along n and | A,‘| for the magnitude of the component 
normal to n, two quantities e¢,,' and 9,,‘ may be defined 
by 

€m'= +[ (A y'm+yBnHo)*+m?| A, ‘|? ]}! 

and (18) 
tand,,'=m|A,*|/(mA,'+7BnH). 
The nuclear energy levels will now be E*(m, +)=4e,,' 
and E‘(m, —)=—4e,'. The relative probabilities of the 
transitions are given by 
(m, +) <> (m+1, +)=(m, —) <> (m+1, —) 

= Pmm+1'=COS* (An,'—Omy1*)/2 | 
(m, +) <> (m+1, —)=(m, —) <> (m+1, +) 

= Gm ,m+1'= Sin? (On'—Om41*)/2]. (19) 
All these considerations apply to each of the 6 inde- 
pendent nuclei and the complete transition scheme may 
be summarized by writing down the expression : 


6 
: ; II [Pm,m41'(xt7-+ x ir—) 
i=l 


+Gm,msi'(xit 2-4) J. 


(20) 


where r+ =€m'+€mii', 1— = €m'—€msi. When this is 
expanded the exponents of x give the possible energy 
differences and the associated coefficients the relative 


—3 sin§ cosé 
0 


Ay Times 
eByBw(F/5)(1/Re) 
gByvBw(F./5)(8r/3)\s(0)\? 
0 eByBw (F,/5)#(1/r*) 

0 gByBw(F./5)8(1/r*) 

0 eByBn(Fn/5)#1/r*) 
-j gByBw (Gue/5)HA/r*) 


intensities. Symmetry and the choice of applied field 
direction mercifully reduce the full number of 4° lines. 
In the present series of experiments H has been 
directed in the [001], [100], and [110] directions. In 
each case it will be found that the four nuclei of types 
I and I’ are equivalent so far as their energy levels are 
concerned. In the same way the pair of type IT nuclei 
are equivalent. With the magnetic field along the [001 ] 
axis we have 
ém' =[ (mA ..'+7BnHo)*+m'*A,," |! 
tand,,! = m|Aye'\ /(mA..'+7Bwilo) 
en™ =mA os + yBnHo 
tané,,!'=0. 


(21) 


Only the type I and I’ nuclei contribute to the ab- 
normality. The positions of the lines and their intensities 
are found from expansion of 


2 Pn,m i (xt#-+4+—-18 ")+Im,m4 i! (xb B+ 4-1 B+) 


(aA cell 4. ge-Aaall)2 (22) 


where R+ = én! + €ms11, R— = €m!— €m4i!. 

There are 5 X 5 K 3=75 distinct lines in the present 
case ; there being, in fact, five levels of the set of four 
nuclei with all transitions allowed, while for the pair 
of Type II there are three levels and three admissible 
transitions. For comparison it should be noted that a 
completely simple spectrum has 5X3=15 lines. 
Exactly similar formulas hold for the [110] direction, 
but with A,,! and A,,"! substituted for A,,' and A,,"". 
The [100] direction is somewhat more involved and 
both sets of nuclei may have complex transitions. The 
relevant expressions are : 


Ag+Ay)} 
Em! ( m-+ vinta) 
t 2 


Ass'—Ay\? 4 
+m( _ ) +4(A | (23) 
: 2\4lye * 


Taste II. Type II. 


gB8vBw(F/5)(i/Ru*) 
gByvBw (f./5)(84/3)\s(O) |? 
gByvBw (Uf ,./S5)HA1/r*) 
ghvBw(f./5)#(1/r*) 
gByvBw f2/5)#1/r*) 
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Fic. 3.A portion of the EPR spectrum of Mn**:ZnF; observed at 23 kMc with H 0||[001 ] and 7 =77°K. (/ increases as one goes from 
left to right.) The magnetic quantum numbers belonging to the Mn* hfs components of the electronic transition M,= —$«+ M,—1=—} 


are indicated in the upper row. Similarly the lower row of numbers identifies corresponding components in the M,= 


-jM, —l|=—}4 


transition. The magnitude of the electronic fine structure splitting is 3D,. The separation of Mn® hfs components is of order A and 
the super hfs due to the F" nuclei is clearly visible on each Mn** hfs component since A“ <A™ 


oo, {L(Ass'—A 2P+4(4 A ye)?}) 
an’, = 
m{_(A 22! Oe ieee ae 


Azs'+Ay," 2 
Em! t = ( m-+rinlHs) 
) 


(24) 


tané,,!! =— 


[(A se! +A yy")/2 +B 


5 X 5 X 3 X 3=225 lines are possible in this spectrum, 
since all transitions are now allowed between the three 
levels of the pair. 
OBSERVED SPECTRA AND ANALYSIS 
K-Band Frequencies 


The formalism given in the previous section predicts 
that the (2S)(27°°+-1)=30 Mn*® hyperfine components 
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Fic. 4. The M**= +-4 hfs component of each of three electronic 











transitions in the EPR of Mn**:ZnF, with Ho||[001]. The F¥ 
hfs in the —} «+ —} transition resembles the spectrum observed 
by Tinkham at X-band frequencies while the others clearly do not. 


of the EPR spectra normally expected, when transitions 
between electronic levels are induced such that 
4M,=+1, have superimposed upon them an F" hfs 
which need noi be the same for each transition 
M,++M,-—1. In particular, because of the presence 
of a large off-diagonal hfs interaction term (A,,'), and 
when for example, M,A,,'~y"Hp, transitions in which 
Am,"=+1 as well as Am;*=0 will have comparable 
probability, resulting in a more complex spectrum. 


Hg\\z 

To gain a point of view for further analysis we 
reproduce a —s of the spectra to k-band frequencies 
with Ho||[001]: (see Fig. 3). The notation used i 
identifying the transitions is given in the figure caption. 
Here the importance of the relative magnitudes of the 
crystal field splitting and that of the hyperfine inter- 
actions can be seen most clearly. Since 3D,>A®™ the 
Mn hfs components do not overlap sufficiently to ob- 
literate the distinct shape of at least two of the six 
hfs components on each fine structure spacing. Simi- 
larly A® is sufficiently larger than the A™’s so that a 
negligible overlap of the “super hfs” on adjacent Mn** 
hfs components exists. 

In Fig. 4 we have reproduced a sinyle Mn® hfs 
component from each of the three electronic transitions 
with H,||[001 ]. The top one corresponds to the tran- 
sition (—$<«+ —#), the middle one (—4 <> 4), and the 
lower one (} <> 3). The remaining two, (3 «+ —}4) and 
(+ $< $) (mot shown) are for all purposes identical 
in appearance with the first (or “simple’’) one. Each 
of the Mn® hfs components for transitions emanating 
from the M,= +} level are “complex.” The “complex” 
spectra cannot be fitted using Tinkham’s theory by 
assuming any given set of values for A,' or A,". The 
integrated intensities of every resolved Mn*® hfs com- 
ponents of each electronic transition M,++ M,_, still 
satisfied the ratio predicted for S=%, namely 
5:8:9:8:5. 


“ 


Hy |x, y 


Along [110] the spectra from the two nonequivalent 
sites no longer coincide, the field being in the x direction 
at one site and the y direction at the other. Since g is 
isotropic the observed spectra are further complicated 
by the fact that the smallness of D, results in the x 
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spectrum appearing collapsed in the center of the y 
spectrum. However, D, is sufficiently larger than D, 
so that the outermost transitions are well resolved 
[(—§ <> —#) and (§ <= 4)] and appear to be “simple.” 
One such Mn*® hfs component is reproduced in Fig. 5. 
Thus, though “complex” spectra are predicted for the 
center transitions, the collapsed x spectrum prevents 
one from observing them. 


H,\\a 


With the field parallel to [100] the two sites again 
become equivalent and precise measurement of the 
F"* hfs for this case makes possible a determination of 
the quantities A,.' and Ag,,". This spectrum was 
not observed by Tinkham and contributed to his 
mistaken belief that A,!=1.2A,"". That this is not so jis 
seen most clearly in the comparison of a portion of the 
spectrum with Ho|\c with that of one with Ho)! d, as is 
given in Fig. 5. The relative magnitudes of the com- 
ponents of A! and A" are practically interchanged in 
these two spectra. 


54 KMC MEASUREMENTS: A;|\[001 ] 


Since the experimental arrangement used at 54 kMc 
was inherently less sensitive than the 23 kMc apparatus 
it was necessary to use phase-sensitive detection with 
small field modulation. As a result the observations 
correspond to the derivative of the expected spectra. 
In Fig. 6 we have reproduced a single Mn** component 
from each of the electronic transitions; (4 «+ —}), 
(3+ 4), and ($< 3). The corresponding components 
of the remaining two transitions are, in appearance, 
identical with the (} «+ —4) transition. The (} «+ —}) 
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Fic. 5. Portions of the EPR spectrum of Mn:ZnF; with Hof 100] 
and Ho[ 110]. Separation of the centers of successive Mn com- 
ponents are given in oersteds. The ‘‘normal” spectrum observed 
with Hel 1004 in the transition (—§ «+ —4) should be compared 
with the “normal” spectrum in the top of Fig. 4. The relative 
magnitudes of A’ and A'! are approximately interchanged in 
these two spectra. 
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EPR OF Mn**:ZnF, AT 53.88 KMC, T=14°K 


Fic. 6. Portions of the EPR spectrum of Mn**:ZnF; at 54 
kMc with Ho||[001] and 7 =14°K. The derivative of each of three 
hfs components is given for three distinct electronic transitions. 
The complexity in the spectra at 54 kMc is present in transitions 
which have the M,=-+ 4 level in common whereas for the same 
direction at 23 kMc the complexity was common to the tran- 
sitions which had the M,= +-4 level in common. It is to be noticed 
that the two complex spectra are different at these frequencies 
both from each he and from the complex spectra observed at 
K band frequencies. The field separation indicated on the lowest 
transition in the figure corresponds to certain predicted values of 
the F” hfs components for this electronic transition. Approximate 
values of H» are indicated on each recorded trace. Field inhomo- 
geneities at these large applied fields unfortunately increase the 
line widths of each F® hfs component. 


spectra is simple (the recorded shape may be compared 
directly with that given in reference 1). A broadening 
of each line exists due to field inhomogeneities at these 
high fields. 

As predicted by the theory and assuming the values 
of the relevant parameters determined from the k-band 
measurements the complex transitions are those that 
originate, or terminate at the M,=+ 4 level. In addi- 
tion, it is predicted that the two complex transitions 
should appear to be quite different. These qualitative 
features are reproduced in our observed spectra with 
the (3+«+4) component having the more “complex” 
character, and represent in particular a confirmation 
of the large value chosen for A,,'. 


ANALYSIS OF THE K-BAND DATA 


The transitions which have been analyzed in some 
detail are the —}++ —4, —4«+}, and 4 + § cases in 
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Fic. 7. A comparison of experiment and theory for the ‘‘simple”’ 
F hfs observed at K band on the electronic transition M,= —4 << 
M,=—4, when H,||[001 ]. The parameters used are those given 
in Tables III and IV. The curves are normalized to have equal 
areas. Failure to correct completely for the nonlinearity of the 
field sweep accounts for the progressive deviation of the two curves 


the [001 } direction, of which the first is “simple” and 
the latter pair “complex”; the —}<«<+ —}# transition 
in the [100] and [110] directions, both being “simple.” 
Each of these cases had the advantage of being free 
from overlap by neighboring transitions. 

From the appearance or nonappearance of “‘complex”’ 
spectra and an approximate visual analysis of the 
various transitions a rough estimate was first made of 
A,,'. On the basis of this it was considered that the 
— }<+ —} transition in the [001] direction was com- 
pletely “simple.” This was verified with the final values 
of the A’s from which 

1(@ J -8 i") 
is found to be about 2° (sin?2°~0.0001). We therefore 
take 
[ (A ga!)?+ (Ays!)? P= Aaa” 
La” (27) 


I T/ 
leg’—e4)| 


and use the intensities for the “simple” case. A,,"’, 


A,,'' and a line width parameter were then found by 
the following procedure. The spectrum as observed was 


Taste IIT. The F” hfs interaction constants derived from the 
EPR of Mn**:ZnF>». The choice of the principal axes of the hfs 
interaction tensor, the methods used in evaluating the constants 
from the A-band data, and the errors in the derived quantities 
are discussed in the text. The units in the first row are electron 
gauss, and 10~* cm™ in the second. 


14.38 
13.44 


13.80 
12.90 
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supposed to consist of a sum of Gaussians or of Lorentz- 
ians, centered at the predicted lines and with the correct 
relative intensities. The absolute intensity was fixed by 
requiring the area under the predicted and observed 
spectra to be the same. The integral of the squared 
deviation of predicted and observed spectra was 
evaluated over the spectrum. This quantity was then 
minimized with respect to A,,'’, A,,"", and the line 
width parameter by trial and error. This analysis was 
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Fic. 8. A comparison of experiment and theory for the “coms 
plex” F hfs observed at K band on the electronic transition- 
M,=+}« M,—1=—} and M,=} ~ M,=—4 with H>||[001]. 
The parameters used are those given in Tables III and IV and 
y=13.5°. The curves are normalized to have equal area. The 
somewhat less satisfactory agreement resulted in part from the 
difficulty in establishing the tailends of the experimental spectra 
due to overlap with the adjacent structure of a neighboring Mn** 
hfs component. It also appears that choosing a slightly large value 
of the line width parameter than is obtained in the “simple” case 
would improve the agreement, though there is no a priori reason 
for doing so. 


carried out on an IBM 704 computer by Miss M. C. 
Gray. it very quickly that the 
Lorentzian lines gave a substantially better fit than 
did the Gaussians, the difference amounting to a factor 
of two or three in the 


became apparent 


least attainable value for the 
deviation integral. We, therefore confined the analysis 
to Lorentzian lines. A similar analysis was carried 
through for the other “simple” lines: the —}<> —} 
transitions in the [100] and [110] directions. The first 
of these gives values of [(A,,')?+(A,,")?}! and A,,", 


vv ye 
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while the second yields [$(Az2"+A,,"+A,,") }' and 
[4(A,."+A,,") }'. The quality of the fit was about the 
same for all three directions and may be assessed 
roughly in the following way: we have calculated 


H maz 
‘ f C(x) — fo(x) Pax, 


H maz 


where Hux is the effective end of the spectrum, /(x) 
is the observed, and fo(x) the calculated intensity. 
Then, (H/2H mex)'{1/ (0) ]~0.02 for all three cases, 
with {(0) being the height of the central peak. 

Using the values of A,,', A,,', and the line width 
parameter obtained from the “simple,” —}< —}, 
transition, intensities were then calculated for the 
“complex,” —$«+}, and $+} transitions in the 
[001 ] direction. The procedure was to assume various 
values for y where tany=A,,!/A,,' and then to calcu- 
late the ¢,' and @,,' from Eqs. (23) and (24) and use 
these values to find the positions and intensities of the 
lines. A spectrum was then synthesized using a super- 
position of Lorentzians of the same width as in the 
“simple” spectrum. These spectra were then compared 


“cc 


TABLE IV. The line widths (half-widths at half-power) of the 
F’ hfs components of the EPR of Mn:ZnF: as measured at 
K-band frequencies and at 77°K. As explained in the text these 
are computational best fits when the line shape is assumed to be 
Lorentzian. 





(6H), oe 
1.80+0.05 
2.40+0.05 
txy 2.30+0.05 


Direction of Ho 


001): 
110 |: y 
100 





visually with the observed spectra. The best fit is by 
no means as good as that found for the “simple” 
spectrum, but the value of y (y=13.5°) giving the best 
agreement is very nearly the same for the two ‘“com- 
plex” cases. The estimate of y, we would judge, is good 
to +1.5°. [Compare Fig. 9 with Figs. 8(a), (b).] 

The parameters measured in the EPR experiment 
are collected in Table III. Systematic error analysis 
was not obtained from our machine computation but 
an assignment of error may be given as follows. All of 
the measured quantities suffer an error of about 1% 
due to field calibration and correction for nonlinearity 
in the field sweep. Considering, in addition, the widths 
of the observed lines, it is reasonable to assign a 
conservative error of 1.5% to the A,,’s and 2% to the 
A,,’s and A,,’s. An uncertainty of approximately 10% 
exists in the determination of A,,, the error being 
directly related to the error in y. 

The line width parameters obtained by the above 
procedures are given in Table IV. It is not clear to the 
authors why a Lorentzian, rather than a Gaussian, 
shape should provide a better fit to the data. One would 
presume the origin of the line width to be the dipole 
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Fic. 9. The theoretical hfs expected for the transition 
M,=+}« M,=-—}4 for two different values of y; y=5° and 
y=20°. [See Fig. 8(a) and caption.] It can be seen that the 
“complex” spectra changes character rather rapidly as a function 
of y. 


fields of the other than 6 nearest F” neighbors to a 
given Mn** and the magnitude of the line width is 
consistent with this assumption. Such a distribution 
of randomly oriented dipoles would be expected to 
lead to a Gaussian line shape. 

The isotropic and anisotropic constants that may 
be computed from the phenomenological constants of 
Table III are given in Table V. Several points should 
be made concerning the computation and form of 
presentation of these parameters. For the type II 
parameters one may straightforwardly obtain A,, 
Ap+A,, and A,, whereas for the Type II case to 
obtain Ap+A, and A, one must assume a knowledge 
of 8 and a. Now, if one uses the data of Baur or Stout 
for either the ZnF, or MnF,; lattice, 8 may be seen to 
vary by only a few degrees. We have arbitrarily taken 
8 to be 38.6°. The quantity Ap'+A,/' is given by 


A pi+A ee 


2A,2' sin(a+8)+(A,,!—Ay,') cos(a+f) 
=—— —— ~ - ~~ —-, (28) 
3 cos(a—B) 


Using the experimentally determined values of A,,', 
A,,', and A,,' it was found that Ap'+A,! was remark- 
ably insensitive to the choice of a, there being a vari- 
ation of less than 4% in Ap'+A,' as a is varied from 
0° to 60°. Hence a was arbitrarily chosen to be equal 


TaBLe V. The isotropic and anisotropic constants of the F™ 
hfs from the EPR of Mn**:ZnF, that are derived from the 
phenomenological constants of Table III using the theory given 
in the text. The units are electron gauss. 


A, (Ap+A,) 


+3.2340.32 
+3.72+0.18 


—0.1540.22 
+0.1940.12 


Type I 
Type I 


+ 16.16+0.17 
+17.72+0.20 
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to 8. Using this value of Ap'+A,! a value of A,' was 
determined. The error in both of these quantities 
reflects the relatively large error in Ay,,'. That this 
same problem does not enter the determination of the 
corresponding type II quantities is a result of A,," 
being identically zero. 

The authors have chosen not to separate Ap and A, 
in the tables for, if one does, certain assumptions must 
then be made concerning inter-ion separation and the 
distribution of spin magnetization. Reasonable as- 
sumptions concerning bond lengths for the Mn** in 
ZnF 2 (say yr = 2.10 K 10-* cm) may be made and 
if one assumes all the Mn** spin magnetization to be 
contained in a sphere of radius R<2.10 XK 10-* cm 
fie, F=5 in Eq. (12)] then Ap'SAp"=2.9 and 
A,'=+04 and A,“=+0.8 (all in units of electron 
gauss). The experiments clearly indicate then that both 
the isotropic and anisotropic contributions to the hyper- 
fine interaction that are not of dipolar origin are differ- 
ent for the distinct F~- sites. Considering the relative 
magnitudes of A p' and A,' one can see why the quantity 
Ap'+A,' is insensitive to variations in the choice of a 
in region of a~@. 


COMPARISON OF THE EPR AND NMR 
EXPERIMENTAL RESULTS 


In this section we compare the experimental results 
of the EPR of Mn**:ZnF, (this work) and the NMR 
of F” in MrF;.®:*.7"* The justification for making such 
a comparison rests on the relative structural isomorph- 
ism of the crystals and the belief in the identity of the 
local Mn** and F~ environments in the two crystals. 
Since this, at best, is a good approximation the for- 
tuitous nature of any particular agreement should be 
as readily recognized from the outset as are the limits 
of experimental uncertainties in the 
parameters. 


measured 


The NMR of F" in Paramagnetic and 
Antiferromagnetic MnF, 


An analysis of the NMR experiments was originally 
given in terms of the F” interaction constants used by 


lA oa! 
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0 0 |(S.*) 
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where we have used the fact A,!=A,!’ and A,,! 


= —Ay,,'’. (The reordering of the xx and yy components 
of the A™ tensor accounts conveniently for the 90° 
rotation about the c axes of the octahedron of F~ ions 


16 J. L. Davis and V. Jaccarino (unpublished). A precise rede- 
termination of the F” hfs constants in paramagnetic MnF; was 
made at fields of 14 kilogauss and at T=77°K. Under these 
conditions all lines are clearly resolved. The results agreed with 
the earlier measurements (see reference 5) within the experimental 
errors previously given. 
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PETER AND WALKER 
Tinkham. It is clear from our work that this point 
bears re-examination. 

The time-independent part of the Hamiltonian that 
describes the interaction of the nth F nuclear moment 
with the various effective magnetic fields may be 
written as 
3 


1 
H,= +B, Ho+ (x A*n.($! 
yBnh 


+> D-($) | (29) 


where (S*) is the time average value of the kth electron 
spin momentum. The respective terms in the square 
bracket represent the applied field, the effective field 
produced by the hyperfine interaction with the three 
neighboring Mn** spin moments, including that part 
which is of dipole origin, and the effective dipole field 
resulting from all but the three nearest Mnt* spin 
moments in the crystal. This last term is, of course, 
shape-dependent. The components of the D tensor for 
the MnF; lattice have been computed elsewhere.” 

The grouping of the nearest-neighbor dipole field 
with the hyperfine terms is proper for two reasons. 
First, the measured A’s are then formally identical 
with the corresponding interaction constants derived 
from EPR measurements in the dilute material. 
Furthermore, there are some approximations to be 
made if one is to separate the dipole interaction from 
the remaining interactions which have the same trans- 
formation properties since the magnetic cloud of d 
electrons partially overlap the F" position. Our group- 
ing allows for a phenomenological comparison without 
explicit assumptions concerning augmentation and 
orientation of p-electron orbitals and d-electron radial 
distributions. 

It may be shown that for the NMR experiments in 
either the paramagnetic or antiferromagnetic states, 
the observed effects of the hyperfine tensor are such 
that it may be treated as if it had only diagonal com- 
ponents, with principal axes along the x, y, and 2 
directions. To see this let us write (—~7y"*%) times the 
effective hyperfine field in matrix product form 


1(§ I! 
Vs 
gS 
S II 
£8 


0 |(Se)] [Aus 0 ( 


(§,! 0) 0 . 


in going from one nonequivalent site 
(S#)=(S2’). 

Since the paramagnetic and antiferromagnetic states 
are distinguished only by the fact that in one (S,') 
=(S,") whereas in the other (5,')= —(S,! 
I 


to the next.) Also 


it is clear 


that the contributions for the terms vanish in 


Avs 
either case. 
If one assumes that (.S)r can be obtained from the meas- 


ured susceptibility at temperature T in the paramag- 
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netic state the relevant parameters that may be meas- 
ured are 2A,,'+A,,!!, 2A 22'+Ay,!', and 2A y' +: Aad". 
The situation in the antiferromagnetic state is some- 
what more involved. The quantity actually measured, 
say at T=O0°K, is (2A,,'—A,,!")(S,)o. However, even 
at T=O0°K, it is not expected that (S,)o=§ but that 
zero-point vibrations in the spin-wave spectrum will 
make (S,)<§. According to spin-wave theory (S,)o will 
be decreased by 3% from its maximum value, whereas 
a perturbation expansion’ has shown the deviation 
from § to be only 1.6%. A precise measurement of 
(S,)9 would contribute to the elucidation of our problem 

-not to mention the importance of this quantity in 
the understanding of the ground state of the anti- 
ferromagnet. 


COMPARISON OF THE F” hfs 
INTERACTION CONSTANTS 
For comparison purposes we have collected the NMR 
measurements and the corresponding combinations 
of the EPR measurements in Table II. The principal 
uncertainty in the hfs constants derived from the NMR 
measurements in the paramagnetic state is the experi- 
mental error in the absoluwe value of the spin suscepti- 
bility. This error is at least 1%. If one considers the 


ratio of quantities [e.g. (2A yy'+A 22!")/ (2A 22'+A,,"") ] 
this uncertainty disappears for the NMR measurements 
at the expense of an additional statistical error arising 


in the same ratio of the EPR-derived hfs constants. In 
the column headed ‘24 ,'+A,™”’ is one-third of the sum 
of the quantities in the previous three columns. Quite 
properly this is also a model-independent, phenomeno- 
logical, quantity. It assumes nothing concerning 
augmentation or bond directions and represents only 


a particular weighting of the two separate isotropic 


portions of the hyperfine interaction. Within the experi- 
mental errors of both measurements, there is very good 
agreement, perhaps fortuitously so. Again, the agreement 
in the comparison of the NMR results in the anti- 
ferromagnetic state and the EPR derived quantities 
is, though somewhat marginally, within experimental 
error if one assumes (.S)» to have a value in the range 
of that predicted by perturbation theory or spin wave 
theory. (See Table VII.) 

That there should be agreement within a very few 
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Taste VI. The lattice parameters for the MnF; and ZnF; 
lattices, as determined at room temperature by Stout and Reed 
and by Baur (see reference 8). 


“ Type I Bond (4) Type Il Bond (2) 


Stout SMaFs 0.310:+0.003 2110A 
tout 2nF, 0.307+0.003 2.026 
\MnF; 0.305+0.002 


2.132 
T /7nF3 0.303+0.002 


Baur 2.043 


percent is not completely obvious when one considers 
the environment of a F~ ion in the two structures. In 
the dilute crystal the important F~ ions are surrounded 
by two Zn** ions and one Mn** ion as distinct from 
Mnf, where all of the neighbors are Mn**. The relevant 
structural parameters as determined by Stout and by 
Baur® are given in Table VI. Since small, but possibly 
finite, differences exist in the relevant cation-anion 
spacings in the two lattices, one may wonder if the 
Mn-F spacing in the ZnF; lattice is that characteristic 
of either lattice or intermediate between the two. 

Fortunately, the difference in lattice parameters is 
small and, from the good agreement found, one can 
draw certain conclusions: (1) the hyperfine interactions 
are localized to nearest neighbors to a high approxi- 
mation ; (2) whatever is the proper physical description 
of the origin of the hyperfine interaction, information 
concerning the angular dependence and strength of the 
interaction can be obtained either by NMR in the dense 
magnetic crystal or EPR of the appropriate magnetic 
impurity in the host isomorphic diamagnetic crystal, 
assuming one does exist. One might hesitate to conclude 
what the environmental effects on the hfs interaction 
would be for ions manifestly foreign to the lattice 
(e.g., F hfs in Mn: CaF, or Mn: AIF;) where considera- 
tions of size and/or valence state would alter the 
distribution of magnetic electrons at distances com- 
parable to the anion-cation separation; (3) both NMR 
and EPR are complementary techniques insofar as 
hfs information is concerned and the demands of the 
problem would dictate which is most favorable. It 
might be instructive to pursue NMR in less dense 
paramagnetic materials which would provide data that 
is more readily comparable with that obtained from 
EPR measurements. 


TaBLe VII. A comparison of the F¥ hfs interaction constants as derived from the F¥ NMR of MnF; and the EPR of Mn**:Z,F¢. 
(The units are electron gauss.) The constants derived from the NMR measurements in the paramagnetic state suffer from an error of 
at least one percent caused by the uncertainty in the absolute value of the spin susceptibility. The fact that the measured quantities 
2A,'+A,!! agree so closely, combined with the ra on dependence expected for A, with Mn-F separation, lends support to the belief that 


the local environment (bond distances, angles) o' 
host lattice. 





Paramagnetic state 


2A yy! +A gel 
58.4;+1.1¢ 
58.1,+0.5 


eee 2A se!+A yy! 
39.644-0.7, 
40.65+0.4, 


EPR; Mn**+ZnF; 
NMR; MnF; 


a Mn** ion in ZnF; more closely resembles that of the MnF; lattice rather than the 


Antiferro- 
magnetic state 


2A as! — Aga"! 
24.4¢+0.7 

23.05; (S)o= 
23.46; (S)o= 2.460 
23.79; (S)o= 2.425 





2A 2 +A J! 
50.0,+0.A, 
50.44+0.55 





2A vel+A ga"! 
52.06+0.7; 
52.49+0.5, 
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THE Mn* hfs 
Determination of the hfs Constants 


The hfs of Mn® on the EPR of Mn** has been 
extensively studied beginning with the work of Bleaney 
and Ingram."’ A theory of the origin of the unexpectedly 
large observed hfs was first given by Abragam and 
Pryce.'*"* A more satisfying theory (in respect to 
numerical agreement with experiment) has been pro- 
posed by Heine” which accounts for the magnitude of 
the hfs both in the divalent ion and in the neutral atom 
by considering the effects of exchange polarization by 
the d electrons on the inner s electrons. 

Since a slight anisotropy was observed in the Mn** 
hfs it is necessary to describe the interaction by adding 
to the spin Hamiltonian a term of the form 


I= AIS, +B(IS.+1 Sy). (30) 


As a result of (30) the field for resonance for the 
electronic transition Ms«+ Ms—1, for which AM;=0, 
is changed from (1) by an amount 


ry 


B? (A2+K? 
~KM;—— ( )era+1)—ae) 
4H, 


BA 
—— —[M1(2Ms—1)] 
2H, K 


where, since g is isotropic, K*= A* cos*@+ B* sin*@ and 
6 is the angle made by the field and the z axis. 

Careful measurements of first and second differences 
of the Mn** hfs intervals, at K band, with H||[001 ], 
[110], and [100] produced the following results: 


A= —97, 1+0.3¢ 


31 
B55 = —98.8-+0.5g. (31) 


These values lie outside the experimental error of 
the value obtained by Tinkham! in which he assumed 
the hfs interaction to be isotropic. The value he ob- 
tained was A®*®= (103+3)g. 


Determination of the Sublattice 
Magnetization at 0°K 


M (0), in Antiferromagnetic MnF2 


Since the hfs interaction of Mn** in MnF, should be 
identical with that of Mn®** in Mn:ZnF~: our measure- 
ments of A** may be combined with recent nuclear spin 
specific heat measurements of MnF;: at very low tem- 
peratures by Cooke and Edmonds” to determine M (0). 

17 B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. 
A265, 336 (1951). 

18 A. Abragam and M. H. L. Pryce, Proc 
A205, 135 (1951). 

# Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 
A230, 169 (1955). 

”V. Heine, Phys. Rev. 107, 1002 (1957). 

#1 A. H. Cooke and D. T. Edmonds, Proc. Phys. Soc. (London) 
71, 517 (1958). 


(London) 


Roy. Soc. (London) 
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In antiferromagnetic MnF, the effect of the hfs inter- 
action is accounted for by the addition to the Hamil- 
tonian of the term 

NV /2 

> AI,«S, 


(32) 


since the z direction is the direction of antiferromagnetic 
alignment and where (S,) is the averaged value of the 
electron spin polarization. The magnetization of a sub- 
lattice would then be given by 


M = (N/2)gA(S,). 


Expression (32) is not exact for we have not ac- 
counted for the field D,‘(S,") resulting from all of the 
remaining Mn** dipoles when considering the hfs 
interaction at the ith site. 

Similarly the F” hfs and the Mn** dipole fields 
at the F~ sites contribute to the F™ spin specific heat. 
Using our values for A,"*, 2A,,'—A,''!, and the appro- 
priate dipole fields we may, with Cooke and Edmonds 
data, calculate the magnetization of a sublattice. The 
value so obtained is 


M (0)exp/M (0),.9= (10142)% (33) 


where all of the error quoted resides in the specific heat 
measurements. Since (.S,) must be <} it is perhaps more 
instructive to say that the deviation of the magneti- 
zation from saturation does not appear to exceed one 
percent. 

A fuller discussion of these results is given in reference 
» 
7 


It should be noticed that the F" NMR and EPR 
results are consistent with this value of (S,) whereas 
the old experiments! necessitated choosing a 10% spin 
deviation at 7=0 to bring the results into coincidence. 


CONCLUSIONS 


A detailed experimental treatment and phenomeno- 
logical description has been given of the F hfs inter- 
action in the EPR of Mn** as a dilute substitutional 
impurity in ZnF>. Certain features of EPR experiments 
in systems in which the central ion magnetization 
overlaps the positions of the nuclei of the surrounding 
ions to an extent such that a resolvable hfs exists have 
been elucidated, to wit: 


(1) For other than cubically octahedral environment 
there will mot exist a coordinate system in which the 
hfs interaction for all of the ligand nuclei is simul- 
taneously diagonal. 

(2) The presence of large off-diagonal components 
of the hfs interaction in this case will make possible 
transitions which appear to have Am;=+1 as well as 
Am,;=0 selection rules. This will happen whenever the 
effective resultant fields at the nucleus, parallel and 
perpendicular to the external field, are comparable in 
magnitude and either one changes appreciably as a 
result of an electronic transition. 
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(3) Such complex spectra may occur in cubically 
octahedral environments as well when the external field 
is not along a direction corresponding to a principal 
axis of the hfs tensor and if the hfs is anisotropic. 

(4) This critical re-examination of the Mn*+*ZnF, 
system should be extended to that of Fe+* and Co** 
before the F hfs may be interpreted for similar effects 
which will be present in these two cases.' 


Futhermore any “first principles” calculation of the 
magnitudes of the respective F® hfs constants must, 
for other than the isotropic contribution, take into ac- 
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count the low symmetry about the central ion in the 
ZnF; host lattice. 

We have demonstrated that there exists very good 
agreement between the measurements made herein and 
shifts of the NMR of F" observed in paramagnetic and 
an antiferromagnetic MnF». 
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Pyroelectricity, Internal Domains, and Interface Charges in Triglycine Sulfate 


A. G. CHYNOWETH 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received September 28, 1959) 


Using the dynamic pyroelectric technique, the spontaneous 
polarization of triglycine sulfate has been determined between the 
Curie point and —140°C. No evidence of any phase transitions 
over this temperature range was found (other than the Curie 
point). The polarization could still be reversed by an applied field, 
though slowly, at the lowest temperatures attained. In the para 
electric region above the Curie point, the pyroelectric behavior 
shows some deviations at low applied fields from the predictions 
of Devonshire’s theory. The cause of these deviations is not 
known but they may be due to nonuniform conditions, either 
mechanical or electrical, in the crystal. 

With no field applied to the crystal, pyroelectric signals can be 
generated temporarily above the Curie point. These are ascribed 


INTRODUCTION 

HIS paper is concerned with a pyroelectric in- 

vestigation of the ferroelectric crystal triglycine 
sulfate, using techniques that have been described in 
detail. elsewhere.'~* The spontaneous polarization has 
been determined down to — 140°C and the pyroelectric 
properties of the crystal in the paraelectric region above 
the Curie point have been studied and compared with 
the predictions of Devonshire’s theory.‘ In addition, 
small pyroelectric signals have been observed above 
the Curie point when no external field is applied and 
the probable origins of these are discussed in some 
detail. Furthermore, evidence for surface layers is found 
from studies of the repolarizing of the crystals on 
cooling through the Curie point. 


EXPERIMENTAL 


Thin slices cleaved from a parent crystal of triglycine 
sulfate were etched in water until they were about 10~* 

1 A. G. Chynoweth, J. Appl. Phys. 27, 78 (1956). 

2 A. G. Chynoweth, Acta Cryst. 10, 511 (1957). 

2A. G. Chynowetis Phys. Rev. 102, 1021 (1956). 

4A. F. Devonshire, Phil. Mag. 40, 1040 (1949). 


mainly to polarizations induced by the compensation charges 
while they last, which accumulate around residual domains that 
cannot be removed by the poling field at room temperature, These 
residual domains have been delineated using powder pattern and 
etching techniques and are revealed as long thin domains, pointed 
at both ends and lying along the ferroelectric direction, either in 
the interior of the crystal or intercepting the surfaces. The causes 
of these persistent domains are not known. 

It is found that on cooling a crystal through the Curie point, 
there is a strong tendency for it to repolarize with the same 
polarity it had previously. This phenomenon is ascribed to the 
presence of ferroelectrically inactive surface layers giving rise to 
interface charges. 


cm thick. Units about 3 min square were cut from these 
etched slices and provided with circular evaporated 
gold electrodes, about 2 mm in diameter. For some of 
the studies, units were provided with a guard-ring 
electrode so as to avoid possible spurious results arising 
from the effects of fringing fields; these have been 
shown to be appreciable under certain conditions.* 
The crystals were mounted in an oven, thie tempera- 
ture of which was indicated by a thermocouple that 
fed into the Y axis of an X-Y chart recorder. The 
chopped light beam used for generating the pyroelectric 
signal reached the crystal through a small window in 
the oven wall and the pyroelectric signal, after amplifi- 
cation and rectification, was applied to the X axis of the 
recorder. As the light falling on the crystal made its 
temperature slightly higher than that of the oven (by 
about 5°C), the thermocouple readings were corrected 
so as to bring the Curie point to 49.8°C, where 


appropriate.® 


*R. C. Miller and A. Savage, J. Appl. Phys. 30, 808 (1959). 
*S. Triebwasser, IBM J. Research Develop. 2, 212 (1958). 
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PYROELECTRIC COEFFICIENT IN ARBITRARY UNITS 














te) i 

-150 - -50 
TEMPERATURE IN DEGREES CENTIGRADE 

Fic. 1. The pyroelectric signal versus temperature. 


RESULTS 
A. Spontaneous Polarization versus Temperature 


The crystal was first polarized at room temperature 
with a steady field of ~10* volt cm™ applied for several 
seconds. The field was then removed, the crystal cooled, 
and the pyroelectric signal determined as a function of 
temperature from —140°C up to the Curie point 
(Fig. 1). As the signal is proportional to the product of 
the specific heat and the pyroelectric coefficient, 
(dP/dT), integrating beneath the curve yields the 
temperature dependence of the spontaneous polari- 
zation, in arbitrary units, if the temperature dependence 
of the specific heat is also taken into account. The curve 
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Fic. 2, The temperature dependence of the spontaneous polari 
zation as deduced from the pyroelectric data. 


so arrived at was then fitted to the data that have been 
given for the temperature range between 25°C and the 
Curie point by Triebwasser.® It will be noted from Fig. 
2 that the fit is quite satisfactory, thus demonstrating 
the validity of the pyroelectric technique. It is also 
clear that there are no phase transitions other than 
the Curie point in the temperature range covered. It 
was found that at the lowest temperatures, the direction 
of the spontaneous polarization could still be reversed 
though the reversal took several field 
strengths of the order of 10% volt cm~. 


seconds at 


B. Pyroelectric Behavior in the 
Paraelectric Region 


At temperatures above the Curie point, the field 
induced pyroelectric signal was studied as a function 
of the field strength using the X-Y recorder. Figure 3 
shows three typical curves traced directly from the 
recorder chart, these curves being taken on the first 
excursion made through the Curie point by the crystal. 
There is a noticeable asymmetry in the curves about 
the zero of the field but this could be ascribed com- 
pletely to a residual pyroelectric signal (with no applied 
field) persisting above the Curie point. It was found 
that these residual signals gradually disappeared if 
the crystal was held at a temperature a few degrees 
above the Curie point for a few minutes. When they 
had disappeared the pyroelectric signal versus field 
curves became symmetrical about the zero of field and 
a set of such curves (for one sign of the field only) is 
shown in Fig. 4, the curves being taken at intervals as 
the crystal cooled slowly. The absence of any dis- 
continuities in these curves confirms that the Curie 
point transitition is of the second order type.'* At 
temperatures sufficiently above the Curie point, the 
curves approximate straight lines except at the lowest 
fields. The straight lines are predicted by Devonshire’s 
theory* as long as the polarization, P, is not too large. 
The free energy of the crystal is written as: 


F=A(T-—T,)F?+BP*+CP*—E,P, (1) 
where A, B, C are positive coefficients, T is the tem- 


perature, J) is the Curie temperature, and £, is the 
applied field. As (0F/dP)=0, we obtain: 


E,=2A (T—T»)P+4BP*+6CP5, (2) 
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Fic. 3. The field-induced pyroelectric signal versus the applied 
field at temperatures slightly above the Curie point. These curves 
! " 


were obtained while the “residual signal’’ was still present. 
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Fic. 4, The field-induced pyroelectric signal versus the applied field at various temperatures above the 
Curie point, after the “residual signal’ had been annealed out. 


and 


(dP/dT) = —AP/(A(T—T») +6BP?+15CP*]. (3) 


Using published values for the coefficients’, some theo- 
retical curves of (dP/dT) versus E, were computed and 
these are shown in Fig. 5 where it will be seen that, 
except at the lowest fields, there is fair agreement 
between the general shapes of the experimental and 
theoretical curves. Equations (2) and (3) also predict 
that at low values of P, the shape of (dP/dT) versus 
E, varies as (T—T>)~*, a Curie-Weiss type of law. 
The plot shown in Fig. 6 is deduced from the straight 
portions of the recorder curves and is reasonably 
linear though the extrapolated value for the Curie 
point, T>=44°C, is appreciably lower than any that 
can be arrived at by inspection of Fig. 4. In the next 
section shifts in the Curie point to lower temperatures 
as a result of heat treatment will be described; and as 
the crystal is of necessity subjected to similar heat 
treatment in obtaining the data for Figs. 3 and 4, the 
low extrapolated transition temperature is tentatively 
ascribed to the heating effects. It might be queried also 
whether changes wrought by heating are responsible 
for the deviations of the curves in Fig. 4 from straight 
lines at low fields, namely, in the region where Devon- 
shire’s theory predicts good linearity. At first sight, by 
involving effects due to heat treatment, one could 
account for both the low-field deviations and the 
steady deterioration in the sharpness of the Curie point 
transition (see next section) on the basis of the for- 
mation of a spectrum of Curie points in the crystal. 


However, this explanation for the deviations is unten- 
able since they occurred immediately when the crystal 
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Fic. 5. The field-induced pyroelectric coefficient versus the applied 
field as deduced from Devonshire’s theory. 
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Fic. 6. A linear plot, as predicted by Devonshire’s equation, 


obtained by analysis of the curves of Fig. 5 


was taken, even slightly, above the Curie point for the 
first time and persisted to the highest temperatures used. 
Furthermore, at a constant field and temperature, 
there was no drift in the pyroelectric signal. Various 
checks that were made showed that the deviations were 
not caused by instrumental nonlinearities. It is possible 
that the deviations are related in some way to field- 
dependent properties of surface layers of the sort to be 
discussed in the next section. 


C. Residual Signal Above the Curie Point 


Mention was made in the foregoing of the occurrence 
of small pyroelectric signals at temperatures ap- 
preciably higher than the Curie point. These recall 
similar observations in barium titanate’ where they 
were ascribed to space charge layers inducing a sizeable 
polarization in the surface layers of the crystal. Typical 
behavior of the residual pyroelectric signals in crystals 
of triglycine sulfate when taken through a heating and 
cooling cycle is shown in Fig. 7. As the temperature of 
the previously polarized crystal is raised through the 
Curie point, the pyroelectric signal passes through the 
sharp peak and after dropping rapidly through zero it 
builds up again but in the opposite direction (the 
figure shows the rectified signal). As the temperature 
continues to rise, this signal passes through a maximum 
and then decays to zero within a few minutes. If the 
temperature is then lowered, the residual signal does 


7A. G. Chynoweth, Phys. Rev. 102, 705 (1956). 


not reappear and the pyroelectric signal behaves in a 
more normal way, remaining approximately zero until 
the Curie point is approached. The cause of the residual 
signal has thus been “annealed out”. All the crystals 
investigated exhibited residual signals and in each case 
these signals could be annealed out by holding the 
crystal temperature at 10 or 20°C above the Curie 
point for a few minutes. Even the crystals with guard 
ring electrodes showed similar residual signals indi- 
cating that the signals are not caused by fringing 
effects. 

Figure 8 shows the results of some similar heating 
and cooling cycles on another crystal. (The total time, 
taken over a heating cooling cycle was typically about 
10 to 15 minutes, with the crystal spending only a few 
minutes above the Curie point.) First the crystal was 
polarized at room temperature with a negative field. 
In the ensuing curve, the dip through zero of the pyro- 
electric signal just above the Curie point shows that 
the residual signal was in the opposite direction to that 
of the pyroelectric signal below the Curie point. The 
crystal was then rapidly cooled before the residual 
signal had annealed out. The return curve shown in 
Fig. 8 reveals that the crystal returned to a fully 
polarized condition even though no field was applied. 
This phenomenon was quite frequently encountered in 
these experiments. Next, the crystal was polarized 
with a positive field and another heating run taken. 
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Fic. 7. Pyroelectric signal versus temperature through the 
Curie point and showing: (i) the residual signal, (ii) the annealing 
out of the residual signal, and (iii) the return of the crystal to 
virtually the same polarization condition on cooling. (Note the 
break in the scale on the ordinate 
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In Fig. 8 it will be seen that in this second heating run, 
the peak at the Curie point is not nearly as sharp as 
previously and the position of the peak has shifted to a 
lower temperature. After the peak the tail in the curve 
(without any dip through zero) shows that the residual 
signal has the same sign as when the crystal was 
initially polarized with a negative field. Hence, applying 
polarizing fields at room temperature has no effect on 
the sign of the residual signal. 

The deterioration of the peaks noted in Fig. 8 was 
observed in all samples. With repeated heating and 
cooling cycles, the peaks became progressively lower 
and less sharp and moved steadily to lower tempera- 
tures. The deterioration was serious if the crystal was 
taken to about 100°C for a few minutes. This deterio- 
ration in the sharpness of the Curie point transition may 
account for the abnormally low transition temperature 
predicted by Fig. 6. 

Using an asymmetric light chopper, some qualitative 
observations were made on the sign of the pyroelectric 
signal and its dependence on field treatments. It was 
found that the sign of the residual signal was always 
the same, irrespective of the sign of the poling field 
applied to the crystal at room temperature. However, 
its magnitude often appeared to depend on the poling 
direction; the magnitude of the residual signal was 
usually greater when its sign was opposite to that of 
the room temperature pyroelectric signal than when 
both signals had the same sign. 

Applying fields of appropriate sign above the Curie 
point could cause a temporary change in the sign of 
the signal but with the field removed, the signal relaxed 
back faster than the recovery time of the electronic 
equipment (~1 sec) to its original sign. 

If no fields were applied above the Curie point, it was 
always found that when the crystal cooled down through 
the Curie point, it polarized with the sign appropriate 
to that of the poling field applied to it briefly at room 
temperature. On the other hand, if the poling field was 
applied for several hours at room temperature, then 
on subsequently heating and cooling the crystal 
through the Curie point, the crystal repolarized pre- 
dominantly in the direction opposite to that which 
resulted from the previous field application. 

It was also established that the sign of the residual 
pyroelectric signal was the same irrespective of which 
side of the crystal was illuminated. 

The annealing effect described earlier was not 
permanent. If after having annealed out the residual 
signal the crystal was held at room temperature for 
several hours, the residual signal could be stimulated 
again and with the same sign as previously. 

In further experiments a fresh, large area cleavage 
slice, to which no fields had been applied, was used. 
The macroscopic domain patterns of virgin crystals as 
revealed by power deposition techniques* are usually 


*G. L. Pearson and W. L. Feldmann, J. Phys. Chem. Solids 9, 
8 (1959). 
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Fic, 8. Pyroelectric signal versus temperature, showing the 
occurrence of the residual signal after the crystal was poled with 
either a positive or a negative field at room temperature. 


very complex and show little or no order. However, one 
can often find areas large enough to put electrodes on 
and over which the spontaneous polarization is almost 
everywhere in the same direction—this would appear 
as a uniformly powdered or uniformly clear area. 
Nevertheless, on closer examination, these apparently 
uniform areas frequently exhibit fine structure in their 
powder patterns in the form of randomly scattered local 
concentrations of powder that give a speckled appear- 
ance to the powder pattern. Such speckled patterns 
have been observed on both virgin crystals and crystals 
that have been polarized by an applied field.’ Typical 
speckled patterns are shown in Fig. 9 taken at different 
regions of the same crystal, the two regions having 
opposite basic polarization directions. A thin over-all 
covering of powder on the region of appropriate 
polarization direction accounts for the general back- 
ground of its picture being darker than that for the 
other, both photographs having received identical 
lighting and photographic treatments. As the powder is 
attracted more strongly to domain walls it is felt that 
the local concentrations of powder indicate local domain 
walls. The most obvious conclusion is that there are 
long narrow domains running right through the crystal 
(as both sides of the crystal show the speckled pattern) 
but this is not necessarily so; it has also been found that 
the external field of a spike-shaped domain stopping 
far short of the crystal surface is sufficient to cause a 
local building-up of powder. These spikes can be 
revealed by powdering the side of the crystal parallel to 
the ferroelectric axis. Figure 10(b) shows a typical 
powder pattern taken on the side of a crystal and it is 
particularly interesting in that it reveals many complete 
internal domains with shapes rather like circular 
tooth-picks. Again, the powder pattern reveals more 


*A. G. Chynoweth and J. L. Abel, J. Appl. Phys. 30, 1073 
(1959). See Fig. 4, for example. 
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Fic. 9. Power deposition patterns showing fine domain detail 
in regions of basically uniform polarization. Figures (a) and (b) 
show two different parts of the same virgin cleavage slice, the 
two parts having basically opposite polarization directions. The 
fine detail is present in both regions. 


domains than actually intercept the surface whereas 
only the latter appear to be revealed by etching tech- 
niques. The etch pattern corresponding to Fig. 10(b) 
is shown in Fig. 10(a) (the etch pattern was obtained 
prior to the powder pattern). The conclusion that both 
virgin and electrically poled crystals of triglycine sulfate 
contain many totally internal, long, thin domains, lying 
along the ferroelectric axis seems inescapable. 
Returning to the pyroelectric studies, pairs of 
electrodes were placed over two regions of a crystal, 
both regions exhibiting a speckled powder pattern but 
possessing opposite bulk polarizations. No fields were 
applied to these electrodes. The sign of the pyroelectric 
signal below the Curie point was compared with the 
sign of the residual signal above the Curie point for 
both regions. It was found that the region with a 
positive signal below the Curie point showed a negative 
residual signal and the region with a negative signal 
below the Curie point showed a positive residual signal, 
On cooling into the ferroelectric phase again the pyro- 
electric signals returned with the same sign as pre- 
viously. The same result was obtained in three repeti- 
tions of this experiment with three virgin crystals. 


D. Summary of Established Facts Concerning the 
Residual Signals and the Re-Polarizing of 
the Crystals on Cooling 


1. The residual signal occurs in all crystals and its 
sign in a particular crystal is not altered by poling 
fields of either sign applied briefly (at least, up to a few 
minutes) below the Curie point. 

2. The sign of the residual signal is the same irrespec- 
tive of which side of the crystal is illuminated. 

3. The pyroelectric signals induced by brief field 
applications above the Curie point relax rapidly (in 
less than a second) leaving the residual signal the same 
as before applying the field (except for annealing 
effects). 

4. Maintaining the crystal at a few degrees above the 
Curie point causes the residual signal to disappear 
within a few minutes. It tends to return, however, with 
the same sign as previously if the crystal is left at room 
temperature for a sufficient period (several hours). 

5. On cooling the crystal through the Curie point the 
crystal tends to polarize in the direction appropriate 
to that of the field ast applied (briefly) to it and 
irrespective of whether the residual signal had been 
annealed repolarizes 
approximately to saturation. On the other hand, if a 
poling field is applied for several hours at room tem- 
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perature, then on subsequent heating and cooling, the 
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Fic. 10. Domain patterns on the side of the crystal parallel to 
the ferroelectric axis: (a) as revealed by a water etch, (b) as 
revealed by the powder method. 
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crystal repolarizes in the direction opposite to that of 
the field. 

6. The sign of the residual signal in virgin crystals is 
opposite to that of the pyroelectric signal in the ferro- 
electric phase and on cooling, the crystal repolarizes so 
as to give rise to pyroelectric signals of the same sign 
as previously. 


Discussion of Residual Signal Effects 


It appears feasible to explain the diverse observations 
on residual signals and re-polarizing effects on the basis 
of a few plausible assumptions, namely : 


(i) Assume that there is a ferroelectrically inactive 
surface layer, suitably thin, with no (or zero net) 
spontaneous polarization. 

(ii) Imagine rapid formation of a domain structure in 
which there are, in places, discontinuities in the polari- 
zation vectors. Compensation charge will accumulate 
on these domain boundaries and it will be supposed 
that this compensation will take place fairly slowly 
with relaxation times of up to a few minutes. Con- 
versely, this compensation charge will gradually 
disappear if the spontaneous polarization is suddenly 
destroyed. 

(iii) It will be assumed that there are local regions in 
the crystal that are strongly pre-disposed to being 
polarized in a certain direction and that these regions 
give rise to the long narrow domains which can be 
either totally internal or can intersect a crystal surface. 


As a first step, consider the effect of a field applied 
to a virgin crystal either in the same or the opposite 
sense to that of the spontaneous polarization. The 
imagined condition of the virgin crystal is shown in 
Fig. 11(a) which also shows the disposition of the free 
charge required for compensation. A field applied 
briefly in the same sense as the bulk P, produces no 
appreciable change in the situation [Fig. 11(b)] but 
when applied in the opposite sense the bulk P, is 
reversed necessitating eventual reversal of the compen- 
sation charge at the interface between the bulk of the 
crystal and the surface layer. This free charge reversai 
may take place fairly rapidly at first owing to the high 
fields induced at the electrodes but will then proceed 
more slowly. At the same time, the compensation 
charges that were originally around the domains are no 
longer necessary and these will tend to disappear. Their 
disappearance may occur slowly at all stages as the net 
driving field (equivalent to a depolarizing field) that 
these produce need not be large. 

Next, consider what happens when the crystal is 
taken above the Curie point. The spontaneous polari- 
zation disappears everywhere leaving behind the 
remaining compensation charge. This situation is shown 
for the two cases in Figs. 11(d) and 11(e). These free 
charges will give rise to electric fields which in turn 
will induce a polarization P, throughout the bulk of 
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Fic. 11. Proposed model for origin of the residual signals and 
the tendency for the crystal to repolarize, on cooling t h the 
Curie point, into the same orientation it had previously. the 
charges in these figures are free, compensation charges. (a) 
Virgin crystal a internal domains and ferroelectrically 
inactive surface layers. (b) and (c), effect of ying an external 
field in the same sense and opposing the i larization 
direction, respectively. (d} and (e), the free c distributions, 
corresponding to (b) and (c), respectively, which are left when 
the crystal is taken above the Curie point. 


the crystal and net polarizations P, and P; within the 
regions formerly occupied by the domains. As the 
compensation charge around the domains has been 
dissipating longer in case (c) than in case (b) (since 
dissipation started when the field was applied at room 
temperature rather than when the crystal reached the 
Curie point), P; will be smoewhat less than P;. It will 
be supposed, however, that the residual pyroelectric 
signals for which P; and P; are responsible are much 
greater than that caused by P;. In other words, the 
fields persisting within the old domain locations are very 
much greater than the field produced in the bulk by 
the interface charges. This, in turn, requires that the 
surface layers be sufficiently thin. 

Thus it will be seen that this model has so far pre- 
dicted, (i) the sign of the residual signal is the same, 
irrespective of the direction in which the crystal was 
poled at room temperature, and that the signal will be 
weaker if it has the same sign as that of the bulk 
crystal at room temperature, (ii) that the sign of the 
residual signal is opposite to that of the bulk virgin 
crystal, and is the same irrespective of which side of the 
crystal is illuminated, and (iii) that the effect of 
applying a field above the Curie point is to produce a 
+P, type of polarization which will relax rapidly 
(normal dielectric relaxation) when the field is removed. 
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Pursuing this model it is natural to ascribe the 
annealing out of the residual signal to the gradual 
annihilation of the compensation charges around the 
old domain locations. (In practice, the signal-to-noise 
ratio for the residual signals was often much less than 
10 and so the field due to the compensation charge 
would have to reduce by only an order of magnitude for 
its effect to become invisible.) 

There remains the matter of the repolarizing direc- 
tion. As the experiments showed that sometimes 
virtually the whole crystal polarizes in the same sense, 
it seems reasonable to invoke the remaining interface 
charges as the cause of this effect. The field produced 
by the interface charges throughout the bulk of the 
crystal may be small but quite sufficient to cause the 
whole crystal to repolarize in the same sense as it cools 
through the Curie point since the coercive field vanishes 
at the Curie point. Thus the model predicts that the 
crystal repolarizes in the direction of the field last 
applied to it, or, if a virgin crystal, in the direction in 
which the crystal was originally polarized. The opposite 
effect that occurs after a poling field has been applied 
for several hours can most likely be explained by a 
building up of an opposing space charge field due to 
carrier drift and it is conceivable that under certain 
configurations such a space charge field could over-rule 
the effects of the interface charges through the bulk of 
the crystal. 

Thus the proposed model appears to be in satis- 
factory qualitative agreement with the experimental 
observations. It is therefore worthwhile to examine it 
more quantitatively. The qualitative argument requires 
that the pyroelectric signal due to P,; be small relative 
to that caused by P, or P; and yet the field giving rise 
to P, must be sufficient to produce a strong preference 
for the appropriate polarizing direction when the crystal 
cools down. It was found that fields between 10? and 
10° v cm™ had to be applied to the crystal above the 
Curie temperature to induce a pyroelectric signal 
comparable to the residual signal. Thus the field in the 
bulk of the crystal due to the remaining interface charge 
will normally be less than 10° v cm~". Since it has been 
found® that at room temperature domains will grow 
under applied field strengths of less than 30 v cm, it is 
reasonable to suppose that at the Curie point, a field 
~1 v cm™ may be sufficient to determine the polari- 
zation direction of the crystal on cooling. We are thus 
able to put some limits on the width of the surface 
layer. Assuming a uniform dielectric constant, we have 


10°> (49a/e)(21/d)>1v cm", 


where o is the interface charge density, / is the surface 
layer thickness, and d is the crystal thickness. Near the 
Curie point the dielectric constant, ¢, is of the order of 


© S. Hoshino, T. Mitsui, F. Jona, and R. Pepinsky, Phys. Rev. 
107, 1255 (1957). 
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10°. Putting d= 10~ cm we obtain, 
10-'>ol>10~ esu. 


The maximum value that o can have is P,c~7X 10° esu 
though its value will have decayed somewhat by the 
time the crystal is cooling through the Curie point. 
Thus a lower limit on / is ~10~’ cm while its upper 
limit could be two or more orders of magnitude higher 
depending on how much a had decayed and the value 
taken for the lower limit on the field. On the other hand, 
the thickness of the surface layers will bé decreased if 
the dielectric 
than that of the bulk of the crystal. (To a first approxi- 
mation, / is proportional to ¢;.) The maximum field 
within the surface layer (putting /= 10-7 cm and e;= 10°) 
will be about 3X10 v cm™ near the Curie point and 
about 20 times greater at room temperature. Thus the 
thinnest estimate for the surface layer does not give 
rise to fields greater than what the breakdown strength 
of the crystal is likely to be. It is concluded, therefore, 
that these quantitative implications of the proposed 
model are compatible with it 

Finally, in view of the apparent 
proposed model for explaining the residual signals and 
the repolarizing effects, it is worth examining the initial 
assumptions more closely. 


constant, €;, in the surface layer is less 


success of the 


(i) Surface layer. The existence of surface layers of 
various sorts in barium titanate crystals has been 
postulated by various authors'''” and some experiments 
seem to demonstrate their existence. Surface layers can 
be classified into two broad types; (1) electric dipole 
layers as proposed originally by Kanzig™ and invoked 
by Chynoweth’ to explain residual pyroelectric signals 
and by Merz" in an attempt to account for the thickness 
dependence of switching times in barium titanate, and 
(2) chemically or mechanically disturbed layers which 
take no part in the polarization reversal process but will 
give rise to interface charges, the effects of which on 
switching have been discussed recently by Drougard 
and Landauer.” It is this second type of layer which 
has been invoked in this paper. In triglycine sulfate 
crystals it is readily conceivable that such distorted 
layers occur at the crystal surfaces though to what 
depth is rather speculative. When examining a triglycine 
sulfate crystal under the appreciable 
changes can be wrought in its topology by exposing it 
to high humidity (or by breathing on it). Also, when 
crystals are held at a temperature of 70°C or more for a 
few minutes, their surfaces become noticeably “sticky.” 
Thus, the surface layers of these crystals cannot be 
regarded as good stable lattices and in fact, they may 
be quite amorphous. It is perfectly conceivable that 
similar damage occurs to the surface layers during the 


mic roscope 


"W. Kinzig, Phys. Rev. 98, 549 (195 

2M. Drougard and R. Landauer, 
(1959) 

3 W. J. Merz, J 


J. Appl. Phys. 30, 1663 


Appl. Phys. 27, 938 (1956). 
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evaporation of the metallic electrodes and so the 
assumption of a surface layer which does not take part 
in the polarization reversal seems a very reasonable 
one for triglycine sulfate. 

(ii) Relaxation of compensation charge. The model 
requires that the compensation charge that is left 
around the sites of the domains relaxes with a time 
constant ~10? sec for most crystals. This in turn 
requires the resistivity of the crystal to be of the order 
of 10° ohm cm, which is very reasonable.“ (The 
relaxation time will decrease as the temperature moves 
away from the Curie point because of the falling 
dielectric constant). 

(iii) Existence of real or latent internal domains. Figs. 
10(a) and (b) provide positive proof that there exists 
in the crystal regions which are very strongly disposed 
toward a definite orientation of the polarization. 
However, there is no clue at this stage as to the causes 
of such regions, i.e., what kind (or kinds) of crystal 
imperfections or nonuniformities are responsible for 
them. It has not been ascertained yet whether these 
internal domains provide the internal nucleation sites 
that other experiments have indicated do exist."® 


CONCLUSIONS 


The spontaneous polarization as a function of tem- 
perature as deduced from the pyroelectric studies fits 
well the previously published data obtained directly 
over the temperature range where the two sets of data 
overlap. The spontaneous polarization increases more 
and more slowly as the temperature is lowered and there 


“R. C. Miller, and C. D. Green (unpublished work). 
16 A. G. Chynoweth and J. L. Abel, J. Appl. Phys. 30, 1615 
(1959). 
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is no indication of any phase transition down to 
—140°C. The validity of the dynamic pyroelectric 
technique is again established by these investigations. 

The field-induced pyroelectric behavior above the 
Curie point shows departures at low fields from the 
behavior predicted by Devonshire’s equation. There is 
qualitative agreement at higher fields but a transition 
temperature extrapolated from the higher field data is 
abnormally low. The causes of these discrepancies are 
not known with certainty but they may be connected 
with ferroelectrically inactive surface layers. 

As in barium titanate, pyroelectric signals (at zero 
applied field) can still be generated above the Curie 
point. It seems that these can be accounted for in 
triglycine sulfate by the compensation fields which 
surround internal domains that have been shown to 
exist inside the crystal. These domains remain oriented 
in the same direction regardless of the polarization 
direction of the bulk of the crystal but the factors 
giving rise to these domains are not known. It is not 
known whether any of these remarks can apply also 
to barium titanate. 

The marked tendency for a triglycine sulfate crystal 
to repolarize (on cooling through the Curie point) in the 
same direction in which it was previously poled is 
explained on the basis of the postulated existence of a 
surface layer which does not take part in polarization 
reversal processes and hence gives rise to interface 
charges. 
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Photoelectromagnetic Effect in Bismuth 
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The PEM effect has been observed for the first time in bismuth. Evaporated bismuth films as well as bulk 
material have been shown to exhibit the effect. The dependence on the wavelength of the incident light and 
on the intensity of magnetic field have been investigated. 


HEN a solid is exposed to light of a frequency 

close to its fundamental absorption edge, 
electron-hole pairs may be produced near the surface. 
If the excess concentration of current carriers is large 
enough, a diffusion current will flow toward the un- 
illuminated side. A magnetic field perpendicular to 
this current will cause a voltage to appear in the third 
orthogonal direction. This is known as the photo- 
electromagnetic (PEM) effect and has hitherto been 
reported only in semiconductors.'? It has recently been 
observed at this laboratory that the semimetal bismuth 
exhibits the PEM effect. 

This phenomena was first observed in vacuum 
deposited films of bismuth, 1 in. 0.126 in. X0.001 in. 
in dimensions. Later, samples cut from a polycrystalline 
zone refined ingot and Taylor process bismuth wire 
were also found to exhibit the PEM effect. 

The method used to measure the PEM voltage was 
essentially as given below. Light from a globar operated 
at 200 watts and chopped at 13 cps was sent through a 
Perkin-Elmer single pass Model 98 monochromator 
with a CaF, prism. After passing through the exit slit, 
it was collected by the Cassegrain condensing system. 
A six-to-one reduced image of the slit was thus formed 
on the specimen, which was mounted between the 
poles of an electromagnet. 

Wood’s metal soldered contacts were made to the 
films. The amplifying system was that which is normally 
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Fic. 1. The PEM voltage as a function of wavelength in the 
near infrared region. The output has been normalized for equal 
number of incident photons 


'T. K. Kikoin and M. Naskoo, Physik Z. Sowjetunion 5, 586 
1934) 


*S. W. Kurnick and R. N. Zitter, J. Appl. Phys. 27, 278 (1956). 


used with the thermocouple of the spectrometer. The 
output Brown recorder. At the 
narrowest bandwidth, the noise level was approximately 
one millimicrovolt. 


was observed on a 


The PEM voltage was determined by averaging the 
absolute values of two readings due to two magnetic 
fields, equal in magnitude but opposite in polarity. 
This method cancelled out photovoltages which were 
present in the films. The method was checked by 
measuring these photovoltages at zero field and sub- 
tracting this from the observed value with a known 
field. The agreement the 
within 1%. 

Figure 1 shows the spectral dependence in the near 
infrared region of the PEM effect in a bismuth film. 
The curve has been normalized for a constant number 
of photons incident on the sample. The extrapolated 
position for the cutoff wavelength of the first portion of 
the curve agrees with the optical properties of bismuth 
published by Schulz.* The secondary peak is in agree- 
ment with an absorption peak this 
laboratory in bismuth films 

Figure 2 


between two methods is 


observed at 


shows the magnetic field dependence of 
the PEM effect. There seems to be two distinct regions 
for the curve. Below 800 oersteds, the response is linear. 
Above this field intensity, the 
dependence becomes more closely quadratic. This is 
similar to results for InSb.” 

The assumptions made in the derivation of the 
equations for the PEM effect in semiconductors would 
not necessarily hold for a structure with an overlapping 
conduction band such as bismuth. 


value of magneti 


Further work is now 
being done in an attempt to theoretically explain this 
phenomena. 
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Excitation and Attenuation of Hypersonic Waves in Quartz 


H. E. BOmmet anp K. DRraNnsFELD 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received September 18, 1959) 


A method for the generation and detection of hypersonic waves, which has only been briefly described 
earlier, together with some absorption measurements in quartz, is discussed in some detail. Further meas- 
urements of the hypersonic absorption in quartz at different crystal! orientations and after neutron irradi- 
ation are reported. The results are in qualitative agreement with a phonon-phonon relaxation process. 


INTRODUCTION 


E shall follow Rao and others and shall call 

acoustic waves at frequencies above 10° cps 
hypersonic waves, distinguishing them from sonic and 
ultrasonic waves at lower frequencies. At low tempera- 
ture the frequencies of the thermal vibrations, k7/h, 
are close to or within the hypersonic frequency range. 
It is obviously of great interest for the study of phonon 
interactions in solids and liquids to extend acoustic 
research into this region, where the only information 
so far available comes from experiments with non- 
coherent thermal! phonons. 

The highest acoustical frequencies generated until 
recently by the standard means of driving thin piezo- 
electric quartz plates in a high harmonic resonance 
mode were about 1300 Mc/sec by Ringo e¢ al.,' and by 
Sokolov.? For frequencies higher than this the plates 
would have to be extremely thin. 

In contrast to these resonance techniques with thin 
plates, Baranskii* placed a very thick quartz plate, in 
fact several thousand acoustic wavelengths thick, into 
a high-frequency electric field and could observe longi- 
tudinal sound waves by an optical method up to 
frequencies of 2000 Mc/sec. 

As demonstrated by the authors,‘ the results of 
Baranskii can be explained by assuming that traveling 
hypersonic waves are excited at the surfaces of the 
piezoelectric crystal which are exposed to the electric 
field. More generally it can be shown that ultrasonic 
waves will always be excited at spatial “discontinuities” 
of an alternating piezoelectric stress. This is just another 
statement of the fact that the effect of a uniform piezo- 
electric stress in a crystal is equivalent to a pair of 
external forces acting on the “discontinuities,” for 
example a free surface. Such a free surface in a high- 
frequency electric field can therefore be regarded as a 
transducer of hypersonic waves while the rest of the 
crystal acts only as a transmission medium. The inverse 
effect, namely the reconversion of acoustic into electro- 
magnetic energy which was observed at the same time‘ 
provides a very sensitive means for the detection of 

'G. R. Ringo et al., Phys. Rev. 72, 87 (1947). 

2?C. Ya. Sokolov, Uspekhi. Fiz. Nauk. 40, 3 (1950). 

*K. N. Baranskii, y Akad. Nauk. S.S.S.R. 114, 517 
(1957) (translation: Soviet Phys.—Doklady 2, 237 (1958) ]. 

*H. Bémmel and K. Dransfeld, Phys. Rev. Letters 1, 234 
(1958) ; 2, 298 (1959). 


hypersonic waves, applicable to higher frequencies than 
the optical method. 

The actual apparatus consisted of two identical 
cavities, serving as transmitter and receiver, respec- 
tively, acoustically coupled by a piezoelectric quartz 
rod as will be described in detail later on. With this 
arrangement we were able to excite and detect hyper- 
sonic waves up to 2500 Mc/sec at room temperature 
and up to 4000 Mc/sec at low temperatures. Very 
recently Jacobsen,® using a very similar apparatus, 
reported the generation and detection of hypersonic 
waves at 9400 Mc/sec. 

A more detailed investigation of the absorption of 
hypersonic waves as a function of temperature revealed 
the following results: a rather large and temperature 
independent absorption above about 60°K which 
decreases very rapidly as the temperature is lowered, 
with only a very small fraction of the high temperature 
value left below 20°K. The absorption has dropped to 
about half of its original value at a temperature where 
the mean free path of the thermal phonons—as derived 
from heat conductivity data—is of the order of the 
acoustic wavelength. 

In this paper we present some further experiments 
on the hypersonic absorption in quartz at different 
crystal orientations and after various doses of neutron 
irradiation. Our results are in qualitative agreement 
with a phonon-phonon relaxation mechanism of acoustic 
absorption which we reported previously* and which 
will be discussed here in more detail. 


I. THE EXCITATION OF HYPERSONIC WAVES 


In this paragraph we shall try to give a simplified 
description of the excitation process. Let us consider 
the arrangement shown in Fig. 1. It consists of the re- 
entrant cavity and the piezoelectric quartz rod, with 
a cross section g, of which only a small volume shall be 
inside the cavity. The electric field of the cavity is 
mainly concentrated in this volume V. The rod axis is 
parallel to the crystalline x axis. The x component of 
the field is strongest at the quartz surface, x=0, and 
decays for larger distances x. As will be evident, the 
form of this decay is of little importance, and for 


5 E. H. Jacobsen, Phys. Rev. Letters 2, 249 (1959). 
*H. Bémmel and K. Dransfeld, Bull. Am. Phys. Soc. 4, 226 
(1959) 
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Fic. 1. Cavity with quartz rod, the volume V of which is exposed 
to the electric field. Lead L critically coupled to cavity. 


simplicity we will assume an exponential decay e~¥*. 
Since the field also oscillates with the resonance fre- 
quency w/2x of the cavity, the x component of the field 
in the quartz is 


E= Eve~¥* cos(w). (1) 


If a power P is fed into the cavity by means of a 
matched coaxial lead and if only the x components of 
the field are taken into account, the energy density of 
the field can be expressed by 


cE? 8r= PQo ‘wV, (2) 


where ¢ is the dielectric constant of quartz, Qo the 
quality factor of the unloaded cavity and V the suitably 
defined “‘effective’’ volume of the rod exposed to the 
electric field. Since the crystal is an x cut—the field 
causes a piezoelectric stress which in the absence of 
any strain—is 

XP =dycnk, (3) 


where d,; and ¢,,; are the appropriate piezoelectric and 
elastic constants. At the free boundary x=0, the total 
stress X, must disappear, hence we have a strain 


43> —dyE. 


The simplest solution, satisfying this boundary 
dition, is a traveling wave of the form 


X,= —d Eo cos(wl— 24x/r)e~*7, 


where the acoustical wavelength \ and the absorption 
coefficient a are assumed to be field independent. The 
energy transferred from the electric field to such an 
acoustic wave equals the work done by the strain x, 
against the piezoelectric stress X,", and is per period, 
integrated over the whole crystal 


F, af f XP dxdl. 
tend % zn 


Using (1), (3), (4) this yields 


F,=dye,Eedq/2 for (aty)*<k, (5) 


which is equivalent to the work done in a surface layer 
of one wavelength thickness. We like to point out, that 
the amount of energy transferred is quite independent 
of the field decay across the rest of the sample, and of 
the acoustic absorption, as long as absorption and decay 
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are small per wavelength. The energy converted per 
second is accordingly 

F=vF,= (49d))"c11/€) (€E?/8)vg + (v=sound velocity). 


the 
C2/= 49d;;"ci;/¢, and using (2), this finally becomes 


Introducing “piezoelectric coupling factor’ 


F=P(CP/Qdq/2rV) = PA x2. (6) 


Aja is the fraction of the incident electrical power 


converted into acoustical energy 

Although the above has been derived for longitudinal 
waves, the same treatment can be applied to transverse 
waves. It has already been reported that in order to 
generate transverse waves in quartz with an arrange- 
ment like the one described above one has to use special 
crystal cuts known as the AC and BC cuts. In these two 
cuts the rod axis makes an angle of —59° and +31°, 
respectively with the crystallographic z axis. It can be 
shown that these are the only two orientations of a 
rotated y cut where transverse waves have at the same 
time no cross coupling to other modes and are not 
affected by acoustical birefringence, i.e., where the 
energy travels parallel to the normal of the wave front. 
The phenomenon of acoustical birefringence in aniso- 
tropic media has been investigated by several authors’ 
and is well known. For the generation of transverse waves 
in the conventional ultrasonic frequency range one 
uses generally y-cut quartz plates. It can easily be 
calculated that in a rod whose length is parallel to the 
crystallographic y axis the acoustical energy will travel 
in a direction making an angle of about 23° with the 
normal to the wave front, thus y-cut rods would not be 
suitable for hypersonic experiments as described above. 


Il. THE DETECTION OF HYPERSONIC WAVES 


also be used for the 
, the reconversion of 
acoustical into electromagnetic energy. It is possible to 


The arrangement of Fig. 1 can 
detection of hypersonic waves, i. 


estimate the efficiency of this process by means of the 
following thermodynamical argument. The density of 
longitudinal acoustic modes in the quartz is 


AZ Ap, 


dor (” 


at a frequency v and within a frequency interval Av as 
defined by the cavity. The sound velocities v are as- 
sumed to be isotropic for this argument. 

Energy exchange between acoustic waves in the rod 


and the electric field of the cavity will be only noticeable 
if a large enough area of the quartz surface is vibrating 
in the same phase. This is 
waves with an angle of incidence smaller than A/xR, 


the case only for acoustic 


(A acoustic wavelength, R radius of the quartz rod). 
Therefore only modes propagating within the solid 


angle 2 about the rod axis, where 
Q= (4/2) (A?/R?), 
Price and H. B 


77.0 Huntington, J. Acoust. Soc. Am. 22, : 
(1950 
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can contribute to the energy exchange. Their density is 
AZo=QAZ = Av/xR. 


As each mode carries the energy kT, the effective 
thermal power F incident on the quartz surface of cross 
section rR? is 

PF = AZokTonR*®= kT Av. 


Now let us consider the quartz to be in thermal equi- 
librium with the resistance representing the cavity 
losses and with the resistance terminating the output 
lead. See Fig. 2. In equilibrium, the quartz wili gain as 
much energy from both resistances as it loses to them. 
From the matched output lead the power kT Av is fed 
into the cavity. As we have seen (6) the fraction A 2 is 
acoustically transmitted into the quartz. The same 
energy is incident from the resistance representing the 
cavity losses. Thus the total energy fed into the cavity 
is 2kTAv and the energy transmitted into the quartz 
rod is 
E\2=2kTAvA 12, 


Vice versa, in thermal equilibrium, the same amount 
Ey. must be converted from acoustical into electro- 
magnetic energy and fed into the two resistances. If 
we define with A 2; the fraction of the incident acoustical 
power, which can be electrically coupled out and since 
for critical coupling the same fraction is dissipated in 
the cavity losses, we have for the power leaving the 
quartz rod 
Ex=2kTAvA 21- 


From the equilibrium condition Ej;,= £2; it follows: 
A\2= Az, which means that the efficiency for detection 
is the same as the efficiency of excitation, and according 
to (6) 


acoustic output electric output 
= —___— = ((*0u\q/2eV). 
electric input acoustic input 


Because of the dependence on the Q value the sensitivity 
might in practice be considerably improved by using 
at least partially superconductive cavities at low 
temperatures. 


Ill. THE APPARATUS 


For the absorption measurements the arrangement 
shown in Fig. 3 was used between temperatures of 4°K 





























Fic. 2. Cavity with quartz rod. Ry and Re are resistances 
representing losses due to the coupling lead and due to dissipation 
in the cavity, respectively. 
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Fic. 3. Experimental arrangement. 


and 300°K. One of the two coaxial cavities with an 
electrically coupled input lead served as transmitter 
while the other one with an output lead was the receiver. 
Both cavities were not only acoustically coupled by the 
quartz rod but also electrically by a variable coupling 
loop ABC described later. Since the quartz rod was 
surrounded by two narrow metal tubes, no detectable 
electromagnetic power leaked out of the cavities along 
the rod. The quartz rods were 25 mm long, 3-mm 
diameter with their two end faces polished optically 
flat and parallel. If the two end faces were not originally 
parallel enough or if by a small stress the rod was 
slightly bent, one could observe a nonexponential decay 
pattern of the acoustic echoes, familiar from ultrasonic 
experiments. The central section of the rod was used 
for the attachment of a thermocouple or carbon re- 
sistance thermometer. In order to ensure reliable 
temperature measurements, and also to keep the 
cooling liquid out of the cavity, the whole apparatus 
was enclosed by a tight brass can which was evacuated 
for the experiment. The whole setup could be cooled 
down to a temperature of 4°K. 

The transmitter cavity was coupled to a pulsed high- 
frequency generator of less than one watt peak power 
up to a frequency of 4000 Mc/sec, and with a pulse 
width of 2 usec. The average power was kept below 1 
mw and did not cause a detectable heating of the 
sample. The signal pulses from the receiver cavity were 
amplified and displayed on an oscilloscope. 

The variable electrical coupling mentioned above 
consisted of two parts as indicated in Fig. 3: one short 
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Fic. 4. Absorption of longitudinal waves propagating 
along the x and z direction. 


coaxial bend A-B which was rigid with respect to the 
cavity, and a straight coaxial section B-C which could 
be lowered into the cavity for increased coupling. This 
latter section was—by means of an isolating piece of 
glass—fused to a long covar rod which moved inside a 
covar tube extending out of the cryostat. Its relative 
motion could be accurately controlled at room tempera- 
tures by means of a micrometer screw. Special care was 
taken to minimize the temperature dependence of the 
coupling due to differential expansion of the parts 
involved. Since the amount of power coupled over was 
very small it did not affect the Q value or the resonance 
frequency of the cavities. 

This cross coupling between both cavities allowed 
entry into the receiver cavity of a small electrical pulse 
before the arrival of the first acoustic pulse. On the 
oscilloscope the first electric and the second delayed 
acoustic pulse could be seen together. For taking a 
measurement both pulses were set equal by adjusting 
the variable coupling which was calibrated in decibels, 
and at the same time measuring the temperature of the 
quartz. In this way the relative change in absorption 
with changing temperatures could be observed between 
helium and room temperature. The absoluée magnitude 
of the absorption could be derived from the decay 
pattern of the acoustic echoes at the lowest tempera- 
tures. Since both the electrical and the acoustic signal 
depend on the same electrical field inside the cavities, 
this comparison type of measurement was not disturbed 
by changes of the Q values of the cavities with tem- 
perature nor by instabilities of the electronic equip- 
ment. Also it was possible to extend the measurements 
to high absorptions, where only one or two acoustic 
echoes were visible. 


IV. EXPERIMENTAL RESULTS 


While in our previous experiments‘ the hypersonic 
absorption was studied for longitudinal and transverse 
waves at various frequencies up to 4000 Mc/sec, we 
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are here reporting measurements at one frequency of 
1000 Mc/sec but on quartz specimens of different 
crystal orientations and after various degrees of neutron 
irradiation. 

With the exception of the z-cut crystal all specimens 
had the same length of 25 mm and diameter of 3 mm. 
Along the z axis the experiments were made with a 
compound rod consisting of three parts as shown in 
Fig. 4. A rod of 20 mm length with its rod axis parallel 
to the z axis was bonded to two 2.5 mm long z-cut 
crystals for transmitting and receiving longitudinal 
waves. After bonding the whole unit had the same 
dimensions as the other quartz rods. For making the 
acoustic bonds between two surfaces, both surfaces 
were polished optically flat, plated in vacuo with a film 
of indium and then pressed together for a few hours at 
elevated temperatures. These thermal compression 
bonds had good mechanical strength in the whole 
temperature range and showed a satisfactory acoustic 
transmission at frequencies up to 4000 Mc/sec. 

In the Figs. 4-7 for the various specimens the tem- 
perature dependent part of the absorption is plotted 
versus the temperature. The temperature independent 
part or so-called “residual” absorption (not included 
in the diagrams) observable at the lowest temperatures 
was in general less than 1 db/inch, but increased after 
neutron irradiation of about 10" neutrons/cm? to 
several db/inch. Before irradiation the residual ab- 
sorption varied from sample to sample often by a factor 
of two in contrast to the temperature dependent part 
of the absorption, which for the same specimens (in- 
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Fic. 5. Absorption of transverse waves propagating 
along the AC and BC direction. 
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cluding a crystal of artificial quartz) showed a variation 
of less than 20% if any. This indicated that the residual 
part is more structure sensitive than the temperature 
dependent absorption, at least for small degrees of 
crystal imperfection. 

The absorption of transverse waves propagating in 
two different crystalline directions, specified as AC and 
BC (see first part of this paper for definition) is shown 
in Fig. 5. The absorption of longitudinal waves along 
the x and z axis is shown in Fig. 4. Here the points are 
the measured data of the compound rod including the 
x-cut pieces, while the full curve has been calculated 
from it and represents the absorption of a z-cut crystal 
only of the standard length of 25 mm. The indium bonds 
apparently did not contribute a temperature dependent 
absorption, as expected for the used film thickness. 
Finally, in Figs. 6 and 7, the effect of neutron irradiation 
is shown for transverse and longitudinal waves. The 
quartzes were irradiated in the Brookhaven pile. 


V. DISCUSSION 


Phenomenologically the absorption of sound can be 
related to a shear viscosity 43 and a compressional 
viscosity 4x. For transverse waves the absorption per 
cm is usually described as 


ar= (w*/2pvr*)ns, (7) 
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Fic. 6. Absorption of transverse waves propagating along A‘ 
direction before and after neutron irradiation. 
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Fic. 7. Absorption of longitudinal waves propagating along the x 
direction before and after various degrees of neutron irradiation. 


and for longitudinal waves 
ap= (w*/2p0z*) (fnst+nx). (8) 


It is interesting to compare the viscosities corresponding 
to the absorption of waves, which propagate in different 
crystal directions. The following tables show the trans- 
verse and longitudinal absorptions at 140°K in two 
different directions in each case, as well as the product of 
av’. From Table I one sees that the shear viscosity 
ns~ar?r* is of about the same magnitude for the two di- 
rections studied and from Table II it becomes apparent 
that also the combined shear and compressional viscosity 
(4ns+nx)—~axv,’ is practically the same along the x 
and z axes. 

The ratio between compressional and shear viscosity 
is according to Eqs. (7) and (8) 


nx/ns=((arv1*)/(arvr*) |—4. 


Using average values for a,v,3 and arty* from Table I, 
we find 
nx/ns=1.6. 


This means if we relate the hypersonic absorption to a 
shear viscosity and to a compressional viscosity that 
both viscosities are of about the same magnitude and 
have no strong dependence on the direction of propa- 
gation in the crystal, for the four directions studied. 

A few experiments were carried out to investigate 


Taste I. The absorption of transverse waves at 140°K.* 





Transverse 
waves Abs. ar 

AC cut 17 db/inch 

BC cut 3.9 db/inch 


Velocity or 


3.32 108 
5.04 10° 


ns™~arvr’ 
6.310" 
5.0 10"7 


® wo =6.3 X10, p =2.6, 
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TABLE IT. The absorption of longitudinal waves at 140°K.* 


Longitudinal 
waves Velocity v1 ayo 
15.8 10" 
17.510" 


aL 


X cut 
Z cut 


5.6105 
6.3 108 


9.0 db/inch 
7.0 db/inch 


6.3 X10", p =2.6 


whether the temperature dependent part of the ab- 
sorption could be influenced by mechanical or thermal 
treatment of the quartz rods or if it was related to the 
origin to the samples. Therefore, one quartz rod was 
twisted close to fracture for 20 hours at a temperature 
of 200°C, another was annealed for 112 hours at 500°C. 
In both cases the absorption at room temperature 
measured at 1000 Mc was within the accuracy (10%), 
the same as before the treatment. Furthermore no 
difference was found within the same limit between a 
material of different origin including one artificial 
quartz, (kindly supplied by King of these Labs.). 
Similarly no effect could be observed after prolonged 
x-ray treatment. Although these results seem to indicate 
that the temperature dependent absorption is an in- 
trinsic property of the ideal crystal we are aware of the 
fact that it is difficult to estimate how much our samples 
were affected by the treatments. 

A well-known absorption process is the one due to 
heat conduction which arises from the irreversible heat 
exchange between the compressed and rarefied regions 
of a longitudinal wave. This absorption has been calcu- 
lated, for a wave along the x direction in quartz, to be 


es ‘ 
2pv® \ Cp 

where angular frequency, p=density, v=longi- 
tudinal sound velocity, K=heat conductivity, Cp 
=specific heat per gram, ¢:;"4=adiabatic value of the 
elastic constant, and ¢,,;'*its isothermal value. ¢;*4—¢,'* 
can be calculated from the expansion coefficients 8x 
and 8z along the X and Z axis, respectively : 


’ 06 on 
Ww 


e114 


Ww: 


[Bx (CutCi2) +8212 PT 
pC p 
(T=absolute temperature). If one puts actual numbers 
into this formula it can be seen that this source of 
attenuation is negligible in quartz at 1000 Mc/sec. This 
process would, of course, not account at all for the 
absorption of transverse waves. 

It was Akhiezer* who introduced a new process quite 
different from the heat conduction considered above, 
which could cause the absorption of sound in an ideal 
crystal, even in the absence of a temperature gradient. 
Pomeranchuck’® later on gave a more generalized treat- 


8 A. Akhiezer, J. Phys. (U.S.S.R 
*]J. J. Pomeranchuck, J. Phys. (1 


277 (1939). 
S.R.) 4, 529 (1941). 
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ment of this process. Akhiezer pointed out that a sound 
wave passing through a crystal would cause a disturb- 
ance of the distribution of thermal phonons, so that the 
phonons corresponding to the thermal lattice vibrations, 
have no longer an equilibrium Planck distribution. The 
re-establishment of equilibrium in the phonon gas 
requires an increase of entropy and therefore leads to 
the absorption of sound at finite temperatures. It will 
be shown here that it is possible by making a few 
simplifying assuptions to arrive at an expression for 
the absorption of sound, which is in fair agreement 
with our experiments, as far as a comparison is possible 
at present. To our knowledge no experimental results 
have been reported previously as an evidence for 
Akhiezer’s process. 

We will consider here only temperatures high enough 
so that the thermal frequencies k7/h are considerably 
higher than the acoustic frequency. In this case the 
wavelength of a thermal phonon is so much shorter 
than the sound wavelength that we can consider the 
phonons to travel through a uniform medium the strain 
of which is slowly modulated by the sound wave. 

Due to the anharmonicity of the lattice the strain 
of the sound field, for example a compression, causes a 
change of the phonon velocity. This change will, in 
general, differ for phonons with different polarization 
vector and propagation direction. (In the following we 
will call a group of phonons with a common polarization 
j and propagation vector & a “branch”’.) 

The relation between a compression in terms of the 
relative density change Ap/p and the velocity change 
(Av/v) « for a particular branch can be defined by yjx 


(At k= 7jx(Ap/p). 


We shall call here y; the ‘‘Griineisen’’-constant of the 
branch (jk). There are only very few y values known 
for quartz. For example Susse” measured the effect of 
hydrostatic pressure" on the velocity of transverse 
waves along the AJ, BT, and y direction in quartz, 
and found 

—().53, 

+-0.38, 


— 5.0, 


\YAT/ YaRT) 


(YBT Vy) 


\Yu/ VAT) 


the absolute magnitude of y, being of the order of unity. 
This may serve as an example for the appreciable vari- 
ation of between different 
branches. 

We shall neglect dispersion and assume that the y 
values do not depend on frequency. Phonons of all 
frequencies which belong to one and the same branch 
will therefore during a compression change their 
velocity by the same amount. It can be shown quite 
generally that a common velocity change (Av/?) for all 


Griineisen’s constant 


 C, Susse, J. phys. radium 16, 348 (1955 
" As yet there are no data available about the effect of shear 
stress. 
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phonons of one branch does not disturb the thermo- 
dynamic equilibrium within this branch, and it is 
therefore still proper to attribute a temperature to it. 
It can be shown further that a compression changes 
this temperature by an amount which, for the branch 
(jk), is equal to 


(AT/T) x= (Av/v) jx= jx (Ap Pp); 


if during the compression collisions with phonons of 
other branches can be neglected. Because of the variety 
of y values it is obvious, that after a compression each 
branch has, in general, a different temperature. In 
particular, since y can have negative and positive 
values, some branches will be cooled down while others 
are heated up. 

Lacking sufficient data on the y values we can, at 
present, discuss only the general features of the ab- 
sorption process. Therefore we shall, at this point, 
make a very simplifying assumption : after compression 
we assign all branches to two different groups with 
different average temperatures, and comparable specific 
heats. The first group shall contain all branches which 
have undergone rather large positive temperature 
changes (A7T/T), while the second group is made up 
of all the other branches, i.e., those with small or 
negative changes (AT/T)2. The average relative tem- 
perature difference between both groups is 


(AT /T) m= (AT/T),—(AT/T)2, 


and defines an average y value 


OVO) 


If a compressional sound wave propagates through 
the crystal, a periodic temperature difference will 
therefore be set up between the two phonon groups. 
In a certain relaxation time @ which is discussed below, 
heat exchange takes place between them, leading to 
an increase of entropy and therefore to an absorption 
of the sound wave. Assuming that both groups have 
about the same specific heat, the absorption coefficient 
in (db/inch) can be calculated to be 


t f TdS 
0 cT ya 


w 
a=4,34—————- = 1.1— (. ). 
I pv* 1+ (w6)? 


where T= temperature, w/2r=1/r=sound frequency, 
I,>=sound intensity, »=long. sound velocity, c= spec. 
heat/cc, and p=density of quartz. The relaxation time 
6 is the time necessary to exchange energy between 
both groups. It seems reasonable to assume that this 
exchange takes place by means of phonon-phonon 
umklapp processes. As we will see, this assumption leads 
to the right temperature dependence of the absorption. 
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The U process is rather well understood in quartz from 
heat conductivity data. The heat conductivity 


K = }cv", 


where c=spec. heat, and »=sound velocity, above 
40°K was found to vary roughly as 1/7." According 
to Westrum™ the specific heat increases linearly with 
temperature between 40°K and 150°K. Therefore @ 
changes with temperature as 1/7°. 

At high enough temperatures the relaxation time 6 
is much shorter than the sound period, w<1, and the 
absorption coefficient (9) reduces to: 


a=1.1¢Tyr7w"6/ pr’. 


The effect of the temperature dependent factors cancels, 
so that the product (c7@), and therefore the absorption, 
is practically temperature independent in agreement 
with our measurements above 60°K. In this same 
temperature region the absorption is expected to in- 
crease with the square of the frequency, which is 
compatible with our results, although further experi- 
ments are planned for a more detailed comparison. 

From the measurements of the heat conductivity 
and specific heat it appears that for w/2r=10° (sec~') 
the product w# would be about unity at a temperature 
of T=40°K. At this temperature the absorption 
coefficient can be evaluated, using Westrum’s data, to 
be 


a= 1.277 (db/inch), 


which agrees with the experimental value of 5 (db/inch), 
if one assumes for the average Griineisen-constant a 
value of y~=2, which does not appear unreasonable. 

At still lower temperatures, where w#> 1, formula (9) 
would predict the absorption to disappear rapidly with 
decreasing temperature and also to become independent 
of frequency. Both expectations are in qualitative 
agreement with our measurements below 30°K, al- 
though we are aware of the difficulty of applying 
formula (9) to this temperature region, where the 
phonon mean free path is larger than the sound 
wavelength. 

We would like to make some remarks about our 
results with the neutron irradiated specimens: from 
Berman’s study“ of the effect of neutron irradiation 
on the heat conduction it is known that the phonon 
mean free path in quartz can be considerably decreased 
by irradiation, especially at lower temperatures. The 
temperature dependent part of the absorption after 
irradiation should therefore according to formula (9) 
be higher at low temperatures and lower at high tem- 
peratures than the absorption before irradiation. At 
very high temperatures (T>180°K) the effect of ir- 


2 See for example: W. J. DeHaas and Th. Biermasz, Physica 
5, 620 (1938) ; 2, 673 (1935). 

4 We thank Dr. Westrum for permission to use his data prior 
to publication. 

4 R. Berman, Proc. Roy. Soc. (London) A208, 90 (1951). 
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radiation on the absorption should become negligible, 
as it is in the case of heat conduction, because U 
processes are becoming much more frequent than 
collisions with damage centers. In all these points there 
seems to be good qualitative agreement with our 
experiments. (See Figs. 6, 7.) A more quantiative com- 
parison between Berman’s results and our data appears 
difficult, because the mean free path limiting the heat 
conduction in an irradiated crystal and the mean free 
path responsible for sound absorption are not neces- 
sarily the same. 

We would like to emphasize that the relaxation 
process which we have sketched here has been applied 
only in the absorption of longitudinal hypersonic waves 
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in quartz. Whether it also causes the absorption of 
transverse waves cannot be answered until data about 
the effect of shear strain on the elastic constants in 
quartz are available. 
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Nonlocal Current-Field Relationship in Metals* 
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It is found that Chambers’ formula for the response of the conduction electrons of a metal to an internal 
transverse electric field must be supplemented by a diffusion current when it is used for longitudinal fields. 
A new derivation of Chambers’ formula is given by means of the Boltzmann transport equation, and the 
additional diffusion term in the current is exhibited explicitly. 


HE purpose of this note is to point out that the 

well-known and widely accepted formula due to 
Chambers! for the response of a metal to an internal 
transverse electrical field is actually not immediately 
applicable to a longitudinal field, but can be used 
provided that it is supplemented by an additional term. 
No error exists in the applications of this relationship 
by Chambers and Pippard? to the determination of the 
anomalous skin depth because of the restriction to 
transverse fields. But with the increasing interest in the 
propagation and attenuation of ultrasound in metals,* 


* This investigation was supported in part by the Office of 
Naval Research with the University of Maryland and constitutes 
a portion of a thesis submitted by John L. Warren to the faculty 
of the University of Maryland in partial fulfillment of the require- 
ments of the Ph.D. degree. 

t Present address: Department of Physics, DePauw University, 
Greencastle, Indiana. 

t Present address: CERN, Geneva, Switzerland. Permanent 
address: University of Maryland, College Park, Marylard. 

1R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 

*A. B. Pippard, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1954), Vol. VI. This article 
gives a brief derivation of Chambers’ relationship from kinetic 
theory and except for the omission of the diffusion current, 
presents it in the same form as in the present paper. 

3 W. P. Mason and H. E. Bommel, p Acoust. Soc. Am. 28, 930 
(1956). In the study of the ultrasonics of metals it is essential 
also to take into account not only the diffusion current, but also 
the additional current resulting from the collision drag effect. 
We make no attempt to treat this additional modification here. 
For detailed treatments of this effect see the work of Steinberg 
(reference 7), the recent paper of Holstein [T. Holstein, Phys. 


as well as in other phenomena in which longitudinal 
fields are generated (e.g., screening and slowing down 
of moving point charges), it seems desirable to improve 
Chambers’ formula so that it is also correct for such 
fields. Such a diffusion current term is even mentioned 
by Chambers,' but it does not seem to have appeared 
in the published literature. Chambers’ formula, in- 
cluding the additional term, will be exhibited explicitly 
below, but for the purpose of illustrating the basic 
idea in the present paper, it will be useful first to con- 
sider the special case of a static electric field. If, in 
addition, the electric field varies only slowly in space 
(with the scale taken as the mean free path of the 
conduction electrons in the metal), then Chambers’ 
formula reduces simply to Ohm’s law 


¢ 


jo(x) =008(x). (1) 


This is a completely local relationship between the 
electric field & and the current density Jc at the 
point x. o» is the dc conductivity of the metal. It is 
immediately clear, however, that this contribution to 
the current cannot represent a steady state solution for 
the response of the electrons to a longitudinal electric 


Rev. 113, 479 (1959), and the thesis of J. L. Warren, University 
of Maryland, 1959 (unpublished). In the last named reference the 
attenuation and dispersion of phonons is worked out using the 
dielectric constant approach. The results are identical to those of 


Steinberg (reference 7 
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field. The currents which flow will, in such a case, cause 
charge to concentrate in certain regions of the metal and 
thereby produce an excess in the electron density, (x), 
over and above the equilibrium value mo. The resulting 
concentration gradients will give rise to the diffusion 
current density . 

Sp(x)=eD gradn(x), (2) 


where the diffusion constant is given in terms of the 
mean free path / and the Fermi velocity m by the usual 
formula 


D= lvo/3. (3) 


Consequently the total current density is the sum 


S=IctIp. 


This equation contains the essential point of this paper; 
to give a complete description of the current in a metal, 
one must add to the Chambers’ term the additional 
diffusion term. 

To complete this illustration, it is of interest to make 
use of the above equations to obtain a relationship 
between the electron density and the electrostatic 
potential g(x). Assume that the electric field contains 
no divergenceless parts. Then it is clear that J is also 
an irrotational field which must vanish by virtue of the 
continuity equation 


divJ=edn/dt=0. 


(4) 


(5) 
(We continue to limit ourselves for the moment to the 


steady state case, with no time dependence.) By intro- 
ducing the standard formula for the DC conductivity 


(6) 


we find, after making use of Eqs. (1)—(6) and carrying 
out an integration, 


oo= noe*l/mro 


n(x) = (3noe/mog?) p(x). (7) 
This equation will be recognized as the linearized form 
of the basic equation of the Thomas-Fermi statistical 
model.‘ The most common application of this equation 
is to the screening of a unit positive point charge by 
the electron gas.*° From Poisson’s equation and Eq. (7) 
one eliminates the electron density and obtains an 
equation of the Yukawa type for the screened poten- 
tial g, the solution of which is 


¢(x)=ee—@1/|x!], (8) 


where the screening constant is given by 


g= (124nge*/mr,")!. (9) 

We hasten to add that the above derivation is valid 
only for |x|>>/. This shortcoming is remedied by the 
nonlocal formulation below. In any case, the essential 


*L. L. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), second edition, pp. 281-282. 

5 N. F. Mott, Proc. Cambridge Phil. Soc. yp 281 (1936). See 
also J. Friedel, Phil. Mag. 43, 153; 1115 (1952). 
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point is that it is only by including the diffusion portion 
of the current that one can obtain the familiar result 
expressed by Eq. (8) for the static screening of a point 
charge impurity. If only Chambers’ contribution to the 
current is used, then it is not possible according to 
Eq. (1) for a field to exist in the metai without having a 
current flow. Consequently for a static situation for 
which there can in principle exist no current, it would 
follow from Chambers’ relationship that there can be 
no field present inside the metal, or in other words, that 
the screening is complete. This result is, of course, not 
correct and raises the question of what in general is 
the correct current-field relationship inside a metal. 
With this brief orientation, we now proceed to derive 
Chambers’ formula and the expression for the additional 
diffusion current for the general case of an electric 
field with arbitrary spatial and temporal variation. 

We use transport theory and carry out calculations 
similar to those done by Lindhard® in studying the 
general dielectric properties of an electron gas and by 
Steinberg’ in studying the attenuation of ultrasound in 
metals. There are, however, some essential differences 
which will be brought out as they arise. But because the 
method is well-known, we describe the calculation only 
very briefly.* To begin with, we introduce the distri- 
bution function f{(p,x,/), where p is the electron mo- 
mentum measured at the point x. Already we violate 
the uncertainty principle, but this is a familiar trouble 
with the semiclassical transport theory and is known 
not to lead to serious error as long as the results are 
applied only to disturbances which are relatively smooth 
in space. In other words, we actually only study the 
mean values of space-dependent quantities averaged 
over relatively large distances Ax, and require only 
limited resolution Ap in momentum space, so that 
Heisenberg’s inequality AxAp>h can be satisfied. 

Once the distribution function has been obtained 
then we can obtain the current density at any point x 
and at any time ¢ by means of the integral 


§ (x,t) = — (2e/h*m) f p/(p,x,t)d*p, (10) 


where —e and m are the electron charge and mass and h 
is Planck’s constant. (Generally we use lower case or 
script letters for space and time dependent quantities 
and capital letters for their Fourier transforms.) The 
distribution function must satisfy the Boltzmann trans- 
port equation 


of d 
+4 


(11) 
“esd. 


P df 
vifty-vaf=[—| ’ 
t dl 


coll 


*J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 8 (1954). 

7M. S. Steinberg, Phys. Rev. 111, 425 (1958). 

*A derivation of Chambers’ formula, evidently without the 
diffusion term, has been given using the Boltzmann transport 
equation by V. Heine, Phys. Rev. 107, 431 (1957). 
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where v= p/m is the electron velocity. The collision 
term in the right-hand member represents the effect of 
collisions at the point x. These collisions carry particles 
both into and out of any given elementary volume of 
momentum space. The collision term can be represented 
by the sum of two relaxation terms: 


df 
(12) 
dl 


The relaxation time r is the same as that of the theory 
of resistivity and corresponds to the scattering of elec- 
trons elastically by the impurities and lattice defects. 
The quantity (f)o is simply the distribution function 
averaged, or, better, “smeared out” over the directions 
of p. The second term in the right-hand member repre- 
sents the inelastic processes which bring about the 
relaxation of this angularly smeared out distribution to 
that of the degenerate gas at zero temperature. (We 
limit ourselves in this paper to nonsuperconducting 
metals at absolute zero.) This relaxation requires that 
heat be carried away by phonons. Consequently the 
corresponding mean relaxation time r’ can be expected 
to be very much greater than r.*:" The distribution fr 
corresponds to complete Fermi degeneracy at the local 
density n(x,l) : 


fe(p,x,)=1, | p| <po(x,d) 


0, | p| > po(x,?). (13) 


Here we have introduced the local Fermi momentum 


which in its linearized form for very small density 
changes, (x,/)<npo, is given by 


po(x,t 
Basing fr on the local density rather than on the unper- 
turbed density my is essential, and is the feature which 
distinguishes our treatment from most previous ones. 


pot (po/3no)n(x,0). (14) 


Without this specification for fy, the requirement of 
local conservation of charge cannot be satisfied. The 
usual procedure of basing fr on mo instead of on the 
actual local density corresponds to assuming a relaxa- 
tion process capable of annihilating or creating elec- 
trons at the point x, [depending upon the sign of 
n(x,t) |. Such a process does not, of course, represent 
the true relaxation mechanisms operative in the metal, 
and cannot lead to completely correct results. 

* For a discussion of the difference in these relaxation processes 
see H. W. Lewis, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. VII, 
p. 353. Actually, as emphasized by Steinberg (reference 7), this 
cooling process cannot be represented by a mean relaxation time, 
since the relaxation rate is strongly dependent upon the electron 
temperature. For this reason the term in Eq. (12) containing r’ 
should be regarded as only a schematic representation of the pro 
cess by which the heat generated in the ohmic process is carried 
away. Since our calculation is not sensitive to the cooling, it is not 
necessary to formulate it more prec isely in Eq (12) 

” Steinberg (reference 7) has, however, taken into account the 
relaxation with respect to the local density in his calculation of 
ultrasonic attenuation, and our work is quite similar to his, in this 
respect. 
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Only the angular dependent part of the distribution 

f f (15) 
contributes to the current in Eq. (10). In the absence of 
a force on the electrons, f; vanishes. Hence, treating 
the force dp/di as a weak perturbation and working 
only to lowest order, we neglect (dp/dt)-V,f;,in Eq. (11). 
A further approximation is indicated by the fact that 
the distributions (f)o and fr are very similar. The 
former is merely a slightly radially smeared out form 
of the latter, corresponding to the Fermi distribution 
at a finite but very small temperature. The difference 
will be important only in the problem of determining 
the thermal gradient in the metal and can be neglected 
here. With this approximation, a differential operator 
applied to fr is simply proportional to the delta function 
at the Fermi surface. Thus, with fi=/sd(p— po), we 
obtain 


ra] 1 p 
v-Vit + is 
ot 7 


dp dl 


p 
0 
v-V,4+ Jp (16) 


3919 al 


where fs depends upon p only through its direction. 
If & and & are the electric and magnetic fields in the 
metal, the acceleration term in Eq. (16) becomes 
-ep-[ $+ (1/c)v¥XX ] 
—ep- & 


p- (dp dl 
(17) 


Note that the Lorentz force disappears, so that a weak 


magnetic field produces no current in the present 
calculation. Thus the Landau diamagnetism, which is a 
weak quantum effect, 


classical transport 


is not accounted for by the semi- 
This establishes the order of 
magnitude of the error to be expec ted by the violation 


of the uncertainty principle, 


the orv 


is discussed above. By 
comparison with Lindhard’s quantum mechanical treat- 
ment?! (for the special case of infinite mean free path) 
we see that the fractional error due to the neglect of the 
Landau diamagnetism is of the order of [#?k?/(2mhw) ]?. 
The error is therefore quite small for long wavelengths, 
and not-too-small frequencies. Even for static fields, 
however, the actual magnitude of the error is generally 
negligible, corresponding to a susceptibility of the order 
of magnitude of only 10 

To solve Eq. (16), it is « to Fourier analyze 
the spatially dependent quantities fs, 


onvenient 
, and &. These 
can be taken to be superpositions of plane waves of the 
form expi(k-x—w/ find for 
Fourier transforms the relationship 


Fs( py kw 


Consequently we the 


(e/po)p: E( kw 


" See reference 6, I 
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When this equation is substituted into the Fourier 
transform of Eq. (10) and the integrations carried out, 
it is convenient to consider the transverse and longi- 
tudinal cases separately. One finds the following ex- 
pression for the transverse part of the current: 


J'(k,w) = 0'(k,w) E'( kw), (19) 


where the expression for the conductivity is 


Singe? u'+1 
: (20+ (1-w'9 In ). 
4mkvy u'—1 


Here we have introduced the abbreviation u’=u-+ ia, 
where u=w/ (kv) and a=1/(kvor)=1/(R1). It should 
be noted that Eq. (20) is completely equivalent to 
Lindhard’s expression for the transverse dielectric 
constant. This is so even though Lindhard claims no 
validity for his calculation for the case of finite mean 
free path; he regards r~! as infinitely small and as only 
introduced for convenience in the mathematical manipu- 
lations. This restriction does, however, apply to his 
longitudinal dielectric constant. 

The integrations for the longitudinal case are also 
readily carried out and yield 


a'{ kw) (20) 


uo u’—1 
J(kus)= (14 In— 


JE sil mkvy) E'( kw) 
2 w'+1 


+i(poea/m)N (kw) }. (21) 


The density can be eliminated by means of the equation 
of continuity: 

N (k,w) =—(k ‘ew) J" (kw). 
Thus we find 


I (kw) =0' (kw) E'( kw), 
neu’ uu’ 
i (45 in )/ 
mkv 2 w+i1 
a uo ou’ —1 
[+ie(1+ in - )I (24) 
u 2 w+i1 


It may be noted at this point that Eqs. (22)-(24) 
establish a reijationship between N(kw) and the 
Fourier coefficient of the electrostatic potential, &(k,w) 
= ik~'E'(kw). In the static limit (o=0) this reduces to 
the simple form 


V(k.0)= 


where 


o'(kw)=—3 


= (3noe?/moy?)?(k,0), (25) 


thereby providing, as promised earlier, a proof of 
Eq. (7) not restricted to wavelengths longer than the 
mean free path. 

The pairs of Eqs. (19) and (20), and (23) and (24) 
solve in principle the problem of calculating the response 
of the metal to an arbitrary electric field. It is only 
necessary to find the Fourier transform of the field, 
and then to substitute it into these equations in order 
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to obtain the corresponding Fourier coefficients of the 
current. The inverse Fourier transform will then give 
the space and time dependent current distribution in 
the metal. This procedure involves two integrations in 
four-dimensional! space-time. It would be a useful 
simplification to make the standard interchange of 
order and to carry out once and for all the integration 
over k,w space. This would yield a Green’s function, 
and would leave only one remaining integration to 
perform for any given field distribution. Unfortunately, 
because of the complexity of Eq. (24), it does not 
seem possible to obtain the Green’s function in closed 
form. This is, however, possible for the separate terms 
of Eq. (21). Although the resulting expression is of 
limited practical value, since it contains the density 
which must still be eliminated by Eq. (22), it will 
nevertheless be of interest as a means of explicitly 
exhibiting Chambers’ formula and the diffusion addition 
to it. It is most convenient to return to Eq. (18) and to 
introduce an auxiliary variable £, which enables us to 
write the denominator of the distribution function as 


k-v w i; 
fC) 
: Y l 
” w 1 
ag yea 
0 Vo l 


Vo f exp[ —i(k- E&—wk/r) Je~#/"dé. 


0 


ol-f 


(26) 


Here we have also introduced a vector &, of magni- 
tude £ and direction v. Denoting the portion of the 
current which depends explicitly on the field (i.e., ex- 
cluding the implicit dependence through the density) 
by a subscript C, we find by substituting from Eqs. (26) 
and (18) into Eq. (10), 


3 moe" 
beliebe fw et 
dr MV 


t- E(k 
XE 
& 


yo) 


- expl—i( k-&—wt/r)]. (27) 


Making the Fourier inversion, we obtain 


Jc(x,)= f Pkdw Jo( kw) 


3 noe” 


a Mo 


- f eecue &(x’,t’), (28) 


precisely the Chambers’ formula. Here we have intro- 
duced the variables x’=x—E and (’={—£/t. In the 
special case that the field is static and does not vary 
appreciably over one mean free path, it may be taken 
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outside the integral. The latter then reduces to 4al1/3 
times the unit dyadic, and Eq. (28) becomes simply the 
local relation of Eq. (1). 

The portion of the current which depends explicitly 
on the density, denoted by subscript D, is calculated in 
parallel fashion. Note that in the numerator of Eq. (18) 
we can write 

k-v—w= (k- v—w—ir™)+ ir", (29) 


where the quantity in parentheses cancels with the 
denominator and yields no current. Thus we find 
La) 
Jo=- ~ f ee tig-s 
4rl 
XEN (kw) expl[—i(k-E—wt/)] (30) 


so that the Fourier inversion gives 


Jp(x,t) = — (er, in) [ ee le-3En(y’ t’), (31) 


This is the diffusion current which must be added to 
Chambers’ expression whenever longitudinal fields are 
acting in the metal. Here again it is of interest to check 
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the static limit for fields which vary slowly in space. 
Then we have, approximately 


n(x’,t’) =n(x,l) —E-gradn(x,t). (32) 


The density gradient may now be taken outside the 
integral, so that the nonlocal, retarded diffusion formula 
of Eq. (31) reduces for this special case to Eq. (2), the 
simple uniform-gradient expression of kinetic theory. 

To summarize, we began by emphasizing for the 
limiting case of time independence that it is necessary 
to include diffusion along with ohmic flow when de- 
scribing longitudinal electric fields in metals. We then 
sketched a transport theory derivation of the relation- 
ship between the Fourier coefficients of the current and 
field. The result of this work is expressed by the con- 
ductivity functions of Eqs. (20) and (24). The diffusion 
is automatically included in the Boltzmann equation 
provided that the relaxation is based on the local 
density, rather than on the unperturbed density as is 
often done. Finally, we exhibited the explicit non- 
local, retarded relationship of current to field in the 
form of two integrals. The first is exactly Chambers’ 
formula, while the second, given by Eq. (31), is the new 
diffusion term 
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Strong-Coupling Limit in the Theory of Superconductivity* 
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The Hamiltonian used by Bardeen, Cooper, and Schrieffer in their theory of superconductivity is studied 
in the strong-coupling limit. The complete set of energy levels can be found by using group theory, even fora 
finite system. An expression for the grand partition function can immediately be written down, and this 
expression can be evaluated in a simple manner for a large system. The results are in qualitative agreement 
with the weak-coupling theory, and in quantitative agreement with the strong-coupling limit of the expres 
sions derived by Bardeen, Cooper, and Schrieffer. The second-order phase transition is a simple consequence 
of the form of the grand partition function. There is an energy gap independent of the total number of 
particles which goes to zero as the temperature approaches the critical temperature. The normal state is not 


metastable below the critical temperature. 


1. INTRODUCTION 


N the theory of superconductivity developed by 
Bardeen, Cooper, and Schrieffer! (which we shall 
refer to as BCS) a system of interacting fermions with 
spin one-half is considered. The only interactions which 
are taken into account in the BCS theory are those be- 
tween particles with opposite spin and momentum. 
Because of this, the single-particle states are paired off 
with each other. Each “pair state’’ consists of a single- 
particle state with a particular momentum and spin 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Department of Mathematical 
Birmingham University, Birmingham, England. 

' Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
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direction, together with the state of opposite momentum 
and spin. The interaction then carries a pair of particles 
from one pair state to another pair state. The kinetic 
energy is, of course, diagonal in the pair states, since it 
is diagonal in the single-particle states. If a pair state is 
singly occupied at any time, it remains singly occupied, 
since there is no other particle with which the one 
particle can interact, and since no pair of particles can 
scatter into an already occupied pair state. 

This problem was studied in BCS by a variational 
method. It was shown by Bogoliubov, Zubarev, and 
Tserkovnikov’ that the perturbation series for the part 

2 Bogoliubov, Zubarev, and Tserkovnikov, Doklady Akad. 


Nauk S.S.S.R. 117, 788 (1957) [translation : Soviet Phys.-Doklady 
2, 535 (1957) } 





STRONG-COUPLING LIMIT 
of the free energy left out in the BCS solution vanishes 
term by term in the limit of an infinite (extended) 
system. This indicates that the BCS solution may be 
exact, but it is not a proof, as can be seen from the fact 
that there are many solutions which satisfy this criterion, 
although the free energy should be a unique function of 
temperature. In particular, the normal state satisfies 
this criterion at all temperatures, although the supercon- 
ducting state, where it exists, has a lower free energy. 

In the strong-coupling limit we take the interaction 
to be so strong (or else the effective mass to be so large) 
that the variation of the kinetic energy from particle to 
particle can be neglected, at least over a small region of 
momentum space. We suppose that there is a spherical 
shell within which the kinetic energy of each particle is 
a constant, ¢, and the coupling between pair states is a 
constant, J. Outside this shell the particles have their 
normal kinetic energy but no interaction. We suppose 
that the Fermi surface is within the shell, so that the 
states on one side of the shell are fully occupied at low 
temperatures, whereas the states on the other side are 
completely empty. 

The particles outside the shell and the particles in 
singly occupied pair states inside the shell behave like 
free fermions. The part of the Hamiltonian which affects 
the rest of the particles can be written as 


BB 


LX LX Jb,'b;, 


i=l j=l 


B 
H= ¥ 26b,'b,— 


(1) 
i=l 
where 5; annihilates and 6,’ creates a pair of particles in 
the pair state 7. The sum runs over the B pair states in 
the shell which are not singly occupied. This problem 
has been solved exactly by Wada, Takano, and Fukuda,’ 
who use the analogy between the operators 6; and spin 
operators, but a different method will be used here. 

It can be seen that the form of Eq. (1) is unchanged if 
the labels of the B pair states are changed amongst 
themselves. For this reason, the eigenstates of the 
Hamiltonian must give rise to irreducible representa- 
tions of the group of permutations of B objects, the 
“symmetric group.” In Sec. 2 we find which these 
representations are, and what energy and degeneracy 
each one corresponds to; the eigenfunctions found form 
a complete set. In Sec. 3 we write down an exact expres- 
sion for the grand partition function and evaluate it for 
a large system. The second-order phase transition ap- 
pears in a very simple manner, and various other 
features of this model are compared with the BCS 
theory. 


2. CONSTRUCTION OF THE EIGENFUNCTIONS © 


If we operate on the vacuum with D different opera- 
tors b,‘, we construct a state with D pairs in the B pair 
states. Since the different operators commute, their 


* Wada, Takano, and Fukuda, Progr. Theoret. Phys. (Kyoto) 
19, 597 (1958). 
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order is immaterial, and we can construct B!/D!(B—D)! 
mutually orthogonal wave functions in this way. These 
wave functions give all the ways of putting D pairs into 
B pair states. They are the basis of a reducible repre- 
sentation of the symmetric group, and the problem is to 
find the irreducible representations contained in it. We 
shall show that we can construct at least one wave 
function of a particular symmetry ; then we know it is an 
eigenstate of a particular degeneracy and energy. We 
shall find that we can exhaust the B!/D!(B—D)! 
available degrees of freedom in this way. 

The irreducible representations of the symmetric 
group can be characterized by their Young diagram.‘ 
The Young diagrams which give us the desired repre- 
sentations have two rows, with B—r squares in the first 
row and r squares in the second row. Now put the B 
operators 5,’ in order into the B squares, and add to this 
arrangement all the other arrangements which occur 
when we symmetrize within each row and then anti- 
symmetrize within each column. We operate on the 
vacuum with the operators which occur in the first D 
squares of an arrangement, and add together the states 
we get from each arrangement. There is a factor —1 for 
each permutation within a column, and so we will get 
zero if D<r or if D> B—r. If r< DS B—r, the coeffi- 
cient of a component for which D of the first B—r pair 
states are occupied is D!(B—r—D)!r!, and the coeffi- 
cient of a component for which D—1 of the first B—r 
pair states and one of the last r are occupied is 
— (D—1)!(B—r—D-+1)!r!, and so on. We have now 
constructed wave functions with the appropriate sym- 
metries, and it remains to find their energies and 
degeneracies. 

The dimensionality of a representation, or the de- 
generacy of an eigenfunction, is equal to the character of 
the identity element of the group. This can be evaluated 
in the usual way,’ and is found to be 


B\(B—2r+1) 


B! B! 


r\(B—r+1)! rl(B—r)! (r—1)\(B—r+1)! 


The sum of /, from r=0 to r= D or B—D, whichever is 
less, gives B!/D!(B—D)! in either case, so we have 
found aij the required eigenfunctions. 

The character of a single permutation is found in the 
same way’* to be 


(B—2)!(B—2r+1) 
ee age apart 


(B?—2rB—B+2r—2r). (3) 


r!(B—r+1)! 


The character x, is given by the expectation value of the 
operator P,; which permutes the states i and j, summed 
over all /, states of the irreducible representation. The 
expectation value of Py in one state, summed over all 
different combinations of i and j, is B(B—1)x,/2l,. The 

*H. Boerner, Darstellungen von Gruppen (Springer-Verlag, 


Berlin, 1955), pp. 91-111. 
* Reference 4, pp. 171-176. 
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probability that P,, will permute two occupied states is 
D(D—1)/B(B—1), the probability that it will permute 
two unoccupied states is (B—D)(B—D—1)/B(B—1), 
and its expectation value in the case that it permutes an 
occupied and an unoccupied state is the expectation 
value of 6 ;'b;+-6,;'b;. These can be added together to give 


B(B—1)x,/2l,=4D(D—1)+4(B—D)(B—D—1) 


+>> > (b,'b;). (4) 
i jeri 
Equations (2) and (3) can be substituted in this, and the 
result used to evaluate the expectation value of (1). 
This gives 
(H)=2eD—J_D(B—D+1)—r(B—r+1) }. (5) 


This result can also be derived by operating with H on 
the wave function for which an explicit construction has 
been given, and evaluating the coefficient of a particular 
component. 

Since J is assumed to be positive (attractive inter- 
action), and r is no greater than either D or B—D, 
Eq. (5) shows that the ground state has r=0, and the 
energy increases steadily with r. The spacing between 
the ground state and the first excited state is JB, and 
the spacing between successive levels decreases as r in- 
creases. Equation (2) shows that the ground state is 
nondegenerate, and the first excited state has de- 
generacy $B(B—1)—1. For B=2D, this agrees with 
BCS Eqs. (2.42) and (2.54) in the strong-coupling limit. 
Our B is equivalent to 2N (0)Aw in BCS. There are other 
excitations which can be made from the ground state. 
A pair can be broken up, and both particles left inside 
the shell, so that B is decreased by two and D is de- 
creased by one; this raises the energy by J(B—1). A 
particle can be excited from the Fermi sea into the shell, 
so that B is decreased by one; the energy is increased by 
JD plus the kinetic energy needed. All these and other 
processes need an energy of at least JB if the kinetic 
energy gap between the Fermi sea and the shell, and 
between the shell and the outside region of momentum 
space, is at least 4/B. 

We are chiefly interested in an extended system, and 
so we will suppose that B and D are proportional to the 
volume of the system, while J is inversely proportional 
to the volume. This means that the energy contributed 
to the ground state by the interaction is proportional to 
the volume, as the kinetic energy is, and the gap between 
the ground state and the first excited state is inde- 
pendent of the volume. The degeneracy of the rth 
excited state is proportional to the rth power of the 
volume. If r has its maximum value, the potential 
energy is zero or very close to zero, and the degeneracy 
is very great, so this state is closely related to the 
“normal” state. 


3. STATISTICAL MECHANICS 


Since we know all the energy levels of the system, we 
can write down an expression for the grand partition 


THOU! 


ESS 


function. The particles inside the shell are independent 
of the particles outside the shell, and so we can treat the 
two subsystems separately. For the particles outside the 
shell, we have an ideal Fermi gas with a region of 
momentum space excluded, and so the statistical me- 
chanics of this subsystem is straightforward. We there- 
fore confine our attention to the particles inside the 
shell, whose behavior is determined by the Hamil- 
tonian (1). 

We suppose that there are K pair states inside the 
shell, but g of them are singly occupied, so that B= K 
—g. There are K!/q!(K—gq)! ways of choosing these g 
states, and 2% ways of putting one particle into each of 
them. The energy of each single particle is €, and the 
only restriction on g is that it should lie in the range zero 
to K. Using Eqs. (2 write the grand 
partition function as 


and (5 » we 


6= Tr exp|8(uN—H 


K \(K~9) (K—¢-*) 2°K!(K 
-3'$ 
7 


4) 


xX exp{ 8 (u e)(g+2D)+JD(K—q—D-+1) 


JIn(K r+1)]}. (6) 
The sum in (6) is over the three-dimensional space 
defined by the coordinates g, r, and D. The region over 
which the sum is taken is a tetrahedron bounded by the 
planes g=0, r=0, D=r, and D+q¢+r=K. The number 
of points in this tetrahedron is equal to its volume, 
which is K*/12. 

If we call the maximum value of the summand of 
Eq. (6) 30, we know that 39< 4< 4oK*/1Z. Quantities 
of physical interest are found by taking the logarithm 
of 4 and dividing by the volume, so that 4» is a very 
good approximation. The error goes as 3V~ logV, where 
V is the volume of the system, although this is certainly 
an overestimate of the error. A local maximum of the 
summand is also interesting, since this will represent a 
metastable state of the system. We must look for 
maxima both in the tetrahedron and on 
its boundaries. 

The summand increases rapidly as we go from the 
planes g= 0 and r=0 into the interior of the tetrahedron, 
so we are interested in only the other two faces. As we 
go in a line parallel to the D axis from the faces D=r and 
D+q+r=K, the summand increases by a factor 
of approximately exp[28(u—e«)+6/(K—q—2r)] and 
exp[ — 28(u—«)+8/(K—q—2r) ] in the two cases for a 
change in the value of D by one. This shows that a 
maximum can occur only on the face D=r if u<e, and 
one can occur only on the face D+q+r=K if u>«, since 
K—q—2r is positive . The the 
summand on either face occurs at 


interior of the 


maximum value of 


g=43K sec h*[38(u—e 


r K(exp Si p—e +1 ] 
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The condition for this to be a true maximum of the 
summand is that the summand should not increase 
towards the interior, and the condition —2|yu—e| 
+J(K—q-—2r) <0 implies 


B<Bco=2|u—e|— tanh (2|p—e| JK). 


(8) 
If we write down the condition for the summand to be 
a maximum at a point in the interior, we get the coupled 
equations 
q=2Ky(y+1)", 
r= K(y+1)”, 
D=J>(u—0)+4(K—-4), 
where 


y= exp 48J(K—q—2r) }. 


These equations can be combined to give the single 
equation for y, 


Iny= 38JK(y—1)(y+1)", (11) 


which has the solution y=1, and also one solution 
greater than one if and only if 8/K>4. The solution 
y=1 lies outside the tetrahedron unless n=, and this 
case will be treated separately below. Equation (11) 
shows that the other solution for y is a monotone in- 
creasing function of 8. The condition for the point (9) 
to lie inside the tetrahedron is 


(y+1)*<$-JAK" | uel, (12) 


(10) 


and this is equivalent to 8>8c, where 8¢ is the reciprocal 
of the critical temperature defined by Eq. (8). This shows 
that at all temperatures there is only one maximum of 
the summand, and this maximum lies in the interior of 
the tetrahedron for temperatures less than the critical 
temperature, but it lies on the face for temperatures 
greater than the critical temperature, 

The case y= e is particularly interesting, because it 
corresponds to the situation examined in BCS. The 
equation (8) for the critical temperature becomes 

Bc=4/JK, (13) 
and there is a maximum of the summand in the interior 
below the critical temperature. There is also a stationary 
point in the middle of one edge, at g=4K, r=K/4, 
D=K/4, as can be seen from Eq. (7) or from Eq. (9) 
with y=1. As can be seen from Eq. (6), the factor 
K—gq-—2r is important near this point, but its main 
effect is to shift the maximum of the summand by a 
distance proportional to K}, so it will be ignored. As we 
go away from the edge, the summand increases by a 
factor r(K—q—r)~ exp[ SJ (K—q—2r) ] as r decreases 
by one. This factor is greater than unity in the interior 
of the tetrahedron below the critical temperature, and 
is less than unity above the critical temperature, so that 
this state is unstable below the critical temperature, and 
there is no metastable state. 

In general, the summand of Eq. (6) falls off from its 
maximum value so rapidly that the quantities g, r, and 
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D vary from the values given in Eqs. (7) and (9) by an 
amount proportional to K!. Above the critical tempera- 
ture, for ux, the derivative of the summand in a direc- 
tion norma! to the face does not vanish, and so the 
quantities D—r and K— D—q-—r, for w<e and u>«, re- 
spectively, fluctuate only by an amount independent of 
K. For u=e, the fluctuations of all three variables are 
proportional to K' even above the critical temperature. 
At the critical temperature, two stationary points of the 
summand coincide, and the second and third derivatives 
of the summand with respect to r also vanish. In this 
case, the fluctuations of r are proportional to K?. 

We can now substitute Eqs. (7) and (9) in (6) to get 
expressions for the thermodynamic functions. We shall 
refer to the state above the critical temperature as 
“normal” and to the state below the critical temperature 
as “superconducting,”’ using the suffixes m and s to dis- 
tinguish the thermodynamic functions for the two states. 
We find that the thermodynamic potential is 


2,=—f8" Ind 
= —2Kf™ In{2 cosh[ 48(u— 6) ]} —K(u— 6), 
—2K8™ In(y+1)+[2K y/B(y+1)] Iny 
—}JK*(y—1)*(y+1)? 
—K(u—e)—-J “(ue 
These functions must be equal at the critical tempera- 
ture, since the points given by Eqs. (7) and (9) are the 
same. Differentiation with respect to the chemical po- 
tential gives the number of particles as 
N,=K+K tanh[48(u—) J, 
N,=K+2(u—6)/J, 


(14) 


(15) 
which is continuous at the critical temperature. The 
entropy can be obtained by differentiating Eq. (14) 
with respect to temperature and making use of Eq. (11), 
so that we have 
S,=2Kk In{2 cosh[48(u—) ]} 

— KkB(u—e) tanh[48(u—e)], 
S,=2Kk In(y+1)—J K*kBy(y—1)(y+1)~. 


(16) 


The entropy also is continuous at the critical tempera- 
ture; k is the Boltzmann constant. 

It is clear that there is a second-order phase transi- 
tion, since differentiation of Eq. (15) with respect to the 
chemical potential gives the isothermal compressibility 
as 


OV. -(~) 
( Op )- N? Ou/ vis 
Vy? 
= ———6K sech"[48(u—«)], (17) 
2N 7 
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so that the superconducting state is more compressible 
than the normal state, unless n=, when there is no 
discontinuity. There is also a discontinuity in the 
specific heat, which can be found by calculating the 
derivatives of Eqs. (15) and (16), since 


os ON\? ON 
ott) ae) GD. 

OT/ , OTs, Ops 7 (18) 
C,=2Kky[lny P/L(y+1)?—p/ Ky]. 


The limiting value of C, as y approaches unity is 3Kk, so 
this quantity represents the discontinuity in specific 
heat for n=. The phase transition occurs when the 
maximum of the summand of Eq. (6) goes from the 
interior of the tetrahedral region of summation to its 
surface. 

Another quantity which must be calculated in order 
to compare our results with those of BCS is the variation 
of the energy gap with temperature. The energy gap is 
the energy needed to break up or excite one pair, and 
this can be calculated from Eqs. (5) and (9) as 


2e9= J (K—q—2r)=JK(y—1)/(y+1). (19) 


This decreases steadily up to the critical temperature 
with increasing temperature, but it goes to zero only if 
u=e. For p=€, we can compare many of our formulae 
with those of BCS taken in the strong-coupling limit. 
Equations (19) and (11) are equivalent to BCS Eq. 
(3.27); Eq. (13) agrees with BCS Eq. (3.28); and Eq. 
(16) agrees with BCS Eq. (3.34). The agreement of this 
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model with the strong-coupling limit of BCS is therefore 
precise. 


4. CONCLUSIONS 


We have studied a simple model which can be solved 
exactly, and which gives a second-order phase transi- 
tion. The eigenfunctions of the Hamiltonian were 
obtained by a group-theoretical method, and the 
thermodynamic functions were then calculated by 
straightforward algebra. This model is a strong-coupling 
limit of the BCS theory of superconductivity. The pre- 
cise agreement with the BCS results is an interesting 
verification of the accuracy of those results. The quali- 
tative features of the strong-coupling limit are very 
similar to those of the weak-coupling theory, and the 
main difference is that the excited states are discrete 
instead of forming a continuum of energy levels. Nu- 
merical values of important ratios are not changed 
much. For example, the ratio of the energy gap at zero 
temperature to k7¢ is 4 in the strong-coupling limit 
and 3.50 in the weak-coupling limit, while the energy 
gap behaves like 6.9 kT c(1—T7/Tc)* instead of 6.4 
kTc(1—T/Tc)' near the critical temperature. Because 
of the simplicity of the model, it is possible to show that 
the normal state is not metastable in the absence of a 
magnetic field below the critical temperature. 
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The x-ray attenuation coefficients for hydrogen, carbon, water, and aluminum have been measured in the 
energy range from 13 to 80 Mev by placing varying lengths of attenuators in a 90-Mev bremsstrahlung beam 
in a good geometry experiment using a large sodium-iodide total-absorption spectrometer as the detector. In 
the hydrogen case, a difference method employing cyclohexane (CsH2) and graphite was used. The theoreti- 
cal attenuation coefficients were calculated using selected Compton and triplet cross sections in addition to 
the small quasi-deuteron cross sections. A pair cross-section increase of 2.259% was required for carbon, 
water, and aluminum to bring the total calculated coefficients into agreement with the measured coefficients 
in the 60-Mev region. The difference between these calculated cross sections and the measured cross sections 
in the 13- to 50-Mev region has been ascribed to the giant resonance nuclear absorption. A larger high-energy 
tail to this absorption than predicted by (y,») and (y,m) experiments is indicated. 





I. INTRODUCTION 


HE paper by Grodstein' summarized the theo- 
retical and experimental situation on high-energy 
and narrow beam attenuation coefficients up to 1957. In 
that work the theoretical pair production component of 
the total attenuation coefficient, somewhat inaccurate 
due to the use of the Born approximation in its calcula- 
tion,? was adjusted to fit experimental data in the 2- to 
100-Mev region. While this was successful for high 
atomic number materials, the fit was poor for low 
atomic number attenuators with calculated 88-Mev 
values some 4% lower than Lawson’s? measurement for 
copper and aluminum, The recent measurements of 
Moffatt et al.*> which agreed with the Lawson results 
used the tip of a bremsstrahlung spectrum for total 
attenuation measurements at 94, 68, and 42 Mev. 

In the present experiment,® the entire 90-Mev brems- 
strahlung spectrum from a synchrotron was measured 
with a sodium-iodide spectrometer in a good geornetry 
experiment for photon energies from 13 to 80 Mev. The 
use of this spectrometer combined with the high in- 
tensity synchrotron beam made it possible to attenuate 

! G. White Grodstein, X-Ray Atlenuation Coefficients from 10 keo 
to 100 Mev, National Bureau of Standards Circular No. 583 (U.S. 
Government Printing Office, Washington, D. C., 1957). An earlier 
unpublished NBS report, 1952, also by G. White Grodstein has 
been —— in the following articles: (a) C. M. Davisson and 
R. D. Evans, Revs. Modern Phys. 24, 102 (1952); (b) R. H. 
Morgan, Handbook of Radiology (The Year-Book Publishers, Inc., 
Chicago, 1955), pp. 99-117; (c) K. Siegbahn, Beta- and Gamma- 
Ray Spectroscopy (Interscience Publishers, Inc., New York, 
1955), pp. 857-874. The basic difference between the two Grodstein 
reports is in the triplet cross sections used. The 1952 report used 
the Borsellino cross sections, while NBS Circular 583 used the 
Votruba results. To illustrate the differences, the present experi- 
ment at 60 Mev yields a carbon attenuation coefficient of 0.01441 
+1% cm'/6 to be compared with 0.0142 cm*/g in the 1952 NBS 
report and 0.0138 cm*/g in NBS Circular 583. 

* Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 

* J. L. Lawson, Phys. Rev. 75, 433 (1949). 

‘Moffatt, Thresher, Weeks, and Wilson, Proc. Roy. Soc. 
(London) A244, 245 (1958). 

5 J. Moffatt and G. C. Weeks, Proc. Phys. Soc. (London) 73, 
114 (1959). 

* J. M. Wyckoff and H. W. Koch, Bull. Am. Phys. Soc. 3, 174 
(1958). 





the primary x-rays by a factor of over 10000 with a 
resulting enhancement of the effect of small changes in 
the attenuation coefficient. Consequently, the coeffi- 
cients should be accurate to 1.0% in the region of 25 to 
80 Mev with somewhat greater uncertainties in the 13- 
to 25-Mev region for carbon, water, and aluminum. For 
hydrogen the difference method employed introduced 
uncertainties of about 3.3%. 

In principle, the broad energy range from 13 to 80 
Mev allowed separate evaluation of the electronic and 
nuclear attenuation processes in those regions where 
they were important. The particular choice of low-Z 
attenuators was made in order to emphasize the nuclear 
absorption as well as make possible an accurate measure- 
ment of the electronic attenuation in the 25- to 80-Mev 
region where it was changing only slowly with energy. 
The results are shown to be in good quantitative agree- 
ment with those of Moffatt et al. 


Il. EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


Figure 1 shows the geometry as well as the measuring 
equipment used. The source of the x-rays was a 180-Mev 
synchrotron that was operated at 90 Mev for most of 
the experiments giving good attenuation measurements 
up to 80 Mev. A few experiments at 35 Mev gave pulse- 
height distributions that were very sensitive to the 
nuclear absorption cross sections in the giant resonance 
region. 

As shown in Fig. 1 a primary collimator 0.30 in. in 
diameter produced a beam 0.70 in. in diameter at the 
entrance to the attenuator. The attenuator character- 
istics are listed in Table I. A secondary collimator 
following the attenuator was 0.59 in. in diameter and 
was located to restrict the beam striking the 5-in. 
diameter by 9-in. long sodium-iodide, spectrometer’ to 
0.88 in. in diameter. 

After passing through a glass accelerator tube wall of 
about 4.54 g/cm* the beam was monitored by a multi- 


7R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954). 
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Fic. 1, Experimental geometry and block diagram. 


plate, transmission ionization chamber 3.438 g/cm? of 
aluminum thick. Temperature regulation of the chamber 
batteries minimized drifts in the vibrating reed elec- 
trometer used to measure the collected charge though 
small corrections were required for experiments with 
very low x-ray intensities. 

The signal from the photomultiplier was fed via a 
cathode follower to a core memory type, 256 channel, 
pulse-height analyzer. The stability of this device 
against drift in channel width and base line was tested 
daily and proved to be very good. The gain change of 
the amplifier-analyzer system during any one day’s 
operation was less than +0.3% while the possible base 
line drifts of the analyzer were about one channel. The 
circuit of the analyzer and the 350-microsecond long 
synchrotron burst prevented pile-up of spectrometer 
pulses so that the distortion in the experimental pulse- 
height distributions obtained from the spectrometer was 
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Fic. 2. Raw pulse-height distributions produced by the 90-Mev 
bremsstrahlung passing through 396.82 (4L), 496.43 (SL), and 
698.86 (7L) g/cm? of carbon. These data have been taken directly 
from the pulse-height analyzer output without corrections for 
background or channel width. 


negligible at the spectrometer counting rates of about 
two counts per synchrotron x-ray burst. A separate fast 
discriminator and scaler were used with a relatively 
small and known deadtime to determine the normaliza- 
tion constant of counts per charge collected by the 
monitor chamber. The spectrometer signal was gated to 
remove the background of pulses that occurred at times 
between the synchrotron x-ray bursts. 

A series of separate experiments® made it possible to 
calculate and correct for the response functions of the 
spectrometer. Although the process is described in more 
detail in the reference cited, it is described briefly here. 
The response function for a specific photon energy is 
defined as the frequency distribution of pulses obtained 
from the spectrometer when bombarded by monoener- 
getic x-rays. The response functions for all the x-ray 
energies studied in this experiment were obtained by 
two procedures. First, in the x-ray energy range from 10 
to 20 Mev, information obtained from response func- 
tions for monoenergetic electrons permitted a synthesis 
of the response functions for x-rays. Second, above 20 
Mev, the response of the spectrometer to various photon 
energies was determined by an activation method with 
bremsstrahlung spectra directed at the spectrometer. 
The pulse-height distributions produced by the spectra 
were examined with single fixed channels on the differ- 
ential analyzer. The contributions of the spectrometer 
voltage pulses to the single channel depended on the 
relative energy position of the channel and the maxi- 
mum energy in the x-ray spectrum. The curve of the 
number of pulses contributed to a given single channel 
by various maximum-energy spectra is called the activa- 
tion curve. The response function was obtained by 
interpreting the integral expression for the activation 
curve. 

These data on the response function details as ob- 
tained by the two methods were used to manufacture 

®H. W. Koch and J. M. Wyckoff, Proceedings of the Sixth 


Scintillation Counter Symposium [IRE Trans. on Nuclear Sci. 
NS-5, 127 (1958 
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the 56 element by 56 element matrix describing the 
response functions that was encoded for use on an 
electronic computer. Each of the features of the response 
function such as resolution, area, amplitude and location 
of the peak with respect to the complete deposition of 
photon energy in the spectrometer were plotted and 
smoothed in the construction of the matrix. The basic 
energy reference for this matrix was the energy de- 
posited in the crystal as obtained experimentally from 
the 4.43-Mev C” gamma-ray line from a RaD(a,Be) 
source. The application of this matrix will be discussed 
in the next section. 


Ill. DATA AND RESULTS 


Figure 2 gives the pulse-height distributions as plotted 
by the pen recorder on the output of the analyzer for 
three different lengths of carbon. The first step in 
analyzing these data was to correct for unequal analyzer 
channel width (a maximum of 9%) and for background. 
The data were then normalized to a given ionization 
charge collected on the plates of the monitor chamber. 
The results are given in Fig. 3. An uncorrected attenua- 
tion coefficient may be calculated for each analyzer 
channel with these data. These coefficients reflect a 
weighted average of the attenuation coefficients in a 
broad energy band, since a family of energies, as shown 
in Fig. 4, contribute to the counts in any given analyzer 
channel due to the shape of the spectrometer response 
functions. The correction for this detector response was 
small at most energies but required a fairly detailed 
evaluation. 

The definition and the determination of the correction 
factor can be understood from the definition of the 
attenuation coefficient, 7, in cm*/g by the equation: 


— In (J in/Tout)/px, (1) 


where Jj, is the number of photons incident and Ju: is 
the number transmitted by an attenuator, p is the 
density in g/cc, and «x is the length of the attenuator in 


centimeters. The correction factor, A, to obtain this 


attenuation coefficient from the uncorrected attenuation 
coefficient, Tc, is defined by: 


TY Tr 
en (2) 
Te In (Cin/Cout)/px 


where the denominator contains a ratio of counts, 
Cin/Cout, in place of the ratio of photons in Eq. (1). A 
was calculated from an estimated attenuation coeffi- 
cient, 77, and from the ratio of counts obtained from 
predicted pulse-height distributions. The predicted dis- 
tributions for a given attenuator were computed from an 
assumed bremsstrahlung spectrum, using the 77, and the 
response function matrix. The correction factor for 
carbon as well as the other attenuators is shown in 
Fig. 5. It is seen that the correction factors do reflect the 
assumed nuclear cross sections. Fortunately, the factors 
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Fic. 3. Pulse-height distributions produced by 90-Mev brems- 
strahlung that have passed through seven different of 
graphite. The absorber characteristics are tabulated in Table I. 
These curves have been corrected for channel width and back- 
ground and have been normalized to a common input as measured 
by the monitor. 
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Fic. 4. Three inverse response function curves. These show the 
photon energies that contribute to the particular pulse heights of 
21, 41, and 81 Mev for the 5-in. diameter by 9-in. long NaI (T1) 
spectrometer. The data for each curve is taken from one row of the 
response function matrix.* The columns of this matrix are the 
response functions. 


are small ratios even at the giant resonance energies, 
and, therefore, are relatively insensitive to the assump- 
tions on spectra, attenuation coefficients, and response- 
function shapes. The application of the factors for 
carbon to the uncorrected attenuation coefficients ob- 
tained from Fig. 3 results in the fully corrected attenua- 
tion coefficients for carbon shown in Fig. 6. 

As a test of the sensitivity of this procedure to the 
assumed attenuation coefficients the fully corrected 
coefficients if Fig. 6 were used to recalculate the response 
function correction factors. As new factors were only 
slightly different than those used in Fig. 3 and were 
within the uncertainties listed in Table III only the 
original values were used in this paper. 
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Fic. 5. Response function correction factors for the attenuation 
coefficients obtained from the pulse-height distributions for 
hydrogen, carbon, water, and aluminum. These factors have been 
calculated using assumed coefficients and the response function 
matrix to predict the pulse-height distributions. 
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As shown in Table I, the experimental effort empha- 
sized carbon for which seven different lengths were used. 
A least-squares fit to the logarithm of the resulting ex- 
perimental counts versus carbon length gave uncorrected 
ratios of counts per channel that were well determined. 
The experiments with other attenuators were referred to 
the pulse-height distributions obtained with one specific 
length of carbon in order to improve the accuracy. The 
data obtained with the reference length of carbon were 
used to extrapolate the pulse-height distributions to the 
zero attenuator situation by means of the detailed car- 
bon experiments. This procedure made it unnecessary to 
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Fic. 6. Predicted attenuation coefficients (solid lines) (see 
text) and experimental points for hydrogen, carbon, water, and 
aluminum. 


measure the pulse-height distribution for an unfiltered 
x-ray beam in terms of an absolute monitor current. The 
drift corrections to this monitor current would have 
been large due to the small photon flux required to 
prevent jamming the spectrometer. The drifts would 
have made the measurements difficult. Consideration of 
this method will show that the attenuation coefficients 
of water and aluminum are only slightly sensitive to the 
uncertainties in density, lengths, or assumed attenua- 
tion coefficients of the carbon attenuators. 

The procedure for hydrogen was slightly different 
than that for the other materials. The hydrogen attenu- 
ation coefficient a ratio of the 


was obtained from 
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photons transmitted by graphite and cyclohexane 
(CsHi2) attenuators containing the same number of 
carbon atoms. The difference in the attenuators was 
82.7 g/cm? for hydrogen. Although this thickness was 
equivalent to 11.8 meters of liquid hydrogen, it was 
much less in g/cm? than the thickness of the other 
attenuators used. The probable accuracy of the hydro- 
gen results is less than that for the other attenuators 
because of the small thickness of hydrogen, the poorer 
statistical accuracy in a subtraction method involving 
two large quantities, and the relatively rapid change in 
the attenuation coefficient with energy. 

The fully corrected experimental coefficients for 
hydrogen, carbon, water, and aluminum are tabulated 
in Table II and shown in Fig. 7(a), (b), (c), and (d). A 


TaBLe I. Summary of attenuation coefficient experiments.* 





Synchro- 
tron 
energy 
Mev 


Time 
minutes 


Length Dimensions 
g/cm? inches 


Symbol 


0 90 30 
1L carbon , 90 
2L carbon : . 90 133 
3L carbon AS t 90 
4L carbon 396. . OO 136 
5L carbon y y 90 
6L carbon : J W) 
7L carbon . : 90 142 
BG carbon ; 90 14 
+4in. Pb 

0 129 
Carbon 51. 2.0 654 


Aluminum 


1.5 1.625 187 
2.0 diam 207 


427.71 
527.42 


Aluminum 
Carbon 


Water 


2.0625 i.d. 184 


Water 90 
2.0 diam 90 207 


Carbon 


461.50 
527.42 


Hydrogen 
2.0625 i.d. 90 236 
2.0 diam 90 114 


579.07 
496.43 


Cyclohexane 
Carbon 





* Liquids were in aluminum tubes; carbon was in the form of graphite 
rods; aluminum was in the form of extruded bars. 5 


predicted coefficient that will be discussed in the next 
section is also drawn on these figures. 

An additional method of determining the coefficient 
was the detailed prediction of the shapes of pulse-height 
distributions produced by x rays transmitted by one 
particular length of absorber. The predictions allowed a 
sensitive test of the magnitude and a test of the shape, 
within limitations imposed by the resolutions of the 
spectrometer, of the giant resonance nuclear cross sec- 
tions around 20 Mev. For these tests, the synchrotron 
was operated at about 35 Mev to produce pulse-height 
distributions of very excellent counting statistics. The 
results without an attenuator are shown in Fig. 8 and 
are compared with a predicted curve. Experiments were 
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Taste II. Experimental attenuation coefficients in cm*/g. 





Carbon 


0.01795 
0.01648 
0.01626 
0.01566 
0.01507 
0.01482 
0.01465 
0.01453 
0.01446 
0.01440 
0.01440 
0.01440 
0.01442 
0.01442 
0.01442 
0.01445 
0.01445 0.02472 
0.01447 0.02500 


Water 
0.02026 
0.01883 
0.01846 
0.01766 
0.01721 
0.01701 
0.01693 
0.01684 
0.01677 
0.01675 
0.01676 
0.01681 
0.01685 
0.01685 
0.01687 
0.01696 
0.01699 
0.01711 


Aluminum Hydrogen 


0.02521 
0.02239 
0.02018 
0.01822 
0.01702 
0.01622 
0.01546 
0.01472 
0.01409 
0.01375 
0.01347 
0.01310 
0.01293 
0.01258 
0.01233 
0.01203 
0.01155 
0.01116 


0.02213 
0.02219 
0.02268 
0.02193 
0.02208 
0.02231 
0.02259 
0.02279 
0.02300 
0.02322 
0.02351 
0.02367 
0.02392 
0.02409 
0.02429 
0.02454 
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performed with this same 35-Mev bremsstrahlung spec- 
trum with an absorber of 351.5 g/cm? of carbon and the 
results are plotted in Fig. 9. The comparisons in Figs. 8 
and 9 with the predicted spectra are good and justify 
the assumptions to be discussed in Sec. VI-D. 


IV. ESTIMATE OF ERRORS IN THE EXPERIMENTAL 
ATTENUATION COEFFICIENTS 


Examples of the magnitudes of the major sources of 
error are given in Table ITI for hydrogen, carbon, water, 
and aluminum and for the photon energy regions, below 
and above 30 Mev. The statistical errors in standard 
deviations have been multiplied by 3 to convert them 
to maximum errors in order to combine the errors by 
quadrature with the systematic errors. The systematic 
errors are inherently maximum error estimates. 

As can be seen from the table, the density correction 
has introduced a large uncertainty. The nonuniformities 
in the graphite attenuator rods were investigated for us 
by C. T. Collett of the NBS Density group who had one 
sample rod cut into six lengths. Three of these lengths 
were turned down from 2-in. diameter to 1.25-in. and 
then to 0.75-in. diameter. The longitudinal variations 
in density of less than 0.5% did not affect the measured 


Taste III. Sources of error and estimates of uncertainties. 





Response function, % 


Energy Correc- 
Seaton sity uncer- tion 
a : 
‘o 


% tainty 


Energy Den- 
range 


Total 
Mev 


Material 


Hydrogen 


13-30 
30-80 


| 
| 
| 
} 


0.9 
16 


~ 
ot | .9 


6S Sb Soe KU/e 


Carbon 13-25 
25-30 


30-80 


o=-- 


13-25 
25-30 
30-80 


13-25 
25-30 
30-80 


Aluminum 
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1266 M. WYCKOFF 
attenuation. However, the centra! zone through which 
the x-rays passed had a mean density of 1.6637 com- 
pared to 1.6640 for the 1.25-in. sample and 1.6809 for 
the full 2-in. sample. Thus a 1.0% correction was applied 
to the gross density measurements of the graphite rods 
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with an uncertainty of +0.2% estimated to account for 
nonuniformity from rod to rod. The density determina- 
tion for the aluminum attenuator had an assigned 
uncertainty of +0.002%. Due to the “difference 
method” used for the measurements of the hydrogen 
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Fic. 7. Detailed plot of attenuation coefficients for (a) hydrogen, (b) carbon, (c) water, and (d) aluminum showing the predicted 
curves electronic (see text) and the experimental curves. The maximum error is indicated on (a) while only the statistical accuracy is 
indicated on (b), (c), and (d). The results of the Circular 583 carbon calculation are shown. The carbon curve has been plotted for a pair 
correction factor of 1.000 and 1.0300 in addition to the value 1.0225 used for the water and aluminum curves. The synthesis of a nuclear 
cross section is shown for carbon, water, and aluminum as well as the experimental nuclear cross section. The latter was obtained by 
subtracting the predicted curve for the electronic processes only from the experimental! points. Experimental points of Lawson® at 88 Mev 
and Moffatt et al. at 94, 68, and 42 Mev are shown by triangles as are some of the lower energy results tabulated in reference 1. 
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Fic. 7.—Continued 


coefficient, the uncertainty due to the carbon density 
had a large effect on this particular coefficient. 

The estimates of the uncertainties in the attenuation 
coefficient due to uncertainties in the response-function 
correction factor have been subdivided into two con- 
tributions in Table III. The first estimate listed as 
“Response function (Energy uncertainty)” results from 
an assumption of a +2% energy uncertainty in the 
synchrotron energy calibration which influences the 
assignment of energies in the response function matrix 
above 30 Mev as previously described in the discussion 
of the two methods for obtaining the response functions. 


In the energy range from 25 to 30 Mev, this uncertainty 
in the attenuation coefficients due to this energy un- 
certainty was assumed to be half as large as that above 
30 Mev. Below 25 Mev no uncertainty was assumed. 
The second uncertainty labelled “Response function 
(Correction factor)” was due to the uncertainty in the 
response-function correction factor which was taken to 
be } of the percentage correction factor. 

While the uncertainties listed below 25 Mev are not 
appreciably larger than those above this energy, it 
shoula be noted that the sensitivity of the response 
function correction factor to the assumed giant reso- 
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Fic. 8. The predicted 
pulse height distribu- 
tion (solid line) for 
a 35.3-Mev bremsstrahl- 
ung spectrum passing 
through the donut wall 
and monitor ionization 
chamber to strike a 5-in. 
diameter by 9-in. long 
Nal(T]1) total absorption 
spectrometer. A Davies- 
Bethe-Maximon?  spec- 
trum using Hisdal’s* 
target correction was as- 
sumed in the prediction. 
The plotted experimen- 
tal points have been 
corrected for channel 
width, and background 
was negligible. The pre- 
dicted curve has an 

| arbitrary vertical nor- 
malization. 





2 
PULSE HEIGHT, Mev 


nance is largest in this region and that in addition the 
broad response function of the crystal makes it im- 
possible to resolve fine detail in this region. These 
sources of uncertainty have not been appraised in detail 
here but should be borne in mind in the interpretation of 
the giant resonance region. 

The small sources of error of recombination of the 
ions in the monitor chamber and photon inscattering 
effects for the present geometry were less than 0.05%. 
Uncertainties introduced by electrometer drift, channel 
width changes, electrometer condenser measurement, 
liquid temperature corrections and attenuator material 
impurities were negligible. 

V. PREDICTIONS OF THE TOTAL ATTENUATION 

COEFFICIENTS 

The predictions of Tables IV(a) and (b) that are 
shown in Figs. 7(a), (b), (c), and (d) will be described in 
detail in this section. The major attenuation processes 
from 30 to 80 Mev for which there are theoretical pre- 
dictions—pair production, triplet production, Compton 
scattering, and nuclear absorption by the quasi-deuteron 
process—are discussed in part A. The nuclear processes 
that are important in the giant resonance region around 
20 Mev will be discussed in part B. 


A. Electronic and Quasi-Deuteron Contributions 


1. Pair Production 


The major contribution to the total cross section for 
carbon, water, and aluminum is pair production in the 


field of the nucleus. Calculations of this cross section for 
nonscreened nuclei were made by using Bethe-Ashkin’s*® 
formula 110, originally derived by Bethe-Heitler.” This 
formula gives cross sections for carbon in millibarns that 
are 76.28 (10 Mev), 110.08 (15 Mev), 117.14 (20 Mev), 
141.48 (30 Mev), 161.13 (40 Mev), 174.96 (50 Mev), 
186.23 (60 Mev), 204.41 (80 Mev), and 218.74 (100 
Mev). Other materials go as the ratio of their Z* values. 
These values should be more accurate and at 60 Mev 
are about 1% below those that are evaluated by using 
the nonscreened version of the simpler expression, 
Bethe-Ashkin’s® formula 114. 

The pair cross section listed for hydrogen was calcu- 
lated using formula 114. A comparison of the 60-Mev 
result with a more accurate formula 110 calculation 
with a screening correction showed the results listed 
here to be about 1% low. As the pair contribution to the 
hydrogen cross section was small this was considered 
acceptable. No correction was made for effects on the 
hydrogen coefficient of the cyclohexane molecular bind- 
ing since the correction is negligible. These effects will 
reduce the screening correction which is only 1% at 
60 Mev. 


Two corrections to the nonscreened cross sections for 


*H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segr2, Vo!. I (John Wiley and Sons, Inc., New York, 
1953), 1st ed., pp. 326, 327. These formulas were evaluated with 
the help of R. A. Schrack to whom we are indebted. 

”H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 
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Fic. 9. The pulse- 
height distribution (solid 
line) predicted for 34.2- 
and 35.3-Mev brems- 
strahlung that have 
passed through 351.5 
g/cm? of carbon to enter 
a 5-in. diameter by 9-in. 
long NalI(Ti) total ab- 
sorption spectrometer. 
The electronic attenua- 
tion processes only yield 
the top curve; the inclu- 
sion of the “experi- 
mental” nuclear cross 
section yields the lower 
curves. Plotted experi- 
mental points have 
corrected for channel 
width and background 
(dotted line). The verti- 
cal normalizations of the 
predicted curves are ar- 
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other attenuators must be considered. The Coulomb 
correction of Davies, Bethe, and Maximon’ has been 
applied and is everywhere below 0.4%. The screening 
correction was based on the form factor obtained from 
the Hartree self-consistent field model."-” This correc- 
tion makes the pair cross section at 60 Mev for carbon 
larger by 0.5% than that obtained from a Thomas-Fermi 
screening correction. 

As is noted in Table IV(a), the corrected pair cross 
sections for carbon, oxygen, and aluminum were multi- 
plied by a constant K=1.0225. This constant was 
justified by comparing the experimental counts per 
charge for lengths of carbon and aluminum containing 
equal numbers of electrons. The ratio of the transmitted 
x-ray intensities should depend only on the difference of 
the pair cross sections of these materials, since the Z- 
dependent cross sections for the Compton, triplet, and 
quasi-deuteron processes and their corrections should 
drop out. A correction for the detector response function 
was required to convert the ratio of the counts to the 
ratio of the photons measured. It was found that at 60 
Mev an increase of more than 2% to both the carbon 
and aluminum theoretical pair cross sections was re- 
quired in order to predict the experimental ratio of 


“A, T. Nelms and I. Oppenheim, J. Research Natl. Bur. 
Standards 55, 53 (1955). 

We are indebted to R. T. McGinnies for performing this 
calculation at 60 Mev for carbon and aluminum. The correction 
was subsequently applied to the Thomas-Fermi correction at all 
energies. 
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photons. This experiment suggested that the pair cross 
section is the major one to be modified in order to pro- 
vide a consistent agreement with the experimental total 
attenuation coefficients. 

The pair production cross section has been assumed to 
be in error for lack of a better hypothesis. However any 
nuclear or electronic process that depends on a power of 
Z greater than one would produce the same effect found 
in this experiment. 


2. Triplet Production 


Widely varying results have been obtained by several 
authors who have calculated the cross section for the 
production of pairs in the field of electrons (triplets). 
Votruba" and Joseph and Rohrlich have predicted the 
lower cross sections shown on Fig. 10. Recent calcula- 
tions by Suh and Bethe'® at Cornell and experimental! 
work of Malamud,"* and Hart ef a.” at that laboratory 
have shown a closer agreement with the early calcula- 
tion of Wheeler and Lamb" of a higher cross section 
ew at energies above 100 Mev. 


“VY. Votruba, Phys. Rev. 73, 1468 (1948); Bull. intern. acad. 
tchéque sci., Prague 49, 19 (1948). 

“ . Joseph and F. Rohrlich, Revs. Modern Phys. 30, 354 ei Y 

% Kiu S. Suh and H. A. Bethe, Bull. Am. Phys. Soc. Ser. II, 4 
13 (1959) and Phys. Rev. 115, 672 (1959). 

1 E. Malamud, Phys. Rev. ‘115, 687 (1959). 

" Hart, Cocconi, Cocconi, and Sellen, Phys. Rev. 115, 678 
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TaBLe IV. Calculated attenuation coefficients. 


Nuclear 
giant 
res. 
barns 


Pair” 
barns 


Triplet® 
barns 


Compton* 
barns 


Energy 
Mev 


Hydrogen 
0.0011 
0.0018 
0.0023 
0.0031 
0.0037 
0.0041 
0.0045 
0.0051 
0.0056 


0.0510 
0.0377 
0.0302 
0.0220 
0.01746 
0.01456 
0.01254 
0.00988 
0.00820 


0.0021 
0.0027 
0.0032 
0.0039 
0.0044 
0.0048 
0.0051 
0.0056 
0.0060 


10 
15 
20 
» 
40 
50 
60 
80 
100 


Carbon 
0.0070 
0.0110 
0.0140 
0.0190 
0.0220 
0.0250 
0.0270 
0.0300 
0.0333 


0.0775 
0.1013 
0.1181 
0.1415 
0.1590 
0.1727 
0.1828 
0.1987 
0.2107 


10 
15 
20 
30 
40 
50 
60 
80 
100 


0.3060 
0.2260 
0.1814 
0.1319 
0.1048 
0.0874 
0.0752 
0.0593 
0.0492 


0.0 

0.0080 
0.0090 
0.0048 
0.0016 
0.0010 
0.0 


Oxygen 
0.0093 
0.0150 
0.0190 
0.0250 
0.0290 
0.0330 
0.0360 
0.0400 
0.0440 


0.1369 
0.1791 
0.2097 
0.2507 
0.2813 
0.3051 
0.3219 
0.3501 
0.3711 


0.4080 
0.3020 
0.2420 
0.1759 
0.1397 
0.1165 
0.1003 
0.0790 
0.0656 


10 
15 
20 
30 
40 
50 
60 
80 
100 


0.0 
0.0045 
0.0057 
0.0030 
0.0010 
0.0 


Aluminum 
0.0150 
0.0230 
0.0300 
0.0400 
0.0480 
0.0530 
0.0580 
0.0660 
0.0720 


0.3611 
0.4707 
0.5489 
0.6542 
0.7339 
0.7962 
0.8409 
0.9106 
0.9639 


0.0 

0.0013 
0.0466 
0.0072 
0.0049 
0.0009 
0.0 


10 
15 
20 
30 
40 
50 
60 
80 
100 


0.6630 
0.4900 
0.3930 
0.2860 
0.2270 
0.1893 
0.1630 
0.1284 
0.1065 


Water 

10 
15 
20 
30 
40 
50 
60 
80 
100 


* Compton-Klein-Nishina. 

» Pair (Unscreened Bethe and Heitler 
© Triplet—Borsellino. 

4 Nuclear—experimental (see text). 

* Quasi-deuteron—Levinger with Danos quenching from Whalin exp. 
t Conversion factor—R = (cm*/g)/(barns/atom). 


In the present synthesis the calculation of Borsellino,’ 
which is intermediate between these two extremes, has 
been used as the basis of the triplet calculation. His 
calculation approaches Wheeler and Lamb in the high- 


’ A. Borsellino, Helv. Phys. Acta 20, 136 (1947); Nuovo cimento 
4, 112 (1947). 


deuteron*® 


Hartree screening—Coulomb corrections). This was multiplied by 1.0225 for C, O, and 


Total without 
nuclear 
barns 


Total with 
nuclear 


barns cm 


Quasi- 


barns 2/9 cm*/g 
R =0.5997! 
0.03250 
0.02531 
0.02141 
0.01739 
0.01535 
0.01409 
0.01325 
0.01235 
0.01187 


0.0542 
0.0422 
0.0357 
0.0290 
0.0256 
0.0235 
0.0221 
0.0206 
0.0198 


R=0.05016 
0.01959 
0.01697 
0.61613 
0.61512 
0.01460 
0.01444 
0.01442 
0.01453 
0.01478 


0.3905 
0.3383 
0.3215 
0.3014 
0.2910 
0.2879 
0.2875 
0.2896 
0.2946 


same 
0.3135 
0.2924 
0.2862 
0.2863 
0.2865 

same 


0.01573 
0.01467 
0.01436 
0.01436 
0.01437 


0.0000 
0.0004 
0.0012 
0.0015 
0.0016 
0.0014 


R=0.03765 
0.02087 
0.01868 
0.01789 
0.01722 
0.01707 
0.01718 
0.01733 
0.01774 
0.01817 


0.5542 
0.4961 
0.4752 
0.4573 
0.4535 
0.4561 
0.4602 
0.4712 
0.4825 


Same 
0.4707 
0.4516 
0.4505 
0.4561 

same 


0.01772 
0.01700 
0.01696 
0.01717 


0.0000 
0.0005 
0.0015 
0.0020 
0.0021 
0.0018 


R=0.02233 
same 
0.9837 
0.9719 
0.9802 
1.0092 
1.0404 


same 


1.0391 
0.9850 
1.0185 
0.9874 
1.0133 
1.0413 
1.0651 
1.1086 
1.1455 


0.02320 
0.02200 
0.02274 
0.02205 
0.02263 
0.02325 
0.02378 
0.02476 
0.02558 


0.02197 
0.02170 
0.02189 
0.02254 
0.02323 


0.0000 
0.0003 
0.0019 
0.0032 
0.0036 
0.0031 


R=0.03344 
0.02216 0.6626 
0.01941 0.5805 
0.01828 0.5421 
0.01723 0.5096 
0.01688 0.5017 
0.01682 0.5031 
0.01686 0.5043 
0.01713 0.5124 
0.01746 0.5221 


0.6626 
0.5805 
0.5466 
0.5153 
0.5047 
0.5031 
0.5043 
0.5124 
0.5221 


0.02216 
0.01941 
0.01813 
0.01704 
0.01678 
0.01682 
0.01686 
0.01713 


Al. 


energy region and Votruba in the lower energy region of 
this experiment. 
3. Compton Scattering 
The cross section included for this process was calcu- 
lated by the Klein-Nishina formula for free electrons as 
tabulated in NBS Circular 583." 
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4. Phetoelectric and Other Electronic Attenuation Processes 


No electronic processes other than those discussed 
above were included in the theoretical prediction. Most 
oi the additional effects are either small or could not be 
included properly. For example, (a) the photoelectric 
cross section is 2.4X10-*" cm? per atom for carbon at 
15 Mev which is negligibly small; and (b) the Delbruck 
scattering cross section is about 10~ cm? per atom for 
aluminum at 60 Mev. Other effects, such as (c) atomic 
binding effects in the Compton process, and (d) 
Rayleigh scattering by the atomic electrons are also 
expected to be small. 

The main effects that have not been included ade- 
quately are (e) the radiative corrections to the pair and 
Compton processes including the double Compton 
process.”! These corrections to the differential cross 
sections in experiments with good energy resolution (of 
the order of 100 kev) and good geometry will be large. 
For example, Brown and Feynman” estimate the 
Compton cross section correction at zero degrees (where 
the double Compton cross section is zero) will decrease 
the cross section by 3.8% at a photon energy of 50 Mev 
and 5.3% at 150 Mev. Also, Bjorken, Drell, and 
Frautschi” show that the large-angle pair cross section 
will have a radiative correction less than 5%. However, 
in the present experiment, the corrections of interest are 
those that change the integrated cross section for removal 
of photons from the detector. The present detector 
arrangement has the characteristics of good geometry 
but relatively poor energy resolution. For this case, the 
radiative corrections to the total attenuation cross 
sections are uncertain as to sign and magnitude as far as 
the present authors have been able to determine. 

In spite of the possible importance of the radiative 
corrections, the predicted attenuation coefficients were 
calculated without the radiative corrections and without 
the other electronic processes (a) to (d). 
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CALCULATED CARBON TRIPLET CROSS SECTION 





CROSS SECTION, mb 


40 
PHOTON ENERGY, Mev 


Fic, 10. Five different carbon triplet cross section predictions. 
From top to bottom they are (a) Wheeler and Lamb," (b) (1/Z) 
times the corrected pair cross section, (c) Borsellino,” (d) Wheeler 
and Lamb with an exchange correction suggested by Joseph and 
Rohriich,“ and (e) Votruba.4 


»W. Heitler, The Quantum Theory of Radiation, (Clarendon 
Press, London, 1954), 3rd ed., p. 227. 

2 L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 

*® Bjorken, Drell, and Frautschi, Phys. Rev. 112, 1409 (1958), 
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Tas ie V. Photonuclear cross-section data. 


Refer- 


Reaction ence 


Isotope Energy range Cross section 


Absolute “30 
Absolute 28 
Absolute 29 


19-38 Mev 
16.5-24 Mev 
24-50 Mev 


c= (y,") 
(y,~)g-5. 
(y,p)g-s 
(y,n) 16-22.5 Mev Absolute plus ex- 31 

trapolation to 

23 Mev 
Absolute 28 
Shape normalized 

io total abso- 

lute @ at 23 

Mev 


18-25 Mev 
23-45 Mev 


(y,P) 
(y,?)g-S. 


16-22 Mev 
15-24 Mev 
22.5-40 Mev 


Absolute 

Absolute 

Shape normalized 
to total abso- 
lute o at 22.5 


5. Quasi-Deuteron Production 


Levinger™ has proposed that the quasi-deuteron 
cross section may be calculated by the formula o,4 
=(6.4NZo,4)/A for high energies. Barton and Smith™* 
found that this expression was in agreement with their 
measurements on helium and lithium with 280-Mev 
bremsstrahlung. Danos® has calculated an approximate 
quenching factor that reduces this cross section to 40% 
of this value for carbon at 50 Mev and 30% for alumi- 
num at this energy. Based on the deuteron cross-section 
measurements of Whalin ef al.,* the quasi-deuteron 
cross section listed in Table IV were calculated using 
this quenching factor. The relatively small values of 
this component as well as the variation with Z similar to 
the triplet cross section makes it difficult to evaluate the 
correctness of this calculation from this experiment. 


B. Nuclear Attenuation Processes in the 
Giant Resonance Region 


The only important nuclear processes”’ in the energy 
range from 13 to 40 Mev are those leading to neutron 
and proton production. Unfortunately, the only com- 
plete data on these processes are for carbon. Table V 
gives the references*** for this and other materials for 


% J. S. Levinger, Phys. Rev. 84, 43 (1951). 

“M. 9. Barton and J. H. Smith, Phys. Rev. 110, 1143 (1958). 

7* M. Danos, Bull. Am. Phys. Soc. Ser. I], 4, 102 (1959); and 
private communication. 

2° Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 

2? The photoalpha production process is reported by F. K. 
Goward and J. f Wilkins, Cross Sections for the Photo-Disinte- 
grations *C (y,3a) and *O(y4a), Atomic Energy Research Estab- 
lishment Memorandum G/M127 (Ministry of Supply, Harwell, 
1952); It has a maximum of 0.4 millibarn and was not included in 
these calculations. Similarly the (7,7) process with a 0.1 millibarn 
maximum was neglected. 

** Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 

™*S. Penner and J. E. Leiss, Phys. Rev. 114, 1101 (1959); Bull. 
Am. Phys. Soc. 3, 56 (1958); and private communication. 

*” Barber, George, and Reagan, Phys. Rev. 98, 73 (1955). 

" Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 
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Fic. 11. The (y,#), (y,p), and (y,p*) components of the total 
nuclear cross sections. The sum of these is labeled “synthesis” and 
the experimental cross sections (see text) are shown for (a) carbon, 
(b) oxygen (water), and (c) aluminum. The references for these 
data are listed in Table V. 


which the nuclear cross section has been synthesized. 
For carbon-12 the photoproton cross sections used up to 
2 Montalbetti, 
(1953). 
% J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 


Katz, and Goldemberg, Phys. Rev. 91, 659 
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24 Mev which presumably correspond only to ground- 
state transitions in the boron-11, are those given by 
Cohen et al.”* At energies above 21 Mev it is necessary to 
include the excited state transitions as measured by 
Penner and Leiss.” The photoneutron cross sections 
measured by Barber, George, and Reagan™ by a study 
of the 20-minute carbon-11 radioactivity automatically 
include both the ground- and excited-state transitions. 
However, the (y,2m) with a threshold of 
32 Mev would not be included. 

The oxygen (y,p) and (y,) data of Cohen et al.”* and 
Katz et al.," respectively, were used in the synthesis of 
a total nuclear cross section up to 23 Mev. Above 23 
Mev the shape of the (7,p) cross section corresponding 
to ground-state transitions found by Penner and Leiss 
was used to provide the total nuclear cross section by 
normalizing their cross section to the lower energy data 
at 23 Mev. The same procedure was followed for 
aluminum by using the relative cross sections found by 
Penner and Leiss for ground-state transitions with a 
normalization at 22.5 Mev. The resulting predictions are 
marked “synthesis” in Fig. 7 and Fig. 11. 

The experimental, “‘nuclear absorption” curves shown 
on these figures result from a subtraction of the pre- 
dicted electronic and quasi-deuteron components from 
the experimental total attenuation coefficient. Above 
the energies of the giant resonance peak, the experi- 
mental total attenuation coefficient given by the points 
on the figures were obtained as described in Sec. IIT. At 
the giant resonance energies these same data are avail- 
able and are shown on the figures. However, greater 
reliance in the giant-resonance energy region was placed 
on the shape and magnitude of the total coefficient ob- 
tained from detailed matching of pulse-height distribu- 
tions as demonstrated in Fig. 9. Therefore, the experi- 
mental data in the solid curves drawn at the top of 
Fig. 7(a)—-(d) do not necessarily pass through all the 
experimental points obtained from the attenuation ex- 
periments with different attenuator lengths. In those 
cases, the solid curve is regarded as the experimental 
result. 


cTOSsS se¢ tion 


VI. DISCUSSION OF RESULTS 


A. Total Cross Sections in the Energy Range 
from 30 to 80 Mev 


The most accurate results from this experiment are 
the total cross sections in the energy range from 30 to 
80 Mev where the cross section varies slowly with 
energy and the spectrometer resolution corrections are 
small. When a comparison of the experimental points in 
Fig. 7(a), (b), (c), and (d) are made with the predictions 
of Grodstein,' the experimental results are consistently 
higher. The Grodstein values were obtained with a 
slightly inaccurate pair cross section, Votruba triplet 
cross section, and a Klein-Nishina Compton cross sec- 
tion. Each cross section choice will receive comment. 

An increase of the pair cross section values, as de- 
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scribed in Sec. VA1, can be justified for three separate 
reasons. First, the experiment performed with equal 
numbers of electrons per square centimeter in a carbon 
and aluminum attenuator required about a 2% increase 
in the pair cross-section values at 60 Mev. Second, the 
triplet cross section is not a large enough fraction of the 
total cross section in carbon and aluminum attenuators 
at 60 Mev to be able to explain the discrepancy between 
the Grodstein value and the experiment. Therefore the 
pair cross section is suspect. Third, the high-energy ex- 
perimental results (60-300 Mev) on total attenuation 
cross sections summarized by Malamud" are almost all 
larger by 1 to 3% than the theoretical predictions for 
high atomic number attenuators where the pair cross 
sections predominate. 

Unfortunately, no theoretical reason is available to 
explain the 2.25% increase in pair cross section that was 
used in the present interpretations. Therefore, it was 
assumed that the increase was independent of energy 
and it was applied to the pair coefficients for carbon, 
water, and aluminum. No increase in pair cross section 
was assumed in the case of hydrogen. 

If the increase in the pair cross section is accepted and 
the validity of the uncorrected Klein-Nishina Compton 
cross section is assumed, then the remainder cross 
section may be evaluated as a triplet cross section. This 
type of comparison has been made in Table VI at 60 
Mev for hydrogen, carbon, water, and aluminum. Also 
listed are each of the calculated triplet cross sections 
illustrated for carbon in Fig. 10. The conclusion to be 


drawn from this comparison is that the Votruba® triplet. 


cross section is too small and outside the limits of 
the present interpretations. On the other hand the 
Borsellino® triplet predictions permit a good comparison 
with the experiment. 

The assumption that the Compton cross section is 
given by the Klein-Nishina formula might be incorrect 
because of the radiative corrections calculated by Brown 
and Feynman.” For carbon, water, and aluminum at 
60 Mev the Compton cross sections are a relatively 
small part of the total cross sections. However, the total 
cross section in hydrogen is predominantly affected by 
the Compton cross section. In this case [Fig. 7(a) ], the 
experimental results are, within the experimental uncer- 
tainties, the same as the predicted cross sections ob- 
tained with the Klein-Nishina Compton, the Bethe- 


TaBxe VI. Triplet calculation at 60 Mev in millibarns. 





Hydrogen Carbon Water Aluminum 


21.71240.21 287.284060 502.3941.7 10645424 
12.54 75.2 125.4 163.0 


Exp. total* 
Compton 

Corrected pair Aj 1828 332.1 
Remainder “triplet” 0720.21 29.204060 45. 


840.9 
+1.7 60.6224 
Votruba triplet 3. 20 29 42 
Borsellino triplet ’ 27 45 58 
(1/Z) Xpair 5. 30.5 415 64 
Wheeler and Lamb 31 $2 68 
W-L with exchange 21 35 45 





® Only statistical errors have been indicated in this table. 
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Heitler pair, and the Borsellino triplet cross sections. 
Therefore, this result suggests that corrections to the 
integrated Compton cross section are small. 


B. Total Cross Sections in the Energy Range 
of 13 to 18 Mev 


Though the experimental results are about 1% higher 
than the predictions in this region, the large uncer- 
tainties arising from the response function correction 
factors and energy assignments make the agreement 
within the experimental uncertainties. The biggest dis- 
agreement is with the recent nuclear detector data of 
Bergsteinsson et al.“ who found experimental values at 
14 to 20 Mev that were lower than the present experi- 
ment ; this difference is not presently understood. 


C. Pulse-Height Predictions 


The comparison in Fig. 8 of the predicted and experi- 
mental pulse-height distributions obtained without an 
attenuator was a consistency check of the response 
function matrix and the assumed spectrum. The spec- 
trum was taken to be that predicted by Davies, Bethe, 
Maximon? with a target thickness correction suggested 
by Hisdal.” In addition, the distributions obtained with 
a carbon attenuator, as shown in Fig. 9, permitted a 
detailed test of the assumed attenuation coefficients in 
the giant resonance region. Small trial deviations from 
the experimental nuclear absorption coefficients as 
plotted on Fig. 7, led to rather large departures from the 
experimental curve of Fig. 9. The comparisons in both 
Figs. 8 and 9 are good except for the details at the high- 
energy end of the spectrum where the data are de- 
pendent on the accuracy of the response function in- 
formation. For example, both experiments plotted in 
Figs. 8 and 9 were made with a nominal 35-Mev 
synchrotron energy. In obtaining a best fit to these 
distributions it was necessary to use 35.3 Mev as the 
peak energy for the no-attenuator experiment, while 
34.3 Mev gave the best fit for the carbon-attenuator 
experiment shown in Fig. 9. These different energy 
values probably indicate the lack of an accurate re- 
sponse function shape in the 35-Mev region and the 
problem of fitting a distribution which approaches the 
base line asymptotically. In order to demonstrate the 
independence of the results in the giant resonance 
energy region on the peak energy values, the 35.3-Mev 
spectrum has been plotted on Fig. 9 for comparison. 


D. Nuclear Cross Sections 


The least accurate results from this experiment are 
the total nuclear attenuation cross sections, since they 
result from the subtraction of an uncertain electronic 
contribution from the total attenuation cross section. In 
addition, the response function of the spectrometer, 


* Bergsteinsson, Robinson, Siddiq, Horsley, and Haslam, Can. 
J. Phys. 36, 140 (1958). 
* EF. Hisdal, Phys. Rev. 105, 1821 (1957). 
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which has a full width at half maximum of 15% at 22 
Mev, cannot be expected to resolve fine structure or 
rapid variations in the nuclear cross section. However, 
it is believed significant comments can be made about 
the differential and integrated cross sections. 

The differential nuclear cross sections are given by the 
curves of Fig. 11 for carbon, oxygen, and aluminum and 
are labeled “experiment.” These cross sections are un- 
certain by about + 15% in the giant resonance and high- 
energy tail regions largely because of the uncertainties 
in the removal of the electronic contributions to the 
total cross section. However, the experimental! nuclear 
cross sections should be systematically in error as a 
function of the atomic number of the attenuator. For 
example, the electronic contribution was removed by 
subtracting the sum of the Compton, triplet, and an 
increased pair cross section. The factor of increase for 
the pair cross section was 1.0225. If this factor at 22 Mev 
should have been smaller then all of the nuclear cross 
sections would be larger. Therefore, the fact that the 
carbon cross sections (synthesis and this experiment) at 
the peak of the giant resonance agree, and that carbon 
has been examined in great detail by previous experi- 
ments, suggests that the discrepancy for oxygen is real. 
In addition, the increase in the oxygen total nuclear 
cross section above the synthesized value is consistent 
with the oxygen scattering results of Garwin and 
Penfold.*® 

The differential nuclear cross sections measured by 
Ziegler,*’ and Kockum and Starfelt®* for aluminum by a 
total attenuation technique similar to that of the 
present experiment are somewhat smaller than cross 
sections obtained in this experiment. The results of 
Mihailovié et al.” are considerably larger. 

The integrated cross sections obtained from the areas 
under the curves of Fig. 11 have been compared in 
Table VII with the cross sections calculated by use of 
the Gell-Mann, Goldberger, and Thirring® sum rule: 


f odk = (0.06NZ/A)[1+ (0.1A2/NZ) ] Mev barns, (3) 
0 


where yu is the energy of the photomeson threshold. The 
same integrated cross section for carbon, oxygen, and 
aluminum was obtained using slightly different ap- 
proximations by the earlier work of Levinger and 
Bethe when the fraction of attractive exchange force, 
x, in their model was assumed to be 0.5. The sensitivity 
of the experimental value of the integrated nuclear cross 

% E. L. Garwin and A. S. Penfold, Bull. Am. Phys. Soc. Ser. IT, 
4, 288 (1959) 

*7 B. Ziegler, Physik 152, S. 566 (1958). 

88 J. Kockum and N. Starfelt, Nuclear Instr. 5, 37 (1959). 

* Mihailovié, Pregl, Kernel, and Kregar, Phys. Rev. 114, 1621 
(1959) 

Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 

4! J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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section is demonstrated in the table by the reduction of 
the integrated cross section for carbon by 13% when the 
pair correction factor is increased from 1.0225 to 1.03. 
Partly because of this sensitivity, the assigned uncer- 
tainty to the experimental integrated cross sections is 
+ 15%. Therefore, the oxygen and aluminum integrated 
cross sections may be considered to agree with the 


TABLE VII. Integrated cross sections in Mev barns, 
sum rule comparisons 


K =1.0225 
Oxygen Aluminum 


K =1.03 
Carbon 


Carbon 


Nuclear 
Quenched quasi-deuteron 


Total 
G-G-T sum rule 


0.267 
0.110 


0.191 
0.141 


0.373 
0.233 


0.219 
0.110 
0.377 
0.252 


0.332 
0.341 


0.606 
0.567 


0.329 
0.252 


Ratio: Total exp./Sum rule 1.50 0.974 1.069 1.31 


theoretical sum rules while the carbon value is somewhat 
higher than expected. 


VII. CONCLUSIONS 


The principle on which the present experiment was 
based was the simultaneous recording of all x-ray ener- 
gies in a spectrum transmitted by very long attenuators. 
The long attenuators that could be used because of the 
high sensitivity of the sodium iodide spectrometer per- 
mitted the accurate determination of attenuation coeffi- 
cients, particularly when the coefficients varied little 
with photon energy. 

Two main conclusions may be drawn from these 
determinations. The first is that the total attenuation 
coefficients at 60 Mev for carbon, water, and aluminum 
are higher than would be predicted. The source of the 
discrepancy is not fully understood, although the pair 
production cross section is suspect. A 2.25% increase in 
the pair production cross sections at 60 Mev made the 
results agree with theory. 

The second conclusion concerns the nuclear cross 
sections above about 25 Mev. At these energies the 
total cross section varies slowly and can be determined 
accurately. The nuclear cross section results from a 
subtraction of an uncertain electronic contribution from 
the total cross section. However, if the procedures used 
in the paper for subtraction of the electronic contribu- 
tion are valid, then it must also be concluded that the 
high-energy tails of the nuclear cross sections are de- 
termined to better than +15% and that the cross 
sections above 25 Mev are considerably larger than 
would be predicted from a synthesis of previous photo- 
neutron and photoproton experiments. When the inade- 
quacies of the theoretical information on the corrections 
to the Compton, pair, and triplet cross sections are 
resolved, more reliable data on the total nuclear ab- 
sorption shapes can be from the present 
results. 


obtained 
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The pressure shift and the temperature coefficient of the pres- 
sure shift have been calculated for hyperfine spectra when radiat- 
ing alkali atoms are perturbed by foreign gases. The method of 
calculation is based on a suggestion by H. Margenau. Both the 
pressure shift and the temperature coefficient can be calculated 
on the basis of potential functions representing intermolecular 
forces operative when the radiating atom is in the presence of the 
perturbing atoms. The noble gas atoms have been considered 
explicitly as perturbing atoms. 

For weak interactions (small perturbing atoms) a Lennard- 
Jones (6-12) potential is adequate to give excellent agreement 
between theory and experiment. Helium and neon give rise to 
weak interactions and the frequency shifts are toward the blue. 
When the interactions are strong (large perturbing atoms), a 
simple Lennard-Jones (6-12) potential is no longer adequate to 


give reasonable agreement between theory and experiment. When 
higher order attractive terms are included in the interaction, the 
agreemert between theory and experiment is considerably im- 
proved. Argon and krypton give rise to strong interactions and 
frequency shifts toward the red. 

Numerical values are obtained for the dipole-dipole, dipole- 
quadrupole, dipole-octupole, and quadrupole-quadrupole terms in 
the intermolecular interaction. For each pair of interacting atoms, 
there are two parameters to fit two sets of data, For the case of 
the smal] perturbing atoms, one of the parameters is just the sum 
of the gas kinetic radii, so that there is essentially only one pa- 
rameter which is cdjusted to fit two pieces of data. 

The over-all agreement between theory and experiment is 
very good. 





I. INTRODUCTION 


FOREIGN (buffer) gas causes the central fre- 

quency of the spectral lines of a radiating atom 
to be displaced from its unperturbed position. This so- 
called pressure shift has been observed recently in 
hyperfine transitions in rubidium! and cesium.? Small 
atoms, of which helium and neon are examples, inter- 
acting with the alkali atoms shift the central frequency 


of the hyperfine live toward the blue (positive fre- 
quency shifts), whereas large atoms (e.g., argon and 
krypton) shift the central frequency toward the red 
(negative frequency shifts). 

Margenau, Fontana, and Klein® have calculated the 
magnitudes of these pressure shifts on the basis of the 
well-known statistical theory for the effects of perturb- 


ing atoms on radiating atoms. Their expression for 
obtaining the frequency (or pressure) shift is 


(1) 


where r is the distance between perturbing atom and 
radiation atom, U(r) is the difference in energy levels 
(of the perturbed alkali atom) which give rise to the 
hyperfine line in question, and N is the particle density 
(number of atoms per unit volume) of perturbing gas 
atoms. Equation (1) is based on the assumption of a uni- 
form distribution of perturbing gas atoms everywhere. 

A method of improving the formulation of the in- 
terpretation of this pressure shift has been suggested 
to this writer by Margenau.‘ In this new formulation, 


' Bender, Beaty, and Chi, Phys. Rev. Letters 1, 311 (1958). 

? Beaty, Bender, and Chi, Phys. Rev. 112, 450 (1958) ; - M. Arditi 
and T. R. Carver, Phys. Rev. 112, 449 (1958). 

* Margenau, Fontana, and Klein, Phys. Rev. 115, 87 (1959). 

* Private communication from H. Margenau during his visit to 
ray Technology Laboratories, Inc., as consultant, June 22-24, 
1959. 


the distribution of perturbing atoms is not taken as 
uniform; in the vicinity of the radiating atom, the 
density of perturbing atoms is governed by the Boltz- 
mann factor. Upon the introduction of this nonuniform 
density, based on the Boltzmann factor which contains 
the gas temperature, one can calculate the temperature 
coefficient of the pressure shift (as well as the pressure 
shift itself). 

Instead of Eq. (1) 
formulation is 


ad {« xo - 2) ver, (2) 


where V(r) is the potential between an alkali gas atom 
and a buffer gas atom. The temperature coefficient of 
the pressure shift is 


bp 4rN 
ed eC | - Juve (3) 
dT hkT? 


In the next section, the methods of obtaining suit- 
able forms for the potentials U(r) and V(r) will be 


discussed. 


, the pressure shift # in this present 


Il. THE INTERMOLECULAR POTENTIALS 


It is well known that both U(r) and V(r) are negative 
(attractive) for large r and positive (repulsive) for small 
r. It is also well known that the long-range attractive 
part of such potentials varies as r~*. At smaller inter- 
molecular distances, higher order attractive terms be- 
come significant. When the intermolecular distance 
becomes very small (i.e., of the order of gas kinetic 
diameters) the interaction is characterized by repulsion 
rather than attraction. Very little is known about the 
precise form of the repulsive part of the potential. 
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Two types of potentials have been used in the present 
calculations: (1) the Lennard-Jones (6-12) potential for 
V(r) and (2) the Lennard-Jones (6-12) potential with 
added r~* and r~” attractive terms for U(r). These 
potentials are 


V (r) 4e,[ (0;/r)"*— (0,/r)* ], (4) 


and 
U (r) = 4 (02/17) — (02/r)* |— (Di /r*)— (D2/r). (5) 


One could add higher order attractive terms to the form 
of V(r), but this would make no essential difference in 
the results in the present problem; furthermore, the 
mathematical aspects would become more complicated. 
The results of the calculation are more sensitive to U(r) 
and hence U(r) must be given more accurately. The 
basic difference between the forms of Eqs. (4) and 
(5) is the manner in which the repulsive parts of the 
potential are weighted. The standard Lennard-Jones 


x é! 
AE,=—- > x (- 
L,t=l M 


L 


where the M is the smaller of L or / and takes on values 
from minus L (or /) to plus L (or J). In Eq. (6), L refers 
to the noble gas atom and /, to the alkali. (2/—1)!! 
means 1-3-5---(2/—1), f, is the mean oscillator strength 
for transitions between the P and S levels of the alkali 
and f2 is the mean oscillator strength for the noble gas 
atom; both oscillator strengths are taken as unity in 
these calculations. J, is the ionization potential for the 
noble gas atom and E is the weighted mean energy of 
the P states of the alkali (the energy of the S states is 
taken as zero). More specifically 


E=4F (Py)+3E(Py)—E(S)). 
Also, 


1/B8,= (h)* ‘mE, 


where m is the mass of the electron, and 
1 Bo =a) 2 ‘fee’, 


where a is the polarizability of the noble gas atom. 
One may write Eq. (6) as 
AE ais =— (Ci r®)—[ (CytCa ) /y8 | 
—{( Coot (Cis+ Cn) /r}—--- 


L+2i+2) 


(10) 


represent dipole-dipole inter- 
actions when L=/=1; dipole-quadrupole when L=1, 
l=2, or L=2, l=1; quadrupole-quadrupole when 
L=1l=2; they are dipole-octupole when L=1, /=3, or 
L=3, l=1; etc. Margenau, Fontana, and Klein have 
written the dipole-dipole terms explicitly and this writer 
has evaluated Eq. (6) for the cases of dipole-quadrupole, 
quadrupole-quadrupole and dipole-octupole terms. Nu- 
merical values for the coefficients are calculated in this 
article. 


The terms C,,/r@ 


Aifol (2I—1)!(2L—1) 10+ L) 1(1+-L) 1) 1 ) 
pil+2i42 (28,)!(28.)4(I—M)\(1+M) !(L—-M)'(L+M)! JE+L1.) 7° 
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(6-12) potential, Eq. (4), essentially combines higher 
order attractive terms with repulsive terms to give a 
net r—” repulsion. Equation (5) weights the repulsive 
part of the potential less heavily then Eq. (4) and also 
keeps the repulsive and higher order attractive terms 
separate. 

There are several reasons for using such semiempirical 
potentials as given in Eqs. (4) and (5). In the first 
place, these potentials have the correct qualitative 
behavior and are adequate to describe interactions be- 
tween many types of gas molecules. Secondly, such 
potentials are handled easily from the mathematical 
standpoint. Thirdly, the constants €0;°, €202, D,, and 
Dy are easily calculated. 

In Eqs. (4) and (5), the negative terms represent 
what is called the van der Waals energy. The van der 
Waals energy,’ AE,, between a noble gas atom and an 
alkali atom is 


(6) 


The difference in the van der Waals energy AFyy, be- 
tween the levels which give rise to the hyperfine lines 
is given by*® 

AE nyp = AE,[ Ac/(E+I2)], (11) 
where Ae is the actual energy separation of the un- 
perturbed hyperfine levels. 

From Eqs. (4), (5), and (10), 

4¢,0;°=C i, 
4e202°=C},[ Ae/ (E+) ]=a, 
Dy= (Cit+Cn)[Ae/(E+12)], 
and 


D, =[Cot+ (Cis+Ca) [Ac (E+1,) |. 


It follows from Eqs. (6) and (10) that 


45 (eh)* fi ale 
(CiutCun) =— — -. 
8S mE eé@ 


eh)? 
x( =- (17) 
mE(2E+1+) 


315 fi (eh 4 


- (18) 
16 fo (mE) 


5 Private communication from P. Fontana of Yale University. 
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TaB.e I. Parameters involved in the interaction between buffer gas and alkali atoms. 


HYPERFINE SPECTRA 





Buffer 


Rb Cs Rb Cs 


a in units of 10-* erg cm* Cy, in units of 10™® erg cm* D, in units of 10-” erg cm* D, in units of 10-* erg cm” 


Rb Cs Rb 








34.9 

63.6 
371 
64S 
430 


$2.5 

95.5 
558 
975 
650 


30.9 

59.4 
242 
349 
264 


34.3 

65.5 
269 
394 
295 





10.3 

22.5 
135 
237 
147 


22.1 

47.8 
276 
508 
321 


6.25 
13.5 

77.0 
139 

89.3 











and 
1565 f; (eh)* 

(Cis+Cu) =— 
36 


*( 


The above expressions differ from those based on the 
usual London formula® in that (e&)*/mE is used above 
in place of a,/, (for the alkali) in the London formula. 
The level spacings in the alkali atoms makes it so that 
Eqs. (16), (17), (18), and (19) are more accurate than 
the London formulas. 

The calculated values of the parameters to be used 
in determining the pressure and temperature shifts are 
given in Table I. The van der Waals coefficient, Cy), is 
repeated in Table II in order to show how the values 
used in this article compare with other listings. 


é mE 
(eh)* 1 (aol 2)? 

_ +—. ). (19) 
(mE)? (3E+I:) fe(E+31:) 





Ill. THE PRESSURE SHIFT 


In order to evaluate the integral for the pressure 
shift of the hyperfine frequencies, given in Eq. (2), it is 
convenient to make the following substitutions : 


t= (0,/r)*, 
= (02/01)', 
= €:/kT. 


(20) 
(21) 
(22) 


Taste II. The dispersion constant in the 
van der Waals interaction. 





Cu in units of 10-" erg cm* 


34.3 

65.5 
269 
394 
295 


349 
264 





* The numbers in the column marked b an c are taken from H. S. W. 
Massey and E. H. S. Burhop, Electronic and Ionic Impact Phenomena 
(Oxford University Press, New York, 1952), p. 397. A measured value of 370 
is also listed for the He-Cs interaction. 

easured by collision cross section technique. 
* Calculated by H. S. W. Massey and E. H. S. Burhop 
4 Calculated in this article. 


*E.g., Hirshfelder, Curtiss, and Bird, Molecular Theory of 
Gases and Liquids (John Wiley & Sons, Inc., New York, 1954), 
p. 965. 


It follows that 
V (r)/kT = 48? (P —0), 

and 
U(r) = 4e2(y°F — yt) — (D,/o)5) 4? — 


Equation: (2) becomes 


(D2/o2)t® is, 


8x N “ 
seen exyo:* vf ( exp[—4*(#—2) jdt 
3h 0 


-f t exp —4er(e—1) at} 
0 


2x N D, 


0 


3h | 


D, fr” 
gin ~ f js expl 4900-0). 
oD 9 


(25) 
It will be convenient to use the following substitution : 


I(x,B) -f t* exp — 46?(F—1) jdt. (26) 
9 
Equation (25) can be written more compactly as 
b= (8x/3)(N/h)evyor'[y1 (4,8) —1(—4, 8) ] 
— (2m/3)(N/h)(D,/o1*) 
x [1(—%, 8) + (D2/oPDi)I (4,8) ). (27) 
Equation (27) can be written in terms of the two 
parameters, 8, and y. If one divides Eq. (13) by Eq. 
(12), he obtains 
€:= (a/Cy1)(a/7), 
and from Eq. (22), the above may be written 
¢3= (a/Ci) (RT S*/y). 
From Eqs. (12) and (22) 
oy =Cy'/*/ (4kT)' 888, 


Hence, Eq. (27) becomes 


(28) 
(29) 


(30) 


a 
— (kT )'6 


‘iu? 


4n N 
1(B,y) = 7 
3 AC 
2 N (4kT)*/* 
x [11 (3,8) -1(—4, 6)]--— — DB 


5/6 


6/3 


Dz (4kT)' 
x| 1 -La+——108)] (31) 
D, C 
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It is evident that #(8,y) can be positive or negative 
depending on the values of the various parameters. 


IV. TEMPERATURE COEFFICIENT OF THE 
PRESSURE SHIFT 


The same changes of variables, as used in connection 
with the pressure shift, will now be used in obtaining 
the temperature coefficient of the pressure shift (Eq. 
(3) ]. One sees that 


U(r) V (r) = 16ereryy— (y+ 1)P +8) 
+4e[ (Di/o') (0 3 j10/8) 4. (Do/o}") (88— 1 3), 


(32) 
so that Eq. (3) becomes 


a= (329N/3hRT*) €,€201*7 
[v1 ($8) — (v+1)1 (9,8) +1 (4,8) ] 
+ (89N/3hkT*) (€,D,/o1°)[1(5/6,8) —1(11/6,8) ] 
+ (8eN/3hRT?) (€,:D2/o4") 


[1 (7/6,8)—1(13/6,8)]. (33) 


Because of Eqs. (29) and (30), one may write Eq. (33) 
as a function of the two parameters 6 and y, so that 


a(B,y) = (49/3) (N/hT) (G/CC) (RT )* (48°) 
< [y1(§,8)— (v+1)7(3,8)4+14,8) ] 
+ (89/3)(N/hT)(Dy/Ci5!*) (4RT) 5/6 
<8" 907 (5/6,8)—1(11/6,8) ] 
+ (84/3)(N/hT)(D2/Cy7!") (4RT)?'® 


«6907 (7/6,8)—1(13/6,8)]. (34) 


As in the case of #(8,y), a(8,y) can be positive or 
negative depending on 8 and y. It is also true that 
a’v>O or av<O depending on the parameters. The 
alkali atoms perturbed by noble gas atoms show a and 
> of the same sign. When the alkali atoms are perturbed 
by some hydrocarbons, then a and # have been found 
(experimentally) to be of opposite sign. For 8>0.6, a is 
positive, irrespective of the value of y; whereas * can 
be positive or negative depending on the value of +. 


V. RESULTS 
1. Evaluation of Integrals 


The first step involved in obtaining #(8,7) and a(8,7) 
is the evaluation of the integrals 7(x,8) given in Eq. 
(26). Such integrals have been given in terms of con- 
fluent hypergeometric functions (also in terms of so- 
called Whittaker functions) in an extensive table of 
Mellin transforms.’ Since the functions have not been 
tabulated (numerically) for the cases of interest, the 
Mellin transform table is of little use in the present 
problem. 

There are various methods whereby one can evaluate 
the integrals, numerically. Two methods are given be- 


7 Erdelyi, Magnus, Oberhettinger, and Tricomi, Table of In- 
tegral Transforms (McGraw-Hill Book Company, Inc., New York, 
1954), Vol. 1, p. 313, Table 6.3, entry 13; also p. 386. 


BAYLOR 


ROBINSON 


low : the first method is useful for small 6 and the second 
method for large 8. 

In the first method, one makes the change of variable 
43°? =u, so that Eq. (26) becomes 


I(x,8) -{ l? exp[ —46?(P—1) ]di 


1 x 
f e~“ exp(26u!)u-"du, (35) 
2(28)7t1 


When one writes 
exp(26u!) 
it follows that 


1 + 
I(x,B) > & 
(28)? n=O 
1 » (28 

> 

hans 
n—0 2n 


(36) 


" sn+x+l1 
r( ), 
! 2 


the 


(28)"4 


where I'[ (n+x+1)/2] is well-known 
function. 

It is evident that when 6<1, only a few terms in the 
sum given in Eq. (36) are significant. Hence, for very 
small values of 8, the integrals J(x,8) are easily 
evaluated. 

The second method involves writing the integral in 
Eq. (26) as 


exp (6) . 
I(x,8)= f exp[ 
28)?*! 


where 48°? =. The additional 
(—8)=f¢ converts Eq. (37) into 


exp(6*) 7” 
f exp( C ¢ +-§ “de. (38) 
(28)7*! 


J 


gamma 


2 jé*dé, 


change of variable, 


I(x.) 


When §>>1, 
expansion, 


(¢+8)*=6*(1+4 (xt/8 


only a few terms are required in the 


and one can replace the lower limit in the integral in 
Eq. (38) by — © without any significant error. Hence, 
Eq. (38) may be written as 


exp (6°) > 
I(x,8)= p* f exp| — t* 
(aay iv. 


x 
rd ape 
8 


ra 
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Tasie ILI. Numerical values of /(x,8). 








K(x,8)= f- # exp[—4s*(# —#) \di 


x 
B 5/2 13/6 
92.42 

13.175 9 

4.718 3 

2.478 y 

1 

1 


11/6 
0.100 165.13 52. 
0.200 18.945 
0.300 6.009 
0.400 2.908 
0.500 1.784 
0.600 1.276 
0.700 1.019 
0.800 0.8856 
0.900 0.8234 0.8580 0.9091 


1.000 0.8096 0.8622 0.9326 


1.615 
1.211 
1,004 
0.8997 


95 
37 
78: 
15 
49 
17 


— ee sh 


1.007 
0.9300 


1.027 





The second integral vanishes as do all others involving 
odd powers of {; the first integral and all others involv- 
ing even powers of ¢ are gamma functions. /(x,8), for 
8>>1, is given by 


exp(*) a(x—1) 
I(x,8)=— f= +09] (41) 
(28)**! 26° 


where O(8-*) means the other terms are of the order of 
8~ and smaller. 

To cover the desired range of x and § adequately, the 
integrals I(x,8) were evaluated (for the values of x and 
8 of interest) with the Space Technology Laboratories 
IBM-704 Electronic Computer. The results are given 
in Table III. 


2. Comparison of Theory and Experiment 


It seems clear that the experimental results can be 
interpreted on the basis of a variety of types of inter- 
molecular potentials. The essential result of this article 
is the interpretation of the mechanism giving rise to 
pressure and temperature shifts, on the basis of well- 
known intermolecular potentials. For many values of 8, 
there are corresponding values of y which will reproduce 
the experimental values of #. Also, a can be calculated 
with several values of 8 and corresponding values of +. 
However, there is just one value of 8 and one value of 
which will give the experimental values of both # and 
a for a given pair of atoms. 

At this point, it is worthwhile observing that the 
temperature coefficient of the pressure shift is of the 
order of #/T, for T=300°K. For the case of positive 
(blue) shifts, #= 27a, approximately. One can see how 
this comes about by examining Eqs. (31) and (34). 
From Table III, it is evident that all J(x,8) are of the 
same order for 0.4<8<0.3. Hence if y>>1, then only the 
first term in Eq. (31) is significant. The terms y/($,8) 
tends to cancel — (y+1)J (4,8) and only J(},8) remains 
in Eq. (34). The higher order terms are neglected. 

b=aT/4, approximately. (42) 


When 8=0.35, then i= 2aT, in accordance with experi- 


5/6 1/2 


7.976 
3.312 
2.137 
1.662 
1.438 
1.339 
1.315 
1.350 
1.437 
1.580 


1/6 

5.687 
2.907 
2.097 
1.752 
1.595 
1.539 
1.553 
1.627 
1.758 
1.955 


—1/6 


4.506 
2.823 
2.266 
2.025 
1.928 
1.921 

1.981 
2.105 
2.296 
2.568 


—1/2 


4.280 
3.250 
2.877 
2.725 
2.692 
2.742 
2.864 
3.016 
3.341 
3.724 





18.952 
5.154 
2.640 
1.763 
1.369 
1.174 
1.083 
1.058 
1.083 


4.032 
2.320 
1.674 
1.374 
1.229 
1.172 
1.174 
1.227 
1.330 


ment for frequency shifts toward the blue. When y<1, 
then negative (red) shifts result and the relationship 
between # and a is not so simple. Finally when 8>0.6, 
then #<0 and a>0, practically independent of the 
value of y (as long as y is small enough to make #<0). 
This latter situations obtains for interactions between 
the alkalis and some hydrocarbons. 


Tasie IV. Calculated and experimental values of 
pressure and temperature chifts.* 





Part 1. Results for small noble gas atoms 
Rb-He Rb-Ne Cs-He 


a;(A) 3.24 
€, (ev) 4.16x10 
B 0.408 
42.0 
6.03 
1.20K10° 
+-7200+- 140 


Cs-Ne 
3.39 3.58 
3.5210 4.8510" 
0.376 0.441 

50.0 18.0 
6.50 5.79 
118K10* 2.34xK10° 
+10 500 + 5800 
+ 16000 
+-12 000 
+15 
+17 


3.43 
5.36XK 10% 
0.463 
18.5 

5.43 
3.94K 10° 
+-3920-4-80 


i 
a2(A) 
€2(ev) 

y expt¢ 
y expt”-4 
y calc 
a expt®* 
a calc® 


+-3820 
+26 
+4.2 


+-7200 
4-10 
+99 


Part 2. Results for large noble gas atoms 
Rb-A Rb-Kr 


<< 1 


0.40 
— 5800+ 500 


0.30 
— 1900 
— 2500 
— 3300 
—7 
—3 


B 0.30 
y expt” 510410 
y expt”-4 
v calc” — 2100 
a expt** 3.0 
a pe 1.4 


— 4100 
5 
—2 


Part 3. Results for nitrogen molecules 
Rb-N; 





8 0.30 
¥ 7.5 
> expt? +5200+ 100 
y expt-4 
7 calc” 


a 1 ad 
a cak* 


+5300 
+6 
+44 


* Atomic radii (angstroms): Ru, = 0.93, Rue =1.12, Ra» =2.31, Ree ~2.43. 
The atomic radii are taken from W. E. Forsythe, Smithsonian Physical 
Tables (Smithsonian Institution, Washington, D. C., 1951), ninth revised 
edition, p. 643. The values for Rb and Cs are the mean of the two values 
listed for each alkali. 

>’ Cycles/sec/cm of mercury. 

© See Beaty ef al., reference 2. 

4 See Arditi and Carver, reference 2 

¢ Cycles/sec/cm of mercury/deg C. 
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In comparing theory with experiment, the parameters 
8 and y must be found by trial and error. Unfortunately, 
theory has not developed to the point where these pa- 
rameters can be calculated from first principles. From 
the point of view of the present formulation, the experi- 
ments on the frequency shifts measure 8 and y and pro- 
vide a very sensitive means of studying intermolecular 
forces. 

It turned out rather unexpectedly that the Lennard- 
Jones (6-12) potential for both V(r) and U(r) will 
reproduce both # and a (almost to the same order of 
accuracy as the experiments) for Rb-He, Rb-Ne, Cs-He, 
and Cs-Ne interactions if one uses the sum of the gas 
kinetic radii of the interacting atoms for o; in Eq. (4). 
Since o; determines 8 through Eqs. (12) and (22), there 
is just one adjustable parameter, , to determine both 
p and a. In the strict Lennard-Jones (6-12) potential, 
the higher order attractive terms are combined with the 
repulsive terms to give a net r~” attraction; hence D, 
and D, in Eq. (5) vanish for such a potential. The results 
of the present calculations for the interactions involving 
the small buffer gas atoms are shown in Table IV, Part 1. 
The agreement between theory and experiment is 
excellent. 

For the cases of the larger buffer atoms, one cannot 
obtain reasonable agreement between theory and ex- 
periment without the higher order attractive terms. The 
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comparison between theory and experiment is given in 
Table IV, Part 2. The agreement between theory and 
experiment is very good, though not as close as in the 
case of positive frequency shifts. For the negative shifts, 
v1. It might be helpful to note that small 7 means 
steep repulsive forces, which one would indeed expect 
for the heavier rare gas atoms. This is in agreement 
with reference 3, where it was found that % could be 
computed with a rigid exchange-force model. 

Table IV, Part 3, contains the pressure and tempera- 
ture shifts with molecular nitrogen. Here the param- 
eters y and 6 are selected to fit the data. As in the other 
cases of positive frequency shifts, the agreement between 
theory and experiment is excellent. 
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A detailed study has been made of the elastic scattering properties of the Thomas-Fermi atom for low- 
energy electrons. The scattering lengths have been determined for essentially all atoms in the periodic table 
within the framework of the Thomas-Fermi approximation. The scattering length is not a monotone func- 
tion, but rather a periodic (roughly) function of the atomic number of the scattering atom. Both positive 


and negative scattering lengths are found. 


The effect of the sign and magnitude of the scattering length on the shape of the cross section versus energy 
curve is studied. It is observed that atoms with negative scattering lengths have very low cross sections for 
some energy of the incoming electrons ; such is not the case with all atoms having positive scattering lengths. 


I. INTRODUCTION 


ARIOUS types of schematic central field potentials 

have been used in investigations of the elastic 

scattering of low-energy electrons by atoms. One such 
potential is given by 


V(r) =Ze[(1/r)— (1/10) ], 
V(r)=0. r>Po 


In Eq. (1), Z is the atomic number of the target 
(scattering) atom, « is the electronic charge, and rp is a 
parameter with dimensions of length. Allis and Morse! 
obtained cross sections for a variety of values of the 
parameters Z and ro. Another such potential is 


V (r) = (Ze /r)e?"'", (2) 


where the parameters have the same significance as 
in Eq. (1). Morse? investigated scattering properties 
of this potential for various values of Z and ro. 

This article gives the results of an investigation of the 
elastic scattering of low-energy electrons with a sche- 
matic potential based on the Thomas-Fermi function. 
An advantage in using the Thomas-Fermi potential is 
that only one parameter (the atomic number Z of the 
target atom) is involved. This potential is somewhat 
realistic in describing collisions with real atoms of large 
Z ; the electronic distribution is derived from a statistical 
treatment of the atom. Exceptions are to be expected 
for large atoms like the alkali atoms or small atoms like 
the noble gas atoms. 


rer 


(1) 


Il. THE SCATTERING CROSS SECTION AND 
SCATTERING LENGTH 


The scattering cross section a is given by 


gv 


o= F o= © —(+1) sin’, 3) 
l=) l= 

where k?= 2mE/h* and 3, is the /th order phase shift. Z 

is the kinetic energy of the incoming electrons and m 

is the electronic mass. The phase shifts, 5,, are calcu- 

lated in a well-known manner from the radial part of 


"1. W. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 
? P.M. Morse, Revs. Modern Phys. 4, 557 (1932). 


the Schrédinger equation, 
+( [E-V(r)]-— ~)Ri=0. 
h? r 


ae 
The Thomas-Fermi potential is 
V(r) = — (Ze/r)o(7/b), (5) 


where Z is the atomic number of the target atom and ¢ 
is the electronic charge. The constant 6 is given by 


b=0.885a0/Z}, (6) 


where dp is the Bohr radius of the lowest orbit in the 
hydrogen atom. The function ¢(x) is the solution of 
the equation 
dp/dx?=9'/x', (7) 
with boundary conditions ¢(0)=1 and ¢(#)=0. The 
tabulated values of the function given by Bush and 
Caldwell’ were used in the present calculations. 
The substitution x=r/b converts Eq. (4) into 


d’y, 2mb Zé l(l+1) 
- + ( (eb — —9¢(x)-— —)n=0. (8) 
h® «x Do 


dx? x 


The asymptotic phases were calculated in essentially 
the same manner as described by this writer in connec- 
tion with a similar problem.‘ In this present work, Eq. 
(8) was integrated numerically with the Space Tech- 
nology Laboratories IBM-704 Electronic Computer. 
Zero energy cross sections for the Thomas-Fermi 
potential have been calculated by this writer before.® 
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Fic. 1. Scattering length (in units of b) 
as a function of atomic number. 
*V. Bush and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 
‘ L. B. Robinson, Phys. Rev. i0s, 922 (1957). 
*L. B. Robinson, The Ramo-Wooldridge Corporation Report 
ERL-108, June, 1957 (unpublished). 
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Fic. 2. Wave functions and scattering lengths 
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The present work enlarges the scope of the previous 
work in that energy dependent cross sections have 
been calculated for several values of Z. The manner in 
which the zero energy cross section and the scattering 
length are calculated is discussed in the next paragraph. 
The zero energy cross section is calculated as follows: 
As the energy approaches zero, only the /=0 phase 
shift is different from zero and the cross section is given 

by 
o= (42/k?) sin*So. (9) 


The wave equations become 


? 


y + (2mb/h*) V (x) y=0, (10) 


where V(x) is the Thomas-Fermi potential. If # is the 
point where V(x) becomes negligible, outside # the 
solution starts out like a straight line or 


y=Cx+8, (11) 


where C is the slope and @ is the intercept on the y-axis. 
The intercept on the x-axis, x9, is the so-called scattering 
length or extrapolated Fermi intercept. From Eq. (11), 
it is seen that 

xo= — B/C, (12) 


and this determines the value of the zero energy cross 
section. In order that ¢ in Eq. (9) be finite, it is required 
that sino approach zero, as k approaches zero. Hence 
Eq. (9) may be written as 


o= (4n/k*)5,?. (13) 


In the low-energy limit, instead of having a true phase 
shift as given by 

y= B sin(kx+4o), (14) 
one has 


y= B(kx+46o), approximately. (15) 
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From Eq. (15), one obtains for the Fermi intercept, 
i.e., when y=0, 
xo= —b0/k, (16) 
or from Eq. (13) 
o= 4x. (17) 
The cross section given in Eq. (3) is derived from the 
following relation, 


o f f(0.) |*dQ, 
0 


where {(8,6) is amplitude of the scattered wave. When 
{(0,@) is a constant (dimensions of length), it follows 
that 


(18) 


o= 4 f?=4rx,?. (19) 
One sees that the amplitude of the scattered wave for 
zero energy incident electrons is an equivalent definition 


of the scattering length. 


Ill. RESULTS 


Equation (8) was first integrated, with k’=0, for 
values of Z from 1 to 100. The low values of Z are 
included in order to obtain a more complete picture of 
the scattering properties of the Thomas-Fermi potential. 
It is understood that the very low values of Z have no 
significance as far as a statistical interpretation of 
atoms is concerned. In line with other results obtainable 
from this potential, one would expect the theoretical 
results to conform to experiments for the case of high 
Z atoms, except possibly for alkali and noble gas atoms 
which are not described too well by the Thomas-Fermi 
potential. 

The scattering lengths, xo, are plotted against Z in 
Fig. 1. The calculations show that x9 (and hence the 
zero energy cross section) is not a monotone, but a 
periodic function of Z. The curve given in Fig. 1 has as 
many branches as there are periods in the periodic 
table. The breaks in the curve do not always coincide 
with the beginning or ending of a period. The values of 
xo for Z=57 and 90 are 1.8310’ and 3.9910" (in 
units of 5), respectively; these values are too large to 
show on the graph. 

The behavior of the wave function y as a function 
of x is given in Fig. 2. In each case Z is the point at 
which the potential is considered zero; the function 
y is a straight line for x>Z. In Fig. 2(a), 6>0, C<0, 
y(Z)<0, and x)>0. Figure 2(a) shows the behavior 
of the wave function and scattering lengths for Z=1, 
10-13 (i.e., all Z including 10 and 13), 39-50. In Fig. 
2(b), B<0, C<0, y(%)<0, and Z%)<0, which is the 
behavior for Z=2, 14-17, 51-57. Figure 2(c) shows 
B<0, C>0, y(Z) <0 and xo>0, which is the behavior for 
Z=3, 18-20, 58-64. Figure 2(d) shows 8<0, C>0, 
y(%)>0, and x)>0; this type of curve is obtained for 
Z=4, 5, 21-28, 65-81. Figure 2(e) has B>0, C>0, 
y(Z)>0, and x»<0 as found for Z=6, 7, 29-33, 82-89. 
Figure 2(f) has 8>0, C<0, y(#)>0, and ao>0. This 
type of behavior was found for Z=8, 9, 34-38, 90-100. 
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Fic. 3. Cross sections in units of & as 


Bound states can exist only for the situations repre- 
sented by Figs. 2(c) and 2(f). 

Since the scattering length is to some extent periodic 
in some function of Z, this writer believes that a com- 
plete study of the effect of scattering length on the 
shape of the cross-section energy curve can be obtained 
by studying only one period. The period selected for 
study was the one beginning with Z=58 and ending 
with Z=89. The points Z= 57 and 90 are also included 
in the study. The results are given in Fig. 3. The values 
of (kb)? range from zero to 0.1 in steps of 0.01. In all 
cases, both for k=O and k#0, the Thomas-Fermi 
potential was assumed to vanish at x= %= 43.48. 

It is interesting to note that the scattering lengths at 
and near the ends of period display the typical 
Ramsauer-Townsend effect. As one goes from Z=57, 
58, and 60 the minimum in the cross-section curve 
becomes higher and higher and finally disappears at 
Z=066. The zero energy cross section is always finite 
and is given by Eq. (19). As the (positive) scattering 
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a function of (kb)? and atomic number 


lengths become smaller, the curve bends over more 
quickly to meet the vertical axis. At Z=74 a maximum 
(without the adjacent minimum) appears; the zero 
value of the cross section decreases because the scatter- 
ing lengths have become smaller. At Z = 80, 81, and 82, 
the zero energy cross section is practically zero. Follow- 
ing this, the minimum reappears. All negative scattering 
lengths show a low cross section for some ranges of 
incident electron energies. There are no negative 
scattering lengths which give cross section typical of 
those for the range Z= 66 to 72. The typical Ramsauer- 
Townsend effect is characterized by a large negative 
scattering length or a large positive scattering length 
such that the wave function is negative when the 
potential vanishes. 
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Elastic Scattering of Heavy Nuclei* 
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A program is presented for determining the differential cross section for the elastic scattering of heavy 
nuclei. It utilizes the unitary property of the S matrix and a iess drastic L dependence of the absorption 
than the sharp cutoff model of Blair. It is shown that experimental data can be fitted quite well 


BF Nywce re distribution data of the elastic scatter- 
ing of heavy ions are becoming more prevalent, 
and it is interesting to try to analyze them from as 
simple considerations as possible. Among the first data 
published are those of Reynolds and Zucker! of N“-N" 
scattering at bombarding energies ranging from 15 to 
21.7 Mev, analyzed by them in terms of a model 
proposed by Blair for a-particle scattering. In this 
model one assumes that all particles of angular momen- 
tum LZ which would correspond to classical particles 
actually touching are completely absorbed from the 
Coulomb wave of the incident beam, thus producing 
shadow scattering. The critical value of Z determines 
a sort of nuclear radius, in Reynolds’ and Zucker’s 
analysis, amounting to Rnucleus= 1.66A410-" cm, some- 
what higher than nuclear radii defined by other means. 
Porter’ has also analyzed the same data with an optical 
model and has been just as successful in fitting the data 
with this quite different approach. 

The interpretation of N“+N"™ elastic scattering has 
been under consideration from a more general viewpoint 
for some time.’ This makes use of general properties of 
the scattering matrix combined with plausible assump- 
tions regarding the variation of the absorption cross 
section with the orbital angular momentum quantum 
number L. It has been proposed to the writers by Pro- 
fessor G. Breit and some of the relevant effects have al- 
ready been discussed by him.‘ Although the calculations 
have been completed so far only in a specialized form it 
appears worth while to report them since they demon- 
strate the possibilities of obtaining fits to experiment 
without the physical inconsistency of abnormally large 
nuclear radii involved in the application of the Blair 
procedure and also without the unnatural assumption 
of the existence of a static potential in the description 
of the interaction of two complex quantum mechanical 
systems. To simplify the considerations it was assumed 
that L, the orbital angular momentum in units of #, is 
a good quantum number. The further simplification is 

* This research was supported by the U. S. Atomic Energy 
Commission. 

t Now at the Division of Biology and Medicine, U. S. Atomic 
Energy Commission, Washington, D. C. 

1H. L. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 

* Charles E. Porter, Phys. Rev. 112, 1722 (1958) 

3 J. E. Turner, J. S. McIntosh, and S. C. Park, Bull. Am. Phys. 
Soc. 3, 223 (1958); J. S. McIntosh, Proceedings of the Conference 
on Heavy Nuclei, Gatlinburg, ONRL-2606 (1958), p. 181. 


*G. Breit, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1959), Vol. 41, Part 1, p. 403. 


then made that for each L wave, there are only two 
channels, with two corresponding matrix elements, one 
for the elastic scattering, S;s-, and the other into which 
are lumped all inelastic scattering and reaction pro- 
cesses, Szz. The S-matrix elements are then estimated 
as follows: a “nuclear radius,” or distance beyond 
which nuclear forces become negligible, is assumed, e.g., 
Rauclews=1.45A410-" cm. At twice this radius, one 
determines F;(p) where F,“” is the Coulomb function 
regular at the origin and satisfying the equation 
PF, (p)/dp?+{1— (2n/o)—[L(L+1)/e Fp) =0 
with the following meaning of the symbols: n= Z,Z,e?/hv 
where » is incident velocity, Z;,Z. are, respectively, 
charges on incident and target particles, k/(2r) is the 
wave number, uw the reduced mass, while p=kr. The 
F,(2kRnucieuws) so calculated may then be used to 
estimate the reaction matrix element from the following 
reasoning. Since so many inelastic and reaction pro- 
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Fic. 1. Differential cross section for the scattering of 21.7-Mev 
nitrogen by nitrogen as a function of @ in the laboratory system. 
The vertical scale is logarithmic with the divisions 0.2, 0.4, 0.6, 
0.8, 1.0 indicated. The Blair curve agrees with that of reference 
1 except at 90° where the above curve is higher. 
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cesses can occur for complex nuclei, it may be assumed 
that if a particle from one nucleus gets inside the other 
nucleus, it causes the latter to be removed from the 
elastic scattering. 

The actual procedure adopted for the calculation is 
as follows: (1) For “distant” coilisions the true radial 
wave function times p will not differ markedly from 
F,,©(p), so that the “reaction” matrix element is taken 
roughly proportional to |F,(2&Rnueleus)|* for high L. 
The criterion chosen for considering L to be high 
enough for such a treatment was 


| F,© (2kRnucleus) | *<0.3. 


Some adjustment of the right-hand side of this in- 
equality has been made to obtain agreement with 
experiment but no claim is made that the best value 
of this quantity has been found. For the N“—N*™ 
scattering at 21.7 Mev, L waves such that L>6 are so 
treated. (2) At the opposite extreme, those L waves for 
which F;,(2kRnueleus) has essentially reached a maxi- 
mum at r=2Rnuelews are assumed to be completely 
“absorbed” from the elastic scattering (|Sze|=1, 
Srse=0). It is realized that F,“(p) has little to do 
with the actual wave function for such L waves, but 
it is considered not unreasonable that if F,“(p) is 
quite large, the chance of two nuclei overlapping and 
thus some reaction having taken place is quite good. 
For the N“—N™ scattering at 21.7 Mev the L=0,1 
waves meet this criterion, and are considered compietely 
absorbed. (3) The |Sze| for intermediate L are 
linearly interpolated between those of the other two 
regions of L. With the above chosen critical values of 
F,©(2kRaouelews) separating each of the three regions 
of L it is possible to impose the condition that the total 
reaction cross section 


(2L+1)|Sze|? 
+4} (2L4+1)|Sze}*) 


L odd 


TF total n= 104 > 


L even 


be approximately geometrical, thus fixing the | Sr}. 
By geometrical cross section one here means 7 .1i;” 
where Perit is the impact parameter for two classical 
particles, each of radius Rnucleus= 1.45 A! fermis, at 
which the two particles repelled by the Coulomb field 
just graze one another in passing. The employment of 
the geometrical cross section in the above manner is 
not essential to the procedure. It was used as a first 
guess for the normalization of the |Sze| graph and 
since agreement with experiment was obtained the 
normalization was not changed. 

Once the |Sze| are determined, the magnitudes of 
the scattering matrix elements |Szs.| may be found 
from the unitarity property of S, viz., 


| Szse|*=1—|Szel?, 


where |Szs-|=e~**"4, 5:, representing the imaginary 
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Tase I. Complex phase shifts vs Z giving full curve in Fig. 1. 
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part of the phase shift. Incidentally the phases of the 
reaction matrix elements play no role since Szz always 
comes in as | S,z|*. Therefore Szz may be taken to be 
real without loss of generality. 

The real parts of the phase shifts of Sz, of course, 
also affect the elastic scattering. Although successes 
with Blair’s model demonstrate that in some cases the 
major contribution arises from the shadow scattering, 
this other contribution must also be estimated. In the 
low L region of complete absorption the real phases 
are, of course, irrelevant. In the high L region, the 
phases have been chosen to go to 0 as L— © and to 
vary with L as in an optical model calculation, i.e., for 
high L, 6, is taken roughly proportional to 


2kRoucleus 
f [Fi (p) Pdp. 
0 


It has been found possible to choose the real parts of 
the phases of those L waves in the intermediate region 
so that the experimental angular distribution is 
reproduced. 

Employment in the differential cross section 


1 /2\n fexp(—in iIns*) ~exp(—in Inc) 
o(0)=—(- (- rach i =) 
RN3\2 s c 

Sise— 1 


— > (2L+1)2P,(cosb)e\s- -- 
L even 2% 


1 |" exp(—in Ins*) exp(—in Inc) 
Ce) 


3}2 P 


§ Cc 


- Sise— 1|? 
— SF (2L+1)2P1(cos#)e\1-eo— i ) 
L odd Vi 


Taste II. Center-of-mass cross sections. 


Model 
(in 10°** cm?) 


103.1 


Experiment* 
(in 10-*% cm?) 
@(50°) 
a(@") 35.1 
(70°) 3. 13.5 
a (80°) ‘ 7.2 
(90°) , 64 


* See reference 1. 


‘ Calculations with Dr. Rawitscher now in progress derive an 
optical model potential suitable for high L-waves, where the 
optical model would seem to be most sensible. 
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of the matrix elements determined by the above 
prescription gives agreement with the 21.7 Mev 
N“—N™ data with S,Ss.=e**“(6, complex) as shown 
in Fig. 1 and Tables I and IT. Of course these results 
should not be taken too seriously in themselves as 
uniqueness is not claimed. The further calculations 
mentioned above should tighten the considerations, and 
analysis of the mounting heavy ion scattering data at 
different energies should provide much more rigorous 
tests for the method of analysis. The above considera- 
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tions seem to justify the feasibility of this approach 
which is less extreme than that of the cutoff and optical 
models and emphasizes the role of the nuclear surface 
in the phenomena. 
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Magnetic Moment of Fe"’ 
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An electron-nuclear double resonance study has been made on the spectrum of neutral iron atoms in 
silicon. These measurements lead to a value of +0.0903+0.0007 nm for the magnetic moment of Fe*’. 


STUDY of the electron spin resonance spectrum 

of neutral iron atoms in silicon' has confirmed 

that the nuclear spin of Fe’ is 4. The present note 

describes electron-nuclear double resonance measure- 

ments? on that spectrum which lead to a value of 

+0.0903+-0.0007 nm for the magnetic moment of Fe*’. 

The spin Hamiltonian appropriate to (Fe*’)® in 
silicon is 


3 = g8S-H+AS-I—g,'ByH-I, (1) 


where the electronic g factor and the hyperfine inter- 
action parameter A are isotropic. The parameter gy’ is 
an effective nuclear g factor which also is isotropic. As 
will be discussed later, the electronic g departs from 
the free electron value (2.0023) and g;’ departs from 
the nuclear g factor (u/J8w) if excited electronic states 
are present which must be taken into account.’ To 
second order in the hyperfine interaction, the frequency 
f of the (M,m) to (M, m—1) electron-nuclear double 
resonance transition is 


hf=|AM—gr'BvH 
—[M (2m—1)4+S(S+1)—M™]A2/2hv|, (2) 


where M and m are the quantum numbers specifying 
the orientation of the electron spin S and the nuclear 
spin J, respectively, and » is the klystron frequency. 
Terms higher order in A are negligible for interpretation 
of the results. 


' Ludwig, Woodbury, and Carlson, Phys. Rev. Letters 1, 295 
(1958). 

2 G. Feher, Phys. Rev. 114, 1219 (1959); G. Feher, C. S. Fuller, 
and E. A. Gere, Phys. Rev. 107, 1462 (1957). 

* See, for example, J. M. Baker and B. Bleaney, Proc. Roy. Soc. 
(London) A245, 156 (1958). 


Some resonance parameters‘ for (Fe*’)® in silicon are 
given in Table I. Since S=1 and J=}, there are three 
possible electron-nuclear double resonance transitions. 
An average of several measurements gives the following 
values: f=20.94340.6925 Mc/sec for M=+1; 
f{=0.7096 Mc/sec for M=0 (v=14, 115.4 Mc/sec; 
H=4868.6 gauss). Using all three double resonance 
frequencies, it is possible to determine from Eq. (2) 
both the sign and the magnitude of g;’. Taking g;’>0, 
one calculates that g;’=0.1828+0.0002 from the low- 
frequency transition and g;’=0.1824+0.0009 from the 
two high-frequency transitions; the two determinations 
agree within the experimental error. If, however, gi’ is 
assumed less than zero, the two determinations differ 
by 0.009, showing that g;/>0. Thus g;’=+0.1828 
+0.0002 for (Fe5’)® in silicon. 

We believe that the ground-state wave function of 
(Fe5’)® is an orbital singlet. The observations that the 
resonance lines are sharp at temperatures as high as 
78°K and that the electronic g factor is close to the free 


TABLE I. Some resonance parameters for several iron spectra 
in silicon. The hyperfine interaction parameter A is expressed in 
units of 10 cm™. g,’ is an effective nuclear g factor; its sign was 
determined only for (Fe 


Species S g { gr 
(Fe*")® 
(Fe5")* 
(Fe*’Ga")® 


6.984 

2.985 
1.438 ( 
4.108 


2.0699 
3.524 
5.089 


+-0.1828-+0.0002 
0.1976-+0.0018 
0.207 10.0008 


‘A more complete discussion of the spectra of iron and other 
transition metals in silicon has been prepared. H. H. Woodbury 
and G. W. Ludwig, Phys. Rev. 117, 102 (1960 
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electron value support this view. Assuming that one is 
dealing with an orbital singlet one can use second order 
perturbation theory, in the manner of Abragam and 
Pryce,’ to calculate the effect of excited electronic 
states on the electronic g factor. As they show, gi; 
= 2.00236;;— 2AAi;, where d is the spin-orbit coupling 
constant and Ai= Do neo (O| Ly! m)(n| L;|0)/(£,— Eo). 
For the case of present interest Ajj=© for ij, Ax 
=Ajj=A, and g=2.0023—2\A. Abragam and Pryce 
omitted (as generally small) the corresponding 
perturbation of the nuclear g factor. One finds g,’ 
=gr+2pA(8/Bn), where p=2g76By(r*). Combining 
the equations for g and g;’, the nuclear g factor can be 
calculated from the effective nuclear g factor and the 
departure of the electronic g factor from the free 
electron value: 


g1= g1' — (2.0023—g) p8/dBn. (3) 

The spectra of several (interstitial) transition metals 
in silicon are consistent with the hypothesis that in the 
crystal the 4s electrons are transferred to the 3d shell, 
e.g., that the electron configuration of neutral iron 'is 
34°. Using the Lande interval rule, A\~~— 127 cm™ for 
this configuration of the free atom.* To evaluate #, 
(r~-*) was calculated from wave functions of Watson’ 
for the 3d* configuration of neutral iron. The value 
obtained for (r~*), 3.9 atomic units, may be compared 
with the experimental value, 4.3 atomic units, obtained 
by interpolation from Table 2 of Abragam, Horowitz, 
and Pryce.* Taking (r~*) as 4 atomic units, one finds 
from Eq. (3) that g; is 1.2% lower than g;’, or 


5A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

*C. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467, August 15, 1952 (U. S. Government 
Printing Office, Washington, D. C. 1952), Vol. 2. 

7™R. E. Watson, Technical Report No. 12, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
June 15, 1959 (unpublished). 

* A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. Soc. 
(London) A230, 169 (1955). 


PHYSICAL REVIEW VOLUME 


MOMENT OF 


117, 


Fe*? 1287 
gr= +0.1806+0.0013, »=+0.0903+0.0007 nm for 
Fe’, where an uncertainty of 50% has been assigned to 
the calculation of the correction term.’ 

Supporting evidence that the above analysis gives an 
accurate value of g, for Fe’ is furnished by measure- 
ments on (Mn°**)~ in silicon,* which is isoelectronic with 
(Fe*’)®. Analysis of the electron-nuclear double reso- 
nance data gives gr’=1.386+0.002 nm for (Mn**)-. 
Taking g= 2.0104, \=—127 cm™, (**)=4.0 atomic 
units, and using Eq. (3), one finds gr= 1.385+0.002 nm 
for Mn*, in agreement with the published value. 

Electron-nuclear double resonance measurements 
have also been made on isolated (Fe*’)*+ and on neutral 
(Fe*’Ga") pairs in silicon (see Table I). For (Fe'")* 
two double resonance transitions were observed corre- 
sponding to M=+4. These were analyzed using Eq. 
(2) and lead to | g;’| =0.1976+0.0018 for (Fe*’)*. For 
(Fe’Ga")® pairs the M==+4 double resonance transi- 
tions are readily interpretable only for the magnetic 
field along the [111] axis of the pair.” In this direction 
| gr’ | =0.2071+0.0008. In these spectra the electronic 
g factor is displaced considerably from the free electron 
value and the ground state may not be an orbital 
singlet. We have not yet been able to calculate g; from 
the measured g,’ for these spectra. 
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* Even if the configuration of neutral iron is not 3d*, the correc- 
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cm™ as compared to \~— 127 cm™ for the 3¢* configuration. The 
assumed value for (r~*) is probably correct to within 20%. 
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NUMBER 5 MARCH 1, 1960 


Magnetic Moment of Au'®’ 


H. H. Woopsury anp G. W. Lupwic 
General Electric Research Laboratory, Schenectady, New Y ork 


(Received September 8, 1959) 


Chromium-gold and maganese-gold impurity pairs in silicon have been observed by electron spin resonance 
techniques. Electron-nuclear double resonance studies of the gold hyperfine structure lead to a value of 


0.1439+0.0004 nm for the magnetic moment of Au"*’, 


N the course of a study of chemical impurities in Si 

by spin resonance techniques, several interesting 
systems involving Au'”’ have been detected. The use 
of electron-nuclear double resonance has permitted a 
rather precise determination of the magnetic moment of 
this nucleus, namely 0.1439+0.0004 nm. 


Spin resonance associated with isolated Au in silicon 
has not been reported. However, resonant absorption 
for some of the transition metals has been observed.’ It 
has been found that under appropriate conditions 


1H. H. Woodbury and G. W. Ludwig, Phys. Rev. 117, 100 
(1960). 
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certain transition metal impurities may form pairs with 
acceptors such as B, Ga, or Au. These impurity pairs 
also show resonant absorption.’ A pair that has been 
particularly suitable for the study of the Au hyperfine 
interaction is that formed between Cr and Au. 

The Cr and Au are both introduced into Si by 
diffusion at about 1300°C. A model consistent with 
the observation of this and similar impurity pairs in Si 
is as follows: The Au finds substitutional sites in the 
lattice while the Cr remains interstitial at the diffusion 
temperature. As the sample is cooled, the Cr atoms 
move to interstitial positions adjacent to and in [111] 
directions from the substitutional Au atoms and form 
the pairs that are seen. 

The experimental observations are consistent with 
the (CrAu) pair being neutral and having a total 
electron spin of $. However, the interaction of the atoms 
in the pair results in a splitting of the energy levels. 
The splitting can be described by a DS? term in the 
Hamiltonian, where the z direction is the axis of the 
pair. In the case of (CrAu)°, D is of the order of +6.7 
cm and is much greater than the magnetic interaction 
(0.5 cm~) of the electron spin with the applied mag- 
netic field. The DS? term raises the M=+$ levels 
relative to the M=+4$ levels such that only the 
M=-+4 to M=—+} transition can be observed. The 
resonant absorption due to this transition can be 
described by an effective electron spin S’=} and an 
effective spin Hamiltonian given by 


K’ = Bl gu'S,/H.Ag,' (S.'H.+S,'H,) ]+4'S,'1, 
+B’ (S,'1,+S,'1,)+PU2—-W(U+1)] 
— Bw (gr) let (gr). (H.1.+H,I,) }, (1) 


where the electronic g factors are g,,/=2.0145 and 
g:'=3.9817. A’ and B’ are the hyperfine interaction 
parameters parallel and perpendicular to the pair axis, 
respectively, and P” is the effective nuclear quadrupole 
interaction parameter. For Au™ in the (CrAu)° pair, 
A’=+4.5410~ cm, B’=+5.26K10- cm", while 
P’|>A’. The last term in Eq. (1) represents the 
interaction of the external field with the nucleus. 
Although it is the smallest term in the above Hamil- 
tonian, it is the one which makes possible the determi- 
nation of the nuclear moments. If both nuclei of the 
pair have nonzero spins, the interaction terms of both 
must be included. 
the the double 
resonance transitions (i.e., the difference in energy 
between the (M,m) and (M,m—1) hyperfine levels) 
with the magnetic field along the axis of the pair, one 
obtains to second order in A’ and B’ 


Solving above Hamiltonian for 


f=|A’'M—[(2m—1)M(B’)?/2v] 
— (gr) :8vH+ (2m—1)P’— (B’)?/4y|, (2) 


?G. W. Ludwig and H. H. Woodbury (to be published). 
Reference 1 contains a brief discussion of some of the pairs that 
have been observed. 
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where yv is the klystron frequency and the other param- 
eters are expressed in frequency units. Analysis of the 
model in which the only excited states of importance 
are the M=+}# states indicates that (g7),,=gr, the 
nuclear g factor. Off axis this formula must be modified. 
It is noted that (gr), may be quite different from g; and 
that from such differences, D can be calculated.?# 

An average of measurements at 1.3°K of the 
(+4, +4) to (+4, —4) transitions gave the following 
numerical values: /=6.7920+0.3621 Mc/sec, H 
= 4889.5 gauss, and y= 13.785 kMc/sec. Assuming the 
published sign of the moment, one calculates from Eq. 
(1) that g;(Au®’?)=+0.0959+0.0003 and y»(Au'’) 
=+0.1439+0.0004 nm. The uncertainty in g; arises 
from the uncertainty in crystal alignment and in the 
measurement of f. The m=+ 3 to m=+4 and m=—} 
to m=-—¥4 transitions (J=% for Au’) were not ob- 
served. This was because of the large value of P’ which 
put these transitions outside our radio frequency range 
(f>200 Mc/sec). 

Even with the magnetic field along the axis of the 
pair one might measure a nuclear g factor differing from 
that of the isolated nucleus because of nearby excited 
electronic states other than the M=+# states.** In 
the present case it is not clear how the correction to g; 
should be calculated. However, it is believed to be small 
since g’ is close to the free electron value. To check that 
gr’ is not perturbed appreciably from g, for the other 
member of the pair, samples were prepared using en- 
riched Cr® in place of the normal Cr (90.45% spin-zero 
isotopes) and the magnetic moment of Cr™ was meas- 
ured. Within the accuracy of this experiment (0.2%), 
the published moment was observed. 

Double resonance measurements have been made on 
two other impurity pairs in Si involving Au, namely 
(MnAu)* and (MnAu)-. For both of these species, Eq. 
(2) did not fully account for the observed variations of 
f with m. The deviations from Eq. (1) "were at most 
2%. Within this accuracy, values were obtained for the 
magnetic moments of Mn® and Au™ that agreed with 
those published for Mn and the above-determined 
vaiue for Au. 
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Note added in proof.—Dr. S. Penselin has kindly sent 
us a preprint of a note describing an atomic beam 
measurement of the nuclear moment of Au’. [S. 
Penselin and J. E. Recknagel, Naturwissenshaften (to 
be published). ] Their value of +0.1431+0.0014 nm is 
in good agreement with the value reported here. 

* For some considerations as to how an “effective” nuclear g 
value may arise because of excited electronic levels, see J. M. 
Baker and B. Bleaney, Proc. Roy. Soc. (London) A245, 156 (1958). 

*G. W. Ludwig and H. H. Woodbury, Phys. Rev. (preceding 
paper). 
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Excited States in N“ from C’(d,d)C”, C"(d,p,.)C™, and C”(d,p,)C™*t 


E. Kasny,* R. R. Perry, ann J. R. Risser 
The Rice Institute, Houston, Texas 


(Received August 3, 1959) 


Excited states in the N“ nucleus have been observed by measuring the differential scattering and reaction 
cross sections of C"(d,d)C™, 'C"(d,p,)C¥, and C(d,p,)C™* for deuteron bombarding energies from 0.5 to 
2.0 Mev. Resonances were investigated at deuteron bombarding energies of 0.92, 1.19, 1.31, 1.446, and 
1.79 Mev, corresponding to excited states at 11.05, 11.29, 11.39, 11.503, and 11.80 Mev in N™. Scattering 
matrix analysis of the elastically scattered deuterons and of angular distributions of the reaction protons 
to the ground state of C¥ gave assignments of 1*, 2~, 1*, 3*, and 1* for these states. The analysis of the 
C"(d,~o)C™ angular distributions at 0.92, 1.19, and 1.31 Mev indicated a reaction mechanism in which 
the relative proton-neutron spin orientation of the deuteron is preserved. 





INTRODUCTION 


HE work reported here was part of an experi- 

mental investigation of states in N'** between 
8- and 12-Mev excitation formed by 0.5- to 5-Mev 
protons on C® and/or 0.5- to 2-Mev deuterons on C™.! 
There is considerable interest in the energy level 
scheme of N"*.? Both experiments and analyses proved 
somewhat simpler in the case of deuterons on C”, and 
this paper is concerned only with those N™* states 
between 11- and 12-Mev excitation reached by 0.5- to 
2-Mev deuterons. These states, while showing inter- 
ference, were sufficiently well separated that analysis 
was feasible. C"*(d,d)C", C#(d,po)C™, and C"(d,p,)C™* 
excitation curves and C"(d,p9)C™ angular distributions 
were taken and analysis using a dispersion theory form 
of the scattering matrix was carried out. Since analysis 
involving a spin of unity is complicated by the fact 
that states of one parity, in this case (—)/~, can be 
formed by two values of orbital angular momentum, 
the necessary simplifications and their effect are dis- 
cussed at some length in the body of the paper. The 
three states of lower energy, 11.05, 11.29, and 11.39 
corresponding to resonances at 0.92, 1.19, and 1.31 Mev, 
were found to decay to the ground state of C’ predomi- 
nantly by channel spin zero. To the extent that the C¥ 
ground state consists of a single particle neutron state 
with /,=1 and J*=1/2-, the channel-spin-zero decay 
mode means that the protons are emitted from a 
triplet spin state, as though the relative neutron-proton 
spin orientation of the deuteron were preserved through- 
out the reaction. It is probable that these states are 
T=0 states. Isotopic spin selection rules allow exci- 
tation only of T=0 states in N™* by deuterons on C”. 
There is interest in the question of isotopic spin conser- 
vation in heavy particle reactions which proceed by 


¢ Supported in part by the U. S. Atomic Energy Commission. 

* Now a National Science Foundation Postdoctoral Fellow at 
Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 

1 Kashy, Perry, and Risser, Bull. Am. Phys. Soc. 4, 96 (1959). 

* Warburton, Rose, and Hatch, Phys. Rev. 114, 214 (1959), and 
and references listed in that paper. 


way of highly excited states, such as those involved 
here.* 

In addition to elastic scattering, three reactions of 
importance occur when C" is bombarded by 0.5- to 
2-Mev deuterons: C"*(d,po)C (Q= 2.73); C#(d,p,)C™* 
(Q=—0.37); and C(d,no)N™ (Q=—0.28). While no 
previously published work has been found on the 
elastic scattering of deuterons below 2 Mev, there have 
been many experiments on the reactions. The original 
C"(d,n)N® investigation was done by Bennett and 
Bonner.‘ Since then a number of more recent papers on 
the same reaction has been published including that of 
Bonner, Evans, Harris, and Phillips,’ who gave a 
number of angular distributions of the neutrons in the 
range of deuteron bombarding energies from 0.7 to 2 
Mev. These were used in the present paper for calculat- 
ing neutron partial widths. Values for the absolute 
cross section at 0° are found in curves of charged 
particle cross sections compiled by Jarmie and Sea- 
grave.® The (d,o) reaction in the 0.5- to 2-Mev energy 
range has been investigated by Phillips,’ who obtained 
a number of angular distribution and three excitation 
curves of the long-range protons. This reaction was also 
investigated by Sarma, Govindjee, and Allan* whose 
work closely parallels that of Phillips.’ However, there 
are large discrepancies between the absolute values of 
the differential cross sections given in these two papers. 
The protons to the 3,09-Mev state of C¥ from the 
reaction C"(d,p,)C™* have not previously been studied, 
except in reference 8 where they were observed in the 
immediate neighborhuod of the 1.446-Mev resonance. 
The 3.09-Mev y rays associated with these protons 
were observed in reference 5. 


*E. P. Wigner, Proceedings of Robert A. Welch Foundation 
Conferences on Chemicai Research, Houston, Texas, 1957, (un- 
published), Vol. 1, p. 67. 

‘W. E. Bennett and T. W. Bonner, Phys. Rev. 58, 183 (1940). 
, ‘Bonner, Evans, Harris, and Phillips, Phys. Rev. 75, 1401 

1949). 

*N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora- 
tory Report LA-2014 (unpublished). 

i G. C. Phillips, Phys. Rev. 80, 164 (1980), 

*Sarma, Govindjee, and Allan, Proc. Phys. Soc. (London) 
A70, 68 (1957). 
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Fic. 1. Center-of-mass differential cross section for the scat- 
tering of deuterons by C™. The solid lines represent the theoretical 
fits. 


EXPERIMENTAL PROCEDURE 

The scattering chamber was designed for the use of 
thin self-supporting foils as targets. The chamber 
consisted mainly of two shallow cylinders. The lower 
remained fixed, while the upper could be rotated with 
respect to the lower. The target was mounted in the 
lower cylinder, which also contained the beam defining 
slits. The detector and the slit system defining the solid 
angle for scattering into the detector were mounted in 
the upper cylinder at 75° to its axis of rotation. The 
angle of scattering was set in terms of the angle ¢, 
indicated by graduations which were made on the top 
and bottom halves of the chamber. The angle of 
scattering @ is then arccos(cos15° cos@). The over-all 
accuracy of the angle of scattering was estimated to 
be +0.5°. 

The Rice Institute 5.5-Mev Van de Graaff accelerator 


* Kashy, Perry, and Risser, Nuclear Instr. and Methods 4, 167 
(1959). 
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was used to accelerate the deuterons. The integration 
of the incident beam was done in a Faraday cup with 
an electron suppressing voltage of 300 volts applied to 
a ring in the front of the Faraday cup. The carbon 
targets used in these reactions consisted of C® foils of 
about 20 ywg/cm? which were self-supporting over a 
circular area of approximately 0.8 cm in diameter. The 
method of preparation of the foils is described else- 
where.’ One foil whose thickness was about 5 kev at 
1.4-Mev deuteron bombarding energy was used for 
most of the experiment. The energy of the incident 
beam was determined using a 90° analyzing magnet 
which was calibrated in terms of the frequency of a 
proton-moment detector, taking the Li’(p,n)Be’ and 
C*(p,n)N® neutron thresholds as the calibration ener- 
gies. The detection of the scattered particles was done 
using a scintillation counter consisting of a 0.025-inch 
thick CsI(Th) crystal mounted on a DuMont-6291 
photomultiplier tube. 

In order to obtain absolute values of the differential 
cross section in both the (d,d) and the (d,p) channels, 
we have normalized the elastically scattered deuteron 
yield to the Rutherford cross section for deuterons at 
0.5 Mev. This normalization was checked in terms of 
the published differential cross section” for the scatter- 
ing of protons by C™ at an incident proton energy of 
3 Mev. Since the carbon foils used in this experiment 
were extremely thin, the cracking of carbohydrates 
from the vacuum system onto the foils resulted in a 
sizeable increase in the thickness of the target. At the 
end of an extended run on an excitation curve or angular 
distribution, a correction for this effect was obtained 
by taking a number of widely spaced check points in 
quick succession. During all of the experiment with the 
very thin foils, the beam was kept off the target 
between data points. 

The reaction protons from C"(d,po)C¥ and 
C(d,p,)C™* were measured simultaneously with, and 
consequently under the same experimental conditions 
of solid angle, target thickness, etc., as the elastically 
scattered deuterons. The proton reaction cross sections 
were thus determined directly in terms of the deuteron 
elastic cross section. Considering errors in charge inte- 
gration, solid angle and the determination of target 
thickness, but excluding statistical errors of counting 
which in general were less than 3%, the uncertainties 
in the elastic cross sections are estimated to be less 
than +6% and the uncertainties in the (d,p) cross 
sections to be less than + 8%. The angular distributions 
of the ground-state protons were taken with a thin 
nickel foil in front of the CsI crystal in order to prevent 
the flooding of the detector with pulses at forward 
angles where csc*(@/2) was large. The foil was thick 
enough to stop the elastically scattered deuterons while 
thin enough to allow the protons to penetrate easily to 
the crystal. 

” Reich, Phillips, and Ri 


ssell, Phys. Rev 


104, 143 (1956). 





EXCITED 


C#(d,d)C” 
a. Experimenial Results 


We have taken excitation curves of the elastically 


scattered deuterons at center-of-mass angles 45°, 54.7°, 
and 90° for deuteron energies from 0.5 to 2 Mev and at 
center-of-mass angles 125.3° and 167.5° for energies 
from 0.5 to 1.5 Mev. Except for the 54.7° curve which 
was similar to the one at 45°, these data are plotted in 
Fig. 1. Anomalies in the differential cross section can 
be attributed to resonances at deuteron bombarding 
energies of 0.92, 1.19, 1.31, 1.446, and 1.79 Mev. 

The 125.3° and 167.5° curves were terminated at 
1.5 Mev because the deuteron pulses could not be 
satisfactorily resolved from the first-excited-state- 
proton pulses above 1.5 Mev. Above 1.25 Mev at these 
angles, resolution was not complete, and errors in the 
elastic data may be somewhat greater than the +6% 
quoted for the data as a whole. 


b. Analysis 


Since the levels under investigation were broad, it 
was clearly necessary in the analysis to include a 


TaBe I. Allowed values of the orbital angular 
momentum for indicates channel spins 
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number of states with interference between them. A 
form for the differential cross section was used in which 
the amplitudes of the scattered partial waves were 
expressed in terms of the incident partial wave ampli- 
tudes by a scattering matrix from the single level 
approximation of dispersion theory : 
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Fic. 2. Resonant phase shift 8’* used for the 0.92 
and 1.19-Mev resonances. 


with 


| (r)ry)! 
x bi + Cexp(2i87")—1}}, 


8/* =arctan[I'/2(Ko— £) }. 


The symbols are defined in Appendix A. To obtain 
the real and imaginary parts of /,™(0,), numerical 
values of the Wigner coefficients were calculated from 
their form.” Some of the complexities of the S=1 
scattering problem have been discussed elsewhere.'*'* 
The single level dispersion theory approximation 
appears justified by the success obtained in making the 
assignments. The states of parity (—)/~', except J=0 
states, can be made with two values of /4. 14 can change 
during scattering from these states. However, in all but 
one of the cases a single value of /, was sufficient to 
explain the elastic data. As discussed later, a small 
mixing of /4 values was necessary in the case of the 
1.31-Mev resonance. 

In programming expression (1) for the IBM-650 
computer, entries for the parameters of ten resonances 
were included, so that the effect of states with all 
angular momentum and parity values from 0~ to 4° 
could be taken into account. After inserting the widths, 
the behavior of the resonances was obtained from the 
variations of the 6/*. For the broad low-energy 0.92- 
and 1.19-Mev resonances, where penetrabilities changed 
markedly over the resonances, instead of tan“[['/2(Lo 
— F)], the dependence of 8/* shown in Fig. 2 was used. 

All possible / values for given J and x are shown in 
Table I. In order to reduce the number of starting 
combinations of J, x, and /, to be used in computing 


2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952), p. 792. 

" Kashy, Miller, and Risser, Phys. Rev. 112, $47 (1958) 

“4 J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952) 
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Fic. 3. Theoretical isolated reso 
nance curves for the elastic scat 
tering of deuterons by C”. The 
resonant energy is 0.9 Mev and the 
width is 100 kev 
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fits to the experimental data, isolated single-level 
resonance curves for the differential cross section for all 
possible J, x, and Jz values were computed at several 
energies. By comparison between observed and calcu- 
lated resonance shapes, the possible assignments for 
each of the lowest five resonances could be restricted 
to at most two combinations of J, r, and J4. Compu- 
tations were then carried out for these starting possi- 
bilities. After having determined J and x for each 
state, relative widths I'4/I’ were varied until best 
agreement was obtained between data and theory. 

The solid lines of Fig. 1 represent the best fit obtained 
to the elastic data. The assignments were the final 
assignments, taking into account the analysis of the 
C"(d,po)C™ angular distributions and the character of 
the C"(d,no)N™ angular distributions. The assignments 
and widths are found in Table IT. 

‘ The discussions of the assignments are found under 
results. 

A typical set of C"(d,d)C™ single level resonance 
curves from isolated states is shown in Fig. 3 for 
center-of-mass angles 54.7°, 90°, and 168.4°. All allowed 
combinations Jz, J, and x are shown without / mixing 
for J4<3 using Ey>=0.9 Mev and '=100 kev. These 
curves are included because they exhibit typical reso- 
nance behavior of elastically scattered charged particles 
with unit channel spin. It is easily seen by inspection 
of Figs. 1 and 3 that, for example, the anomaly at 


Taste II. Angular momenta, parities, and laboratory 


widths of the states of N™*. 


EN Ea Qa rp Tp ra 
(Mev) (lab) (kev) (kev) (kev) (kev) 


=r's Texp 
(kev) (kev) 
11.05 0.92 . 29 44 22 22 117215 110 
11.29 1.19 79 154 11 31 275235 220 
11.39 1.31 is ) 5 4 33 +6 35 
11.503 1.446 2 4 1 1 1 6+1 6 
11.80 1,79 $0 . see tee 100 





0.9 Mev in the experimental data can be due only to 
a J*=1+* (1g=0) state 


C"(d,po)C . 
a. Experimental Results 


Four excitation curves of the ground-state protons 
were taken at laboratory angles of 47.6°, 80.5°, 158.4°, 
and 165.0°. These curves are shown in Fig. 4. Resonance 
phenomena were observed at deuteron bombarding 
energy of 0.92, 1.19, 1.31, and 1.446 Mev, and the 
behavior of the data between 1.6 and 1.9 Mev indicated 
at least two additional resonances whose position and 
width Angular distributions were 
measured for deuteron bombarding energies of 0.92, 
1.19, 1.31, 1.62, and 1.76 Mev, i.e., on resonance. Data 
were obtained for at least sixteen angles on each 
distribution. The conversion of these angular distri- 
butions from the laboratory to the center-of-mass 
system was done using the tables by Marion,'* using 
2.73 Mev for the Q value. The reduced angular distri- 
bution data in center-of-mass coordinates are shown in 
Figs. 5 and 6. The agreement of the present work with 
that of Phillips,’ and Sarma ef al.’ is good except for 
the discrepancy in the absolute value of the differential 
cross section. 


were uncertain 


b. Analysis 


The analysis of angular distributions from C"(d,po)C” 
played an essential part in the assignments of the states, 
since the angular distribution of the protons made it 
possible to resolve ambiguities in J and # which 
remained after the analysis of the elastically scattered 
deuterons. An example was the 1.19-Mev state which 
could have been mistaken for a 1~ state from the 


wy. B Marion, Atomic Energy Commission Report NP-6241 
(unpublished 
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elastically scattered deuteron data alone. Least squares 
fits to the experimental angular distribution data were 
obtained and proved a great help in arriving at the 
final assignments. Probable sets of parameters were 
entered in an IBM-650 program and varied until best 
do (—1)*’-* 
=r x 

dQ as’ L R?(244+-1)(27 +1) Jidatiiati’ ta’ 


x 


The symbols are defined in Appendix A. The Z coeffi- 
cients are numerically tabulated in several places.'’.* 
Possible contributions from direct interaction processes 
were not considered. 

Since the Q value is large and positive in the case of 
C"(d,po)C™%, the penetrability argument for neglecting 
the higher value of the orbital angular momentum of 
the reaction particle is generally not valid, even though 
the difference in orbital angular momentum value must 
be 2. However, as will be seen ‘ater, the angular 
distributions were found to correspond to excited states 
which decay predominantly through one /, value. 

In the C"(d,po)C™ reaction, S=1 and S’=0 or 1. 
As indicated in Table I, states of parity (—)/~', except 
states with J=0, can decay by either channel spin. 
For O~ states, S’=0. For the remaining states, S’ can 
only be 1. Because of the square root in the expression 
for the cross section there is an ambiguity as to the 
sign of the interference term, so that the sum for two 
resonances is of the form J;Ji+J2J2+AJ;J2, where 
A 2. The sign ambiguity was usually easily resolved 
from the experimental data. The magnitude of the 
cross section is determined by the value of the product 
of the relative widths I'gJ’,/I? in the incident and 
reaction channels, since the angular distributions were 
taken at the resonance energies. The absolute cross 
section values thus determined the proton partial 
widths. Individual fits are discussed in the results. 


C!"(d,p,)C™* 
One excitation curve of the protons to the first excited 
state of C’ was taken at a laboratory angle of 80.5° 
and is shown in Fig. 7. Since 80.5° is a good approxi- 


mation to 90° c.m. over the whole energy range, and, 


since odd interference terms are zero at 90° c.m., these 
data were used in calculating partial and reduced 
widths for p; emission. Consideration was also given 
to previously published C"(d,pyy)C™* data® in the 
estimates of the partial width. 


6 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

‘7 L. C. Biedenharn, Oak Ridge National Laboratory Report 
ORNL-1501 (unpublished). 

'® Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited Report, AECL-97 (unpublished) 
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fit was obtained with the experimental data. The 
analysis was based on Eqs. (3.16), (4.5), and (4.6) of 
Blatt and Biedenharn'* which were derived on the 
basis of single level dispersion theory. The expression 
actually programmed was 


Zh J let 2; sb YZ (Ly J le’ 2; s’L) Pt (cos@) 


— O12 — gi —B2) (Pa) (Pave) (Pe) (Pe)! 


(T(E: E) ars P+ Ay kk. E) AT. P+1j PT, 


C"(d,no)N™ 


In calculating the neutron partial widths found in 
Table II, the angular distributions of Bonner ef al.* 
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Fic. 4. Laboratory differential cross section for the 
C(d,po)C™ reaction. 
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agreement with the distributions to be expected from 
the states listed in Table II 


RESULTS 
The 11.05-Mev State (£,=0.92 Mev): 


J*=1+; 14=0; S’=0; 1, =1 
9 





ad (dd 


cguemy 4 
- rhe assignment was obtained unambiguously from 
7 the analysis of the elastic deuteron data. No improve- 
ment in fit resulted from any admixture of /4=2. Best 
Fic. 5. Angular fit was obtained from I'4/!'=0.26. The fit is shown by 
distribution of the the solid curves of Fig. 1 
ground-state protons 
at 0.92, 1.19, and 
Ss 1.31 Mev b. (d,po) 
30° 60° 90° 20° 150° 
i. 1 i 
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In the proton angular distribution there is a large 
EgrlsiMev + amount of interference from a neighboring state of odd 
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were integrated numerically to obtain the total cross 
section in terms of the differential cross section at 0°, 
and the 0° values of the cross section were taken from 
the Los Alamos compilation.* In the integrations, no 
assumption was made as to mode of decay, and both 
S’=1 and S’=0 were used. 

lhe neutron angular distributions are in qualitative 
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DEUTERON ENERGY (LAB), IN MEV 


Fic. 7. Laboratory differential cross section for the C"(d,p,)C' 
reaction. The protons are to the first excited state of C™ 
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*(d.p)c® Ea« L62MEV 
« DATA 
— F+Oi4R +0.39P, W (@)~ Po—0.36P,+0.26P 2. 


parity. The least squares fit was found to be 


The calculated distribution from a J/*=1*(/g=0) state 
with interference from a 2-(/,=1) state at 11.29 Mev 
is given by 

oa (6)= 23( P)>—0.38P,4+-0.23P.2) mb/sterad, 


90° 20° using a value of 0.1 for I'gl’,/I°, and using widths for 
i i “ \ = . - . . io be oa 
the 11.29-Mev state given in the next section. To obtain 
* DATA Eq * 1.76 MEV this expression, S’ was taken equal to zero. If the 
contribution from S’=1 had been added, the coefficient 
of P; would have been decreased by a factor }. The 
calculated angular distribution is in good agreement 
with the experimental data, as shown in Fig. 5. 





R -O57P +0.198 +0.05R 
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i afl The 11.29-Mev State (E,=1.19 Mev): 
J*=2-; lz=1; S' =0; 1, =2 
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Fic. 6. Angular distributions of the C“ ground-state he analysis of the - tic data could only restrict 


protons at 1.61 and 1.76 Mev the assignment to 1~ or 2-. The fit shown in Fig. 1 was 
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obtained with the 2~ assignment, as required by the 
proton data, using I'z/I'=0.36. No improvement was 
obtained from any admixture of /4= 3. 


b. (d,po) 


The analysis of the proton data was necessary to 
take the ambiguity out of the assignment. A least 
squares fit for the (d,po) angular distribution gave 


W (@)~ Po—0.75P\+1.08P,—0.03 Ps. 


For an isolated 2~ level formed with /4=1, the theo- 
retical proton angular distributions are: using S’=0 
only, Pot P2; using S’=1 only, Pot+O.5P2; and using 
equal proton partial widths for decay into the S’=0 
and S’=1 channels, Pot+0.75P2. Comparison of the 
coefficients of P: in these expressions with that in the 
least squares fit shows that the proton emission is 
almost entirely by channel spin zero, since the 0.92-Mev 
resonance does not contribute to the P: coefficient 
while the contribution from the narrow 1.31-Mev 
resonance, which is of opposite parity, is negligible. 
Interference from the 1* state at 11.05 Mev (£,=0.92 
Mev) is sufficient to explain the odd terms in the 
experimental distribution. Including this interference, 
the calculated distribution for S’=0 is 


a (0) =4.73(P»o—0.73P,+0.98P,—0.05P;) mb/sterad 


using 0.23 for the quantity I'4l',/l* and using the 
parameters for the 11.05-Mev state quoted in the 
previous section. The solid curve of Fig. 5 is a plot of 
this expression. The fit is considerably better than it is 
for the dashed curve, which is a plot of the calculated 
distribution taking a combination of S’=0-and S’=1 
with equal partial widths and also including interference 
from the 11.05-Mev state. 

The assumption that proton decay can take place 
only with S’=0 does net appear unreasonable in the 
light of a vector model. If we consider the ground state 
of C® to be a single particle state with /,=1 and with 
the neutron spin opposed to its orbital angular mo- 
mentum, it is clear that S’=0 represents the case in 
which the neutron and proton spins are parallel to 
each other and antiparallel to /,, as though the relative 
neutron-proton spin orientation of the deuteron were 
preserved throughout the reaction. The implication of 
a single particle deuteron state is worthy of remark. 


The 11.39-Mev State (£,=1.31 Mev): 
*=1+; l,=2, ©); S’=0; l,=1 


a. (d,d) 


It was clear from comparison of the elastic deuteron 
data with the isolated resonance shapes of Fig. 3 that 
the orbital angular momentum value for this state was 
even and equal either to 0 or 2. From a number of 
calculations using /,=0, the possibility of the state 
J*=1*(l4=0) was ruled out since it gave results in 
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obvious contradiction with the observed cross section, 
and the fact that the state was formed mainly by /z= 2 
was definitely established. The limitation I'ac<TI'4;’, 
with the possibility I'ge=0, seemed at first sight to 
restrict the J assignment to 2 or 3. Theoretical curves 
for a J+=3*(/g= 2) state clearly gave the wrong shape 
for the resonance, while large discrepancies remained 
between theory and experiment when J*=2+(/4= 2) 
was assumed. At this point the cross section was 
remeasured experimental!y. and it was established that 
the discrepancy between data and theory was not due 
to error in the experimental data. Calculations were 
then carried out for a J*=1*(/4=2) assignment. This 
is the assignment used in the fit plotted in Fig. 1. As 
can be seen, there is good agreement between data and 
theory. The fit was not sensitive to small admixtures 
of l4=0, provided I'ac*<<I'g:*. From the fits obtained 
with admixtures of /4=0 we believe that an upper 
limit of 0.3 can be set for I'go/T'as. 


b. (d, po) 


The least squares fit to the proton angular distri- 
bution taken on resonance was 


W (@)~ Po—0.69P ,+-0.94P,—O.18P 3. 


Interference from the opposite parity 11.29 Mev 
2-(la=1) state was enough to explain the odd terms. 
The contributions to the Py» and P: coefficients from 
the 1.19-Mev resonance were equal. This meant that 
the Po» and P, contributions from the state itself must 
be approximately equal. An isolated J*=1+(J,= 2) 
state yields the following terms: using S’=0 only, 
Pot P2; using S’=1 only, Po—O.5P;. This indicates 
that the decay of the state must take place with S’=0. 

The theoretical angular distributions in the neighbor- 
hood of the resonance are sensitive to small admixtures 
of 14=0. This sensitivity is due to the fact that for a 
J*=1* assignment the coefficient of P; arises mainly 
from /,=0, and the coefficient of P; from /4=2, in the 
interference with the 2~(/4=1) state. The size of the 
P, interference term in this distribution indicates the 
necessity of having /;=0 deuterons contributing to the 
formation of the state. The assignment of the state 
and the mixing of /’s in the incident channel are con- 
firmed by the behavior of P;, Ps, and the P;/P, ratio 
in the neighborhood of the resonance. Experimental 
values of this ratio and of the coefficients of P; and P; 
obtained from data by Sarma et al.’ are listed in Table 
ITI. 


The final calculated angular distribution was found 
to be 


(6) = 34( Py —0.66P,+-0.90P,—0.84P;) mb/sterad, 


using I'gol',/T?=0.03, I'aol’,/I?=0.11, S’=0, and the 
parameters of the 11.29-Mev state quoted in the 
previous section. Comparison between theory and 
experiment are shown in Fig. 5 where the solid curve 





1296 KASHY 


Ratio of P; coefficients to P; coefficients in the 
C#(d,p)C® angular distributions.* 


Paste IIl 


Ea 
( M ev P a 


0.925 0.02 
0.976 0.06 
013 5 0.12 
060 7 0.05 
111 5 0.08 
154 7 0.12 
195 0.05 
249 5 0.06 
277 7 0.23 
314 48 0.66 
352 : 0.24 
391 0.07 
A13 0.13 
432 0.29 
458 : 0.27 
A77 8 0.12 


alculated from data of Sarma, Govindjee, and Allan (reference 8) 


is the final calculated distribution. Agreement is seen 
to be good. 


The 11.503-Mev State (£,= 1.446 Mev): 
J=3+;la=2 


The energy of this resonance was obtained from the 
calibration of the 90° analyzing magnet using the 
Li?(p,n)Be? and C'*(p,x)N"™ threshold as calibration at 
1.8811 and 3.236 Mev. The assignment of this state 
from the elastic data is unambiguous as J*=3*, /4=2. 
The values of ',/T used in fitting the data was 0.65 
so that 'y=4 kev 


The 11.80-Mev State (E,=1.79 Mev): 
J siTs a=0 


Che elastically scattered deuterons at 90° in the 
center of mass indicate a resonance energy of 1.79 Mev 
and a J*=1+(/,=0) assignment for this state. The 
width I',/I’+0.5. There is also indication of interference 
from an /,=1 resonance. It was not possible to deter- 
mine either the resonant energy or J* of the state 
causing the interference. 

Two angular distributions of the ground-state protons 
were taken with the following results: at 1.61 Mev the 
least squares fit to the angular distribution was of the 
form 


W (@)~ Po—O.14P,+0.39P 2, 


while the 1.76-Mev angular distribution was 
W (@)~ Po—0.57P\+0.19P2+0.05P; 


Che expressions are plotted as the solid curves in Fig 


PERRY, 


AND RISSER 

The 1.61-Mev distribution is almost symmetric about 
90° while the 1.76-Mev is quite asym- 
metric. This is additional evidence that there must be 
two states of opposite parity in this energy region. The 
anomalies in the excitation curves of the C"(d,po)C™ 
reaction are in qualitative agreement with the existence 
of the 11.80-Mev state with J*=1*(1g=0)(Eg=1.79) 
and give additional evidence for a resonance in the 1.6 


distribution 


and 1.7-Mev region due to a negative parity state 


PARTIAL AND REDUCED WIDTHS 


In Table II, the energy widths, 
the levels are tabulated 
widths for emission in the various possible channels. 


Finally, in Table IV, we hav 


ind assignments of 
together with the partial 


listed the reduced widths 
ABLI 


| widths 


2 iA 


me , 
Mev) W.L 


p 


(Me f. Mev) W1 


0.093 1% 22 ) 0.44 14% 0.07 2% 
0.268 y 0.192 ‘ 0.30 10% 0.5 16% 
0.250 i ( / 0.02 0.7% 0.005 0.2% 
0.043 // 0.29% 0.14 S% ° 


and percentages of the Wigner limit for each resonance 
for the various possible channels. 
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APPENDIX A 


k=m,0,/h where m,=reduced mass in channel a and 
Va=relative velocity in channel a 

n= 222€7/hva. 

Y ;"(0,6) = normalized spheri 

xs"*=spin wave function 

o,=argl'(1+/+ 1 


al harmon 


aj=o,—g0o= >. tan 


¢.= hard sphere phase shift arctan(F,/G, 
8/*= resonant phase shift 
l(t’) = orbital angular momentum of incident 
particle. 
I'=total width (experimental) of 
[.1= parti il width 
momentum /. 
S=channel spin in the incident channel 
S’= channel spin in the outgoing channel 


outgoing 


tne state 


in channel a with orbital angular 
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Beta Spectra of the Mirror Nuclei*t 


ROGER WALLACE AND Jasper A. WeLcu, Jr.} 
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The positron spectra and half lives of all the mirror nuclei (2Z = A +1) with 19 < A ¢ 39 have been system 
atically measured with a 180°-deflection uniform-magnetic-field spectrometer. The ground-state transition 
energies were used to compute Coulomb-energy differences between mirror pairs. Deviations of these 
Coulomb-energy differences from a smooth variation with A are explained by a nuclear shell model using the 
potential well of an isotropic harmonic oscillator. The data support a symmetry for the proton wave functions 
characteristic of the state of lowest seniority, with magic-number effects at A = 14 and 16 as well as A =8 


and 20. ¢ 


‘omparison of the ft values obtained with experimental nuclear magnetic moments gives the 


following values for the partial coupling constants for the Fermi and Gamow-Teller 8 interactions: g»* 
= (1.5+0.1)X10™ sec™, gar*?= (2.240.1) K10™ sec™'. Nuclear radii from y-mesic atoms, when properly 
interpreted, are shown to be in agreement with radii deduced from Coulomb energy differences 


I. INTRODUCTION 


HE total binding-energy difference between isobars 
is composed of contributions from nuclear forces, 
repulsive Coulomb forces between protons, and the 
neutron-proton mass difference. The nuclear Coulomb 
energy depends upon the spatial correlations of the 
several protons in the nucleus, and its value is indicative 
not only of the general size of nuclei but also of the 
spatial symmetry of the proton wave functions.'* 

In the nuclear shell model with charge-independent 
nuclear forces, the specific nuclear contribution to the 
binding energy. is the same for pairs of isobars charac- 
terized by 2Z=A+1, 2Z=Ax2, etc. Thus in these 
cases we may obtain the Coulomb energy difference by 
simply correcting the total binding-energy difference for 
the neutron-proton mass ratio. Experimental total 
binding-energy differences are obtained from measure- 
ments of reaction energy and beta-disintegration energy. 
In very light nuclei the perturbation of the Coulomb 
forces somewhat disturbs this nuclear equivalence. 

The nuclear species 2Z = A+1 are called mirror nuclei 
and have been the objects of considerable theoretical*~’ 
and experimental*" attention. Very accurate experi- 
mental binding-energy data are available for A < 21 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Based on a dissertation submitted by Captain Welch to the 
Graduate Division of the University of California in partial 
fulfillment of the degree of Doctor of Philosophy in Physics. 

t Captain, U. S. Air Force, presently at the Air Force Special 
Weapons Center, Kirtland Air Force Base, New Mexico. 

‘FE. Feenberg and G. Goertzel, Phys. Rev. 70, 597 (1946 

* B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954) 

*K. W. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1955), Vol. 5, p. 25. 

*M. Mayer and J. Jensen, Elementary Theory of Nuclear Shell 
Structure (John Wiley and Sons, Inc., New York, 1955). 

50. Kofoed-Hansen, Revs. Modern Phys. 30, 449 (1958) 

* Arnell, Dubois, and Almen, Nuclear Phys. 6, 196 (1958) 

7P. C. Sood and A. E. S. Green, Nuclear Phys. 4, 274 (1958) 

*R. W. King, Revs. Modern Phys. 26, 327 (1954) 

* L. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 

© PD. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

"' —D. M. Van Patter and W. Whaling, Revs. Modern Phys. 29 
757 (1957) 


from reaction-energy measurements. This experiment 
obtained, from positron-decay disintegration energies, a 
systematic, accurate set of binding-energy differences 
throughout the region 19< A ¢ 39." The earlier experi- 
mental situation was characterized by much disagree- 
ment, although several experiments of high precision 
have been performed recently. 

Because nuclear Coulomb energies depend not only 
upon the size of the nucleus but also upon the overlap 
of the proton wave functions, nuclear radii deduced 
from data on mirror nuclei are highly dependent on the 
model used. Radii obtained from this experiment using 
a nuclear shell model will be compared with radii from 
high-energy electron scattering and u-mesonic atoms. 

Values of ft were determined and will be compared 
with theoretical matrix elements and matrix elements 
based on measured magnetic moments of the daughter 
isobars.*"* The later comparison gives values for both 
the Fermi and Gamow-Teller §-decay interaction 
constants. 


Il. EXPERIMENTAL PROCEDURE 


The radioisotopes were produced by deuteron and 
proton bombardments with the external beam of the 
60-inch cyclotron at Crocker Laboratory, and by proton 
bombardments at the Lawrence Radiation Laboratory 
32-Mev proton linear accelerator, as well as deuteron 
bombardments with the Van de Graaff injector of that 
linac. 

The beta spectra were measured with a uniform-field 
180°-deflection single-focusing spectrometer (Fig. 1). 
The design was carried out along the lines suggested by 
Geoffrion and Persico,""* who developed formulae for 
maximizing transmission for a given resolution. The 
magnetic field was carefully mapped and calibrated to 

' For a full report of this experiment see Jasper A. Welch, Jr., 
University of California Radiation Laboratory Report, UCRL- 
3888, August 1957 (unpublished). A preliminary report of results 
has been presented by R. W. Wallace and J. A. Welch, Jr., in Bull 
Am. Phys. Soc. 3, 206 (1958). 

3G. L. Trigg, Phys. Rev. 86, 506 (1952). 


“4 E. Persico and C. Geoffrion, Rev. Sci. Instr. 21, 945 (1950) 
'S C. Geoffrion, Rev. Sci. Instr. 20, 638 (1949) 
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Fic. 1. Schematic cross section through the spectrometer perpen 
dicular to the magnetic field 


0.1% against magnet current with commercial nuclear- 
magnetic-resonance equipment. 

Because of the short half lives encountered, the 
spectrometer was positioned so that the accelerator’s 
external beam struck a target placed at the entrance of 
the orbit. To reduce background, everything that would 
be exposed to direct or scattered beam was fashioned of 
carbon. The width of the source was determined by 
beam collimation. Compensation for the deflection of 
the beam by the spectrometer field was made with a 
lead-screw traverse for the whole magnet assembly. The 
energy of the bombarding particle was controlled by a 
movable carbon degrader interposed just ahead of the 
target to reduce the beam spread due to multiple scat- 
tering in the degrader. 

All target materials except aluminum were available 
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Fic. 2. Kurie plot for the isotope Ne”. The experimental decom 
position into branching transitions is shown. Arrows indicate posi 
tions of possible branching transitions; Yes above arrow denotes 
that the spin-parity assignment predicts an allowed transition; 
No indicates a forbidden transition. (These remarks apply also to 
Figs. 3 through 12 
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in powder form. Targets were prepared by mixing the 
powder into a dope of styrofoam dissolved in benzene 
and then allowing the benzene to evaporate. The beam 
current was collected in a carbon Faraday cup just be- 
hind the target. The beam current was fed into an RC 
circuit whose decay constant equaled that of the activity 
being investigated. This innovation by Professor W. K. 
H. Panofsky produces a voltage across the condenser 
which is at all times proportional to the activity of the 
target. 

The beta particles were detected by two thin-walled 
gas proportional tubes in coincidence. Scattering (in the 
counter walls) causes a droop in the coincidence/front 
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Fic. 3. Kurie plot for Na 
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singles ratio below 1 Mev. We took the front-singles rate 
as true and corrected the coincidence rate by an 
empirically determined function. 

With the degrader in position the beam was turned 
on and the target bombarded for three half-lives. At this 
time the beam was abruptly shut off, and simultaneously 
the movable degrader was flipped out of the 8-particle 
orbit. The counts were recorded as a function of time 
after cessation of bombardment with a mechanical 
tandem-gate apparatus. The first few gates were set at 
one-half a half-life, and succeeding ones set longer and 
longer to encompass a total recording time of about 
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Fic. 6. Kurie plot for Si?’. 
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Fic. 8. Kurie plot for S" 
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Fic. 9. Kurie plot for Cl*. 


twelve half-lives. This bombarding and counting routine 
was repeated one to ten times at each spectrometer 
energy (a fixed number for each isotope) to gather 10* 
counts at mid-energy. It was necessary to carry through 
the routine very systematically in order to maintain 
good knowledge of the background. 

A carbon plunger can be inserted into the orbit 30° 
ahead of the exit slit. This prevents all positrons from 
reaching the detector, and hence allows direct measure- 
ment of all nonorbit background. Runs were also made 
with a blank target. In all cases subtraction of these 
background data resulted in a pure activity, and a sum 
of counts in the first four gates was used as the relative 
spectral intensity. Unique identification of the observed 
activity was made from reaction kinetics and approxi- 
mate knowledge of half-life and end-point energy. 


Ill. EXPERIMENTAL RESULTS 


The end-point energies of the spectra were determined 
by the usual Fermi-Kurie function analysis for allowed 
spectra, except that, for our low values of Z, the 
Coulomb-repulsion correction factor changed by at 
most 2° in the range 1 to 6 Mev and was omitted from 
the Kurie function as plotted in Figs. 2 through 12."* 


Cl(p,n)a>® 
Runs 1115-1149 
Corrected doto 











P ~, 
; eee 


Kinetic energy ( Mev) 
Fic. 10. Kurie plot for A*. 


‘© Tables for the Analysis of Beta Spectra, National Bureau of 
Standards, Applied Mathematics, Series 13 (U. S. Government 
Printing Office, Washington, D. C., 1952), p. 21. 
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Ca(p,a)K*” 
Runs 543-560 
Corrected dato 








Kinetic energy (Mev) 


Fic. 11. Kurie plot for K*’. 


K (p,n)Co™® 
Runs 562-603 
Corrected doto 


< 


Kinetic energy (Mev) 


Fic. 12. Kurie plot for Ca® 


The raw Kurie plots exhibited a long tail on the high- 
energy end extending well beyond what could be ac- 
counted for by spectrometer resolution. A review of the 
data convinced us that it was not due to improper 
interpretation of the background. From our efficiency 
versus energy data we determined that the points that 
correspond to this tail have an efficiency that is charac- 
teristic of energies less than 1 Mev, thus indicating that 
they must have been scattered off the spectrometer 
walls into the detector. Wong has observed a similar 
effect.'7 From the shape of the tail, we deduced a tail 
correction that had the effect of lowering the Kurie-plot 
intercept 1% to 2% and added no more than 0.1% error 
to the inter¢ ept 

A folded integral over an allowed spectrum with finite 
resolution and finite source thickness 5 revealed that 
distortion of the Kurie plot is confined to the lower 
fourth of the energy range and within one base resolu- 
tion width of the intercept. In addition, the apparent 
intercept lay, at most 6/2 too low. The experimental 
results in Fig. 13 indicate a correction of 6/4. We com- 
promised on 6/3, whichfintroduces an error in the 
intercept of no more than 6/10&0.01 Mev. All correc- 
tions have been applied to Figs. 2 through 12. 

The unfolding of branching transitions in these Kurie 
plots is really somewhat tenuous, owing to counting 


'7C. Wong, Phys. Rev. 95, 761 (1954) 





$ Experimentoi 


Apparent intercept (Mev) 


| 


: 


150 





Fic. 13. Source thickness effect. Experimentally observed inter 
cepts for three source thicknesses are shown together with the 
maximum calculated thickness effect (dashed line) and the adopted 
correction (solid line 


statistics and our uncertainty in the detection-efficiency 
correction. Only transitions obeying allowed selection 
rules (A/=0, 1; no parity change) will have a large 
enough branching ratio to be observed. In most cases 
correlation can be found with positions of known 
daughter levels and their spin-parity assignments.'® For 
F'® we see evidence for a transition to a hitherto unre- 
ported state at 0.5+0.2 Mev (see Ne). For Ne we do 
not see a branch to the 0.35-Mev level. Our measure- 
ments of Ne” — F"” and Na*™ — Ne* were taken with 
comparable source thicknesses, and thus it is hard to see 
why the F"® level is not real; however, it was not ob- 
served by either Freeman" or Seale.” For Mg” we see 
no branch to the 0.98-Mev level, and no y rays have 
been observed from this level.* The spin-parity assign- 
ment is not absolutely clear-cut but does look reason- 
able.”" For S® neither we nor Meyerhof found a branch 
to the 0.84-Mev level. 

From our energy and half-life measurements we have 
computed ft values according to the 
Feenberg and Trigg.” The correction for branching to 
excited levels should be less than 5° and has not been 
made. 

The basi 
to 0.1% corrections for deviations 
from a uniform field push the absolute error for the 
effective field to 0.40, and the relative error to 0.2% 
Variations in the position and spatial uniformity of the 


formulas of 


magnetic-field measurements are accurate 
in absolute value; 


beam introduce an absolute error no larger than 0.2% 
in the effective orbit radius. Thus the basic accuracy in 
the Hp of the instrument is 0.5% absolutely and 0.3°; 
relatively 

The internal accuracy of individual Kurie plots varied 
from 0.30% to 1.5% 


for the ground-state transitions. 


18P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
1% Joan M. Freeman, Phil. Mag. 1, 591 
*R. L. Seale, Phys. Rev. 92, 389 (1953 
1 J. R. Holt and T. N. Marsham, Proc. Phys. Soc 
66A, 258 (1952) 
2 W. E. Meyerhof and G. Lindstron, Phys. Rev. 93, 949 (1954) 
3 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 299 (1950) 


1956 


London) 





6B SPECTRA OI 


MIRROR NUCLE 


1301 


Taste I. Data for mirror nuclei. The Coulom energy difference A; is obtained as Ay = Emax +1.804 Mev for 8*, A: = Emax —0.782 
Mev for 8~ and A; = Emax+0.782 Mev for K capture. The differences in A; between adjacent transitions is given in the last column 


as A». 


Ewes 


Transition T,' Mev 


p! wal 11.740.3 min. 
He*— H? 
Lié— He® 
Be? — Li’ 
B? - Be® 
Cu Bu 20,110.13 min. 
NB CB 597.64-1.8 sec 
OU Ns 123.95+0.50 sec 
FI7~ On 66.6+0.5 sec 
Ne*— F® 


0.782+0.001 
12 yr 
53 day K capture 
0.960+-0.003 
200+0.002 
739+-0.002 
745+-0.006 


19.5+1.0 sec 2.24+0.01 


17.7+0.1 
21.6+0.5 sex 
23.0+0.2 
11.94-0.3 sec 
12.1+0.1 
3+0.3 sec 
24+0.03 
1+0.2 sec 
14+0.03 
.2+0.1 sec 
45+0.05 
58+0.06 sec 
72+0.02 
9-+0.1 sec 
53+0.02 
84+0.10 sec 
8340.03 
15+0.15 sec 
2340.02 


0.89+0.05 sec 
0.88+0.01 
0.8764+0.012 


0.87+0.05 sex 
0.87+0.03 


Na?! — Ne”! 2.5140.02 


Mg” — Na” 3.09+0.01 


Al? Mg? 27+0.03 


Si?” — Al? 3.85+0.02 


p2» — Sj 3.96+0.02 


i 


Sai ps 


4.39+0.03 


4.51+0.05 


2 
2 
2. 
2. 


4.93+0.05 


5.15+0.07 


5.43+0.06 


$.94+0.10 


* See text for choice of 7). 
Units are years (yr.), days, minutes (min.), and seconds (sec ) 
Values from this experiment 


his is compatible with counting-statistics errors, indi 
cating no appreciable contribution from beam moni- 
toring. Every isotope was measured at least twice, and 
from two to eight spectra were determined during each 
of nine runs performed over a 10-month period. Many 
cross checks are thus available, and all determinations 
are in agreement. The combined relative error from 
internal fit, source thickness, and Hp is given in Table I 
The entire error in the half life comes from uncertainty 
in the correct background-counting rate. Our half-life 
determinations agree with those from other experiments 
as reported by King.* Some recent measurements are*~** 

* Hunt, Jones, and Churchill, Proc 
479 (1954). 

25 Soshovskis ef al 


* Li, Whaling 
1951 


Phys. Sox 


(London) A67 


, Geneva, July, (1958 


Fowler, and Lauritson, Phys. Rev. 83, 512 


0.0186+0.0001 


proton unstable 


proton unstable 


Ay Ay 
Mev (Mev 


0.0 
0.764+0.001 
0.8+0.3 
1.645+0.001 
1.852+0.002 
2.76240.003 
3.004+0.002 
3.543+0.002 
3.549+-0.006 
4.04+0.01 


0.764+0.001 
0.04+4-0.30 
0.854-0.30 
0.207 +0.002 
0.910+0.004 
0.242+0.005 
0.539+-0.003 
0,006 +0.008 
0.49+0.02 


4670 
4400 
2280+ 100 
1800+ 100 


3800+ 250 4.31+0.02 0.27+0.02 


4900+ 200 4.89+0.01 0.58+0.02 


360004. 350 5.07 +0.03 0.18+0.03 


4400+ 100 5.65+0.02 0.58+0.04 


4800+ 200 5.76+0.02 0.11+0.03 


4800+ 200 6.19+0.03 0.43+0.04 


5300+ 500 6.3140.05 0.124-0.06 


5600+ 400 6.7340.05 0.424-0.07 


4600+ 500 6.95+0.07 0.224-0.09 


4100+ 300 7.2340.06 0).284-0.09 


22004250 6.74+0.10 0.49+0.12 


given in Table I. Where our values are in agreement we 
have chosen for the ft calculation the half-life with the 
smallest quoted error. In the cases of P®, S", and Cl* 
we favored the smallest value just because unsuspected 
backgrounds tend to make half-lives appear longer. The 
errors in the ff values were compounded from absolute 


27 L. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 

* J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 

” ©. C. Kistner ef al., Phys. Rev. 105, 1339 (1957). 

”L. J. Lidofsky ef al., Bull. Am. Phys. Soc. 2, 182 (1957) 

* M. V. Mihailovic and B. Povh, Nuclear Phys. 7, 296 (1958) 

® Muller ef al., Physica 24, 577 (1958). 

* OQ. C. Kistner ef al., Phys. Rev. 104, 154 (1956). 

* F. Schweizer, Phys. Rev. 110, 1414 (1958). 

*6 OQ. C. Kistner and B. M. Rustad, Phvs. Rev. 112, 1972 (1958). 

* J. E. Cline and P. R. Chagnon, Bull. Am. Phys. Soc. 3, 206 
(1958). 

7 Elbek, Madison, and Nathan, Phil. Mag. 46, 663 (1955). 

*C. R. Sun and B. T. Byron, Phys. Rev. 109, 109 (1958) 
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Beta spectra 

Ai= Es* + 1.804 
Method* (Mev) 
Ne!?— F'# } S 3.98+0.03 

A 4.1+0.1 

Ne*! S 4.30+0.03 
Scin 4.340.1 
Scin 4.75+0.07 
CC 4.62+0.14 

4.97+0.15 

5.04+0.03 


5.62+0.04 
5.34+0.10 
5.54+0.19 


5.62+0.04 
5.749+0.010 
5.7+0.2 


6.22+0.03 
5.67 +0.07 


6.0+0.2 


6.76+0.05 
6.21+0.09 


6.90+0.07 


7.38+0.04 
7.290+0.025 


6.74+0.08 


Transition 


Na?! - 
Mg” — Na*™ 
A}?5— Mgt 


Si?” — Al” 


pe — sim 


Ca®— K® 


Sc# —Ca® 


* The notation S denotes that a magnetic spectrometer was used, A denotes absorption, CC denotes cloud chamber and Scin de 


energy and half-life errors, based on ft~£*t for this 
region of energies. 

Table II presents some Q-value measurements to- 
gether with previous 6-spectra measurements and the 
results of this experiment. We have chosen to use the 
Coulomb-energy differences for comparison. These are 
obtained from 8 decay as A;= Emax +1.804 Mev for 8*, 
from (p,m) thresholds as A;=Q(p,m); and from differ- 
ence of (d,n) and (d,p) reaction energies as A,=(Q(d,p) 
—(Q(d,n), where the two reactions lead from a common 
nucleus to the members of a mirror pair. We agree with 
all the values from (p,m) reactions except at A=27, 
where our value is slightly too high for the quoted 
errors to overlap. For the deuteron-reaction differences, 
our values are higher than 2 and below 2, and beyond 
the reported experimental errors in all cases. However, 
we should point out the excellent agreement of this 
method and the 8-energy determination for Sc“. 


TABLE III. Values of the alternation parameter obtained from 
experimental values of A; compared with theoretical values based 
on various coupling schemes in the C-T model 





Alternation parameter, (a—6)/(a+6) 

LS instate jjinstate LS aver- 
of lowest of lowest aged 

seniority seniority over spin 

0.55 


0.40 


Orbital 
for odd 
nucleon 


Ods2 


This 
experiment 


0.41+0.12 
0.62+0.25 


0.44 
0.44 


0.83 
0.83 
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PaBLe II. Data from this experiment compared with values obtained by reaction kinetics and beta spectra 


Q values 
A\= Vv pm or 
4,=0(d,p)—QO(dn 
Mev) 


rhis experiment 
A, = Eg*+1.804 
(Mev) 


4.04+0.01 


Method 


+.039+0.004 
+ 70+0.05 4.31+0.02 
1. 88+0.01 +.89+-0.01 


5.084+-0.024 
5.02+0.06 


5.07 +0.03 


5.593 +0.009 5.65+0.02 


5.96+0.04 5.764+0.02 


6.06+0.20 6.19+0.03 


6.17+0.04 6.31+0.05 


6.73+0.05 


6.95+0.07 
7.23+0.06 


11 d,p;.d.n 


6.74+0.010 


10tes a crystal scintillator 


IV. DISCUSSION 


The classical formula for the Coulomb energy of Z 
protons distributed uniformly throughout a spherical 
volume of radius R is 


E.= (3/5)Z(Z—l)é/R, (1) 


and the Coulomb energy difference between the mirror 
pair (Z+1), Z is 


Ail(Z)=E.(Z4+1)— EZ) = (6/5)@Z/R. (2 


Assuming further that R=roA', we find that A:(Z) 
= A;(Z+1)—A,(Z) will be a smoothly varying function 
of Z. 

One defect in this model is the tacit assumption that 
the protonic charge carried away in the 8 decay comes 
uniformly from over the entire charge distribution. The 
nuclear shell model clearly implies that to the contrary 
the “disappearing” proton comes from a definite state 
with a nonuniform probability distribution. If the 
charge density remains constant so that the charge con- 
tained in the outermost spherical shell is carried away, 
we calculate a reduction in A; of 15% over that of 
Eq. (2). Because of the exclusion principle, the total 
proton wave function must be antisymmetric in the 
exchange of two particles, i.e., the protons appear to 
avoid one another. Simply placing the protons in a cubic 
lattice leads to a 15% reduction in the Coulomb energy 
over that given by Eq. (1). Cooper and Henly obtain a 
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12% reduction for the Hartree approximation to anti- 
symmetrization.” The grouping of protons into space- 
symmetric, spin-antisymmetric pairs implies that the A; 
for odd Z — even Z should be relatively smaller than 
for even Z — odd Z; hence A, should be an alternating 
function of Z. 

Following the work of Feenberg and Goertzel,' Carlson 
and Talmi? (henceforth denoted by C-T) have developed 
a detailed theory of Coulomb energies with a nuclear 
shell model. On the basis of lowest seniority for mirror- 
nuclei ground states, they obtain 4,=a+(—1)?'*"d, 
where Z’ is the number of protons outside a closed shell. 
New a and 6 do not depend on 2’; they do depend upon 
the choice of jj or LS'coupling, the / or j of the level 
being filled, and the radial form of the wave functions. 
The Coulomb energy is calculated as a perturbation to 
first order by the use of 77 coupling and single-particle 
wave functions that are stationary states of the well of 
an isotropic harmonic oscillator. They find A,= &(A)e, 
where £(A) can be evaluated analytically and « is an 
energy characteristic of the oscillator force constant. 
This force constant represents the average nuclear force 
on the Z’ protons outside closed shells. 

From Fig. 14 we see that, outside the Of, shell, ex- 
perimental values of ¢ are remarkably uniform within 
shells. Furthermore the values are in good agreement 
with those obtained by Talmi and Theiberger (hence- 
forth denoted by T-T) when they fit a five-parameter 
theoretical binding-energy formula to all known light 
nuclei.” 

The uniformity of alternation of A in the dy shell and 
the interruption of the quantitative uniformity at the 
beginning of each shell above P, is shown in Fig. 15. In 
Table III are presented the average experimental values 
of the alternation parameter (a—b)/(a+6) together 
with the computed values (by C-T) for jj and LS 
coupling for the state of lowest seniority, as well as for 
an average over all states in LS coupling having the 
same spin. The dy data favor the state of lowest senior- 
ity, while the d; data are really too inaccurate to dis- 
criminate. It is not clear from C-T whether these values 
for (a—b)/(a+6) would change radically for another 
type of potential well, although the work of Jancovinci* 
suggests they would not. 

The C-T model also gives a relationship between the 
radius constant of the charge distribution and the 
Coulomb-energy difference, Ayro=o(A), where ro is de- 
fined for the equivalent uniform distribution as 1A! 
= (5/3)r*)!, and (A) can be evaluated analytically. It 
should be pointed out that the model itself implies that 
ro decreases uniformly throughout a shell if ¢ is constant. 
The experimental values of ro (see Fig. 16) are sub- 
stantially in agreement with electron-scattering experi- 
ments® except for the point at A = 24. This is a region 


* L. N. Cooper and E. M. Henly, Phys. Rev. 92, 801 (1953 
“1. Talmi and R. Theiberger, Phys. Rev. 103, 718 (1956 


“| B. G. Jancovici, Phys. Rev. 95, 389 (1954). 
© Richard H. Helm, Phys. Rev. 104, 1466 (1956). 
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Fic. 14. Characteristic Coulomb energy of the harmonic-oscil 
lator well, ¢, versus A and orbital of the odd nucleon. This energy is 
defined by «= e(1/x)', V(r) =hwrr*. Note the — alternations in 
the Opsy2 shell, indicating break-down of the model for extremely 
small A. The value of ¢ is remarkably constant within higher shells, 
however. Values of « deduced from a fit of the total binding ener 
gies of all known isotopes are shown for comparison.” 


where evidences for nonspherical nuclei have been 
found. Now, the electron-scattering experiments are 
very sensitive to the shape of the charge distribution 
near the surface, and any deformation would enter into 
the average fuzziness of the surface to first order. The 
Coulomb energy necessarily depends on deformation to 
second order. Thus we might expect the model to give 
detailed explanation of energies while being insensitive 
to actual departures from sphericity. 

The radii from w-meson x ray determinations are 
consistent with a constant value for ro of 1.2 fermis, but 
accurate measurements are confined to the region above 
A=51. The C-T model, when normalized either to the 
mirror difference at A=41 or the fit of T-T, predicts 
ro=1.2 for A=51. Thus the stated disagreement’ be- 
tween the u-mesonic atom radii and those from mirror 














Fic. 15. Second differences with respect to Z of the Coulomb 
energy contribution to the total binding energy. The ordinate is 
defined as A:(Z)=A,(Z+1)—A;(Z), where A;(Z)=£,(Z+1) 

-E.(Z). Note the odd-even effect throughout and tae quantita- 
tive interruptions of this effect after Z=8, 14, 16, and 20. 
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Fic 16 Root . mean 
square radius constant 
versus A and orbital of odd 

140 nucleon. Values shown are 
based on a nuclear shell 
model using harmonic-oscil- 
lator wave functions.” Elec 
130 tron-scattering results are 


shown for comparison. 
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nuclei disappears when they are compared with a 
@ OTHER DATA 


suitable theory in the correct mass-number region. 
Se ny Following the method of Wilkinson® we have calcu- 
lated the position of the 7= 1 energy levels in the nuclei 
2Z=A from our mirror pair mass differences. With the 
exception of the level for A 38, the 


(Mer|" FROM MAGNETIC MOMENTS 


agreement with 
observation is excellent. The average from A = 22 to 34 


Of (Eeate—Eous) is +0.0534+0.074 Mev. Wilkinson 

shows that this implies that the »—p bond is 1.5% 

+2.5% stronger than the n—n bond 

Feo The comparative half-life in be expressed as 
BF '%s'4) 


(f/ gi Uy T £GT Mot 


where gr’? and ger’ are the natural constants for the 


Fermi and Gamow-Teller couplings and |M; and 


Mar|? denote the respective matrix elements. For 
mirror transitions we have M; 1 on the basis of any 
reasonable coupling scheme. Thus a plot of (/f)~' versus 
INTERCEPT: 1.5+Q? Mat * should be a str Light line wi I intercept gr’ and 
SLOPE 2.2992 slope gat” Pheoretica values of Mar ? do not produce 

such a result." If the assumptions are made that 7) 

coupling is in operation for charge-independent nuclear 
forces, Jensen and Mayer‘ have shown that for mirror 


nuclei there exists a definite relationship between 
Mer? and the nuclear magnetic moment, u 


for 7=/+} 


M 


Fic. 17. Experimental values of (ft)! versus values of the 
Gamow-Teller matrix element calculated from experimental 
nuclear magnetic moments. “D. H. Wilkins 
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same values of g’® (with the exception of the point for 
He*) can be obtained from the semiempirical matrix 
i 370-1 ; elements of Trigg,” who adjusted his LS matrix ele- 
ments according to deviations of the experimentai mag- 
Using these formulas we have computed Mer? from netic moment from corresponding computed values. 
the experimental magnetic moments and compared 
them with the experimental ft values by means of Eq. ACKNOWLEDGMENTS 
3) vs Fig. a - br pte te - ere weiane This research was suggested by Professor Luis Alvarez, 
gr? = (1.50.1) X10™ sec and gor*=(2.240.1)X10™% the authors gratefully acknowledge his support and 
" advice S Cf yeuion. °yY als 5 i 
Blatt,” and Kofoed-Hansen.** An equally good fit to the mgt acey Hb iene De. eddies thahont 
“ J. R. Gerhart, Phys. Rev. 95, 288 (1954). Cence, H. Wade Patterson, and many others throughout 
«John M. Blatt, Phys. Rev. 89, 83 (1953). 


“A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. the laboratory for their contributions to the experi- 
Selskab, Mat-fys. Medd. 27, No. 14 (1953). mental program. 


J+A) 2w— (J/j+1)(14-0.12) |" 


sec”', in good agreement with the work of Gerhart,“ 
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Fission Cross Section of Plutonium-242* 


DaNnteEL K. BUTLER 
irgonne National Laboratory, Lemont, Illinois 


(Received September 21, 1959 


The cross section for neutron induced fission of Pu** has been measured between 0.1 and 1.7 Mev. The 
measurement was made by determining the ratio of the Pu fission cross section to that of U™* using a back 
to back gas scintillation counter. 


APPARATUS AND EXPERIMENTAL METHOD The measurements were made by placing the counter 


HE ratio of the neutron induced fission cross With the centers of the deposits 3} in. from a lithium 
section of Pu? to that of U5 has been measured. ‘@*8et- Neutrons were produced in the target by the 
The known! fission cross section of U%* was used to /\’(#,)Be’ reaction using protons from a 3-Mev 
determine the fission cross section of Pu”. Van de Graaff elec trostatic accelerator. The energy of 

The details of the gas scintillation counter are shown the neutrons was determined by measuring the energy 
in Fig. 1. The fissionable deposits were supported at of the protons with an electrostatic analyzer. The 
the center of a thin walled (0.010 in.) stainless steel’ lithium targets used were about 30-kev thick at the 
cylinder. Flanges were welded to the ends of the cylinder (p,m) threshold and the energy spread due to geometry 
so that Vycor windows could be sealed on with lead was less than 
gaskets. The gas filling mixture was 1.7% N» and 
98.3% A at a total pressure of two atmospheres. This 
mixture was determined to give maximum a-particle 
pulse height for the particular counter geometry. 

The fissionable samples were prepared by electro- 
deposition. The Pu*” used* was sample No. 2 of reference 
2. The mass (230 yg) of this sample was determined by 
a mass spectrographic measurement of its isotopic ate Ai FO LIGHT REFLECTOR 
composition combined with a counting. The mass of the cromationen FSA /ZATM) F 50%! \ Og gor pworomma Tin ca 
uranium sample (4.73 mg U™*) was determined in its ee sori Oe Bde 
preparation by quantitative deposition. wer Z- 


—EE . 


20 kev. The total combined neutron 
energy spread at all energies was always less than 60 
kev. In order to correct for absorption in the sample 
backing foils the deposits were placed at an angle of 
30° to the neutron flux with the flux alternately incident 
on the plutonium and the uranium samples. 





¥ 


* This work was performed under the auspices of the U. S - . 
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Atomic Energy Commission. ; I yreen bai 
Neutron Cross Sections, compiled by D. J. Hughes and R oa 
Schwartz, Brookhaven National Laboratory Report BNL-325 4 LEAD GasweT 
Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), second edition. 
?Mech, Diamond, Studier, Fields, Hirsch, Stevens, Barns 
Henderson, and Huizenga, Phys. Rev. 103, 340 (1956 Fic. 1 
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Fic. 2. Neutron induced fission cross section of Pu™, 


RESULTS 


The results of the cross-section measurements are 
shown in Fig, 2. Only statistical counting errors are 
indicated. 

The results been 650-kev 
neutron energy for the low-energy group of neutrons 
from the lithium reaction.*~* The low-energy neutron 
flux at the counter due to air and room scattering was 
checked with a Lil(Eu) scintillation counter. One half 
of this flux was found to be below the cadmium cutoff. 
The intensity of the low-energy flux was such that it 
caused no greater than a 4% increase in the U™ fission 
count rate and was therefore neglected. 

In addition to the correction for the second group 
in lithium the results have been corrected for fissions 
of other isotopes of uranium and plutonium in the 
samples, and for spontaneous fissions in Pu. They 
have also been corrected for fissions which dissipated 
all or most of their energy in the fissionable deposits and 
therefore gave pulses below the discriminator settings. 

The statistical errors shown in Fig. 2 do not include 
possible errors in the normalization of the curve. 
Possible normalization errors would result from any 
error in the U™® fission cross section, any errors in the 
correction for fission pulses below the discriminator 


have corrected above 


*R. Batchelor, Proc. Phys. Soc. (London) A68, 452 (1955 
* Alan B. Smith (private communication 
* Bevington, Mitchell, Rolland, Wilenzick, and Lewis, Bull 


Am. Phys. Soc. 4, 218 (1959 


BU TLEI 


settings, any uncertainty of the knowledge of the sample 
masses, or a small error in positioning or non uniformity 
of the fissionable deposits. The largest correction for 
fission pulses below the discriminator settings was 
3.9% for the U** sample. This correction may have 
been in error by as much as 50% thereby producing 
an error in the normalization of +2%. The accuracy 
of the determination of the mass of the Pu™ sample, 
limited primarily by the accuracy of the knowledge 
of the half-life for a decay of the Pu’, was estimated 
from the scatter of the best half-life measurements to 
date?:*? to be +2%. The probable error of the determi- 
nation of the mass of the uranium sample was less 
than 1%. The error in the normalization factor due to 
improper positioning and non uniformity of the deposits 
was estimated by rotating the counter so that the 
neutrons traveled through it in exactly the opposite 
direction to that shown in Fig. 1. The measured fission 
ratio changed by less than 3% when this was done. 
The result of-combining all these errors was a probable 


error in the normalization factor of 5% to which 


must be added any error in the U** fission cross section. 

Additional runs which could not be included in Fig. 2 
because one discriminator was accidentally set too high 
confirmed the existence of an unusually large cross 
section below 400 kev. This cross section cannot be 
explained by any known contaminant, so it must be 


attributed® to Pu?@ 
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* Butler, Lounsbury, and Merritt, Can. J. Chem. 34, 253 (1956) 

’ Butler, Eastwood, Collins, Jones, Rourke, and Schuman, Phys 
Rev. 103, 634 (1956 

8 Note added in proof.—The shape of the low energy portion of 
the Pu®® cross section is similar to that recently measured for 
Pu” [V. G. Nesterov and G. N. Smirenkin, Soviet Phys. JETP 8, 
367 (1959), and private communication ]. A good fit to these shapes 
can be obtained by a suitable adjustment of the energy parameter 
in the collective model barrier penetration formula suggested by 
Hill and Wheeler [D. L. Hill and J. A. Wheeler, Phys. Rev 
1102 (1953)] 
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Hydrogen-Helium Isotope Elastic Scattering Processes at Intermediate Energies* 


J. E. Brottey, Jx., T. M. Purwam, L. Rosen,t anv L. Stewart 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
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Differential cross sections for the elastic scattering of various 
hydrogen and helium isotopes have been measured using acceler- 
ated particles from the Los Alamos 42-inch cyclotron. The scat- 
tering of protons and deuterons from deuterons, tritons, and 
helium-three particles has been studied over an energy range of 5 
to 14 Mev. The elastic scattering of ~10-Mev polarized protons 
has also been studied. In all cases nuclear emulsions were used as 
detectors. 

Proton-deuteron elastic scattering has been measured at 5.6 
and 7.85 Mev. A comparison is made to results at nearby energies 
of both p-D and n-D scattering and to theoretical predictions. 
The scattering of 10-Mev polarized protons from deuterons has 
been measured and provides support for calculations using central 
force approximations. 


INTRODUCTION 


URING the last few years a remarkable expansion 

of theoretical and experimental knowledge of the 
interactions amongst light nuclei has transpired. More 
specifically, scattering and reaction processes amongst 
the various hydrogen and helium isotopes have been 
receiving quite detailed experimental study at inter- 
mediate energies. One might hope that some of these 
processes involving few nucleons would be susceptible 
to “first principles’ theoretical calculations which 
would bridge the gap between two-nucleon interaction 
theory and methods dealing with bulk nuclear matter 
such as the optical model and the statistical theory, 
etc. Indeed, resonating group calculations have pro- 
duced rather encouraging results and a detailed com- 
parison with recent experimental results will be made. 
It is possible that suitably refined calculations of this 
sort may further illuminate the question of the many- 
body force. 


EXPERIMENTAL APPARATUS 


The Los Alamos 42-inch cyclotron was used as a 
source of several kinds of bombarding particles at 
various energies. The accelerated particles were directed 
to and focused at the experimental station by an ion- 
optical system consisting of steering, bending, and 
strong-focusing magnets. The cyclotron and experi- 
mental stations are in separate shielded vaults. 

Scattering processes were studied with an unpolarized 
incident beam and in some cases a polarized beam. In 
the unpolarized case, the cyclotron beam entered inside 
a multiplate nuclear camera that has been described 
previously in considerable detail.’ 

* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Now a Guggenheim Fellow at le Centre d’Etudes Nucléaires 
de Saclay, France. 
ee ant Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 


Measurements of p-T and p-He’* elastic scattering at 6.5 and 
8.34 Mev give angular distributions which are quite similar to 
those for p-D and p-He*. An encouraging agreement is found with 
resonating-group calculations with central-force approximations 
of the Serber type. 

Deuteron-deuteron scattering has been measured at 6.0, 8.2, 
12.1, and 13.8 Mev. A preliminary theoretical treatment indicates 
that the process is predominantly hard-sphere scattering with no 
strong level splitting. 

Deuteron-triton and deuteron-helium three scattering has been 
measured over the energy range of 5 to 14 Mev. The results for 
the two processes are almost indistinguishable at the present level 
of accuracy. 


The elastic scattering of 10-Mev polarized protons 
was studied using another type of nuclear-plate camera 
that has been sketched in a previous note.‘ The fully 
polarized proton beam was obtained by bombarding 
hydrogen with 25-Mev alpha particles and selecting 
protons recoiling at a laboratory angle of 25°. The 
experimental results will receive further attention in a 
future publication. 


PRESENT DATUM 
~ 10 MEV 
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Fic. 1. Percent polarization as predicted from p-P Bey shift 
analyses at 3.0 and 4.2 Mev. (See references 6 and 7.) 10-Mev 
experimental value is indicated by the solid circle. 


* Putnam, Brolley, and Rosen, Phys. Rev. 104, 1303 (1956). 
* Brolley, Putnam, and Rosen, Phys. Rev. 107, 820 (1957). 
«L. Rosen and J. E. Brolley, jr., Phys. Rev. 107, 1454 (1957) 
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Fic. 2. Differential cross 
sections in the center-of- 
mass system for p-D elastic 
scattering at proton labo- 
ratory energies of 5.6 and 
7.85 Mev. 
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PROTON-PROTON SCATTERING 


The differential scattering cross sections for proton- 
proton scattering are experimentally well-known at 


Paste I. Differential cross sections in the center-of-mass system 
in millibarns/steradian for p-D elastic scattering at proton 
energies of 5.6 and 7.85 Mev. The rms errors for the cross sections 
are ~3% except for those denoted by an asterisk, at which angles 
recoil deuterons were counted. The recoil deuteron data have an 
rms error of approximately 3.5% with the exception of the region 
115° to 130° at 7.85 Mev where the errors vary from 4.0 to 5.5%. 
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intermediate energies. However, there is a paucity of 
experimental data relating to the spin interactions. In 
the region of ten million volts very little polarization 
is to be expected in proton-proton scattering if one 
assumes that contemporary potentials describe this 
process. Breit, Fischer, Hull, Pyatt, and Shapiro have 
performed calculations’ employing the Gartenhaus- 
Chew-Case-Pais-Signell-Marshak potential and found 
the polarizations to be less than one percent. On the 
other hand, the differential scattering data do not 
afford an unambiguous answer to this problem. 

Thus Hull and Shapiro® have performed a phase-shift 
analysis of the proton-proton scattering data of 
Worthington, McGruer, and Findley’ and found that 
a split p-wave is consistent with the data. In fact, two 
solutions were found analogous to the early history of 
proton-alpha scattering. 

Figure 1 shows the datum of the elastic scattering of 
~10-Mev polarized protons and the lower-energy 
calculations of Hull and Shapiro.* Manifestly, this 
singular point does not have sufficient precision or 
proximity in energy to suggest the validity of one 
solution or the other. It should, however, be useful in 
setting limits on the p-wave splitting at 10 Mev. The 
advent of polarized ion sources for accelerators should 


facilitate the performance of definitive experiments on 


this interesting problem 


5 Breit, Fischer, Hull, Pyatt 
cations) 
*M. H. Hull, Jr., and J. Shapiro, Phys. Rev 
7 Worthington, McGruer t t 
1953 


Shapiro (private communi 


109, 846 (1958) 
Phys. Rev. 90, 899 
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Fic. 3. Angular distributions at various energies for -D and n-D elastic scattering. Curves I and II, reference 19; curve III, 
reference 16; curves IV and V, present data; curve VI, reference 17; curve VII, references 18 and 20. 


PROTON-DEUTERON SCATTERING 


The three-body scattering problem in nuclear physics 
has been the subject of considerable theoretical and 
experimental study. Initial theoretical work was done 
by Buckingham and Massey* employing the resonating 
group method of Wheeler.* Some of the more recent 
work is that of Christian and Gammel” and DeBorde 
and Massey" and Burke and Robertson” using central! 
force approximations. In an experimental paper on 
neutron-deuteron scattering, White, Chisholm, and 
Brown™ cite calculations of Delves and Brown on 
neutron-deuteron scattering which invoke tensor forces 
as well as the usual central forces. Bransden, Smith, 


*R. A. Buckingham and H. S. W. Massey, Proc 
London) A179, 123 (1941). 

* J. A. Wheeler, Phys. Rev. 52, 1083 (1937). 

 R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953) 

A. H. DeBorde and H. S. W. Massey, Proc. Phys. Soc 
London) A68, 769 (1955). 

2 P. G. Burke and H. H. Robertson, Proc. Phys. Soc. 
A70, 777 (1957). 

8 White, Chisholm, and Brown, Nuclear Phys. 7, 233 (1958 


Roy. Soc. 


(London) 


and Tate’ currently have a nucleon-deuteron calcu- 
lation in progress which also employs tensor forces and 
takes into account the distortion’ of the deuteron 
occasioned by the interaction. For the energies in- 
vestigated in this report the work of Christian and 
Gammel” suggests that the distortion will not play an 
important role. 

We have experimentally studied the scattering of 
5.6- and 7.85-Mev (laboratory energy) protons by 
deuterium in the multiplate camera. In these experi- 
ments the entire camera was filled with deuterium and 
the plates were predesiccated to minimize the liberation 
of water vapor into the deuterium atmosphere. Water 
vapor was also removed by condensation in a liquid air 
trap markedly removed from the camera. 

The results of these measurements are displayed in 
Fig. 2 and in Table I. These elastic scattering processes 


* Bransden, Smith, and Tate, Proc. Roy. Soc. (London) A247, 
73 (1958). 

'* The term “polarization” is often used; the term “polariza- 
tion” in this paper is reserved for spin expectation values. 
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Fic. 4. Comparison of the 


7.85-Mev p-D and the 14.1 
Mev n-D elastic scattering 
data with the theoretical 
calculations of Christian 
and Gammel (references 10 
and 21). 
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exhibit single well-defined minima and destructive Gammel.”*! The data are consistent with these 
Coulomb-nuclear interferences in the forward direction. calculations. 

In Fig. 3 the present data are collected with results at The sundry published calculations on this problem 
nearby energies of proton-deuteron'’®"’ and neutron- have not invoked any non-central forces. On this basis, 
deuteron'*~ scattering. In Fig. 4 a comparison is made _ if these calculations provide a reasonable description of 
between the 7.85-Mev p-D data and the 14.1-Mev n-D the experimental facts, no polarization could be 
data and the theoretical calculations of Christian and expected. 
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Fis. 5. Differential p-D scattering cross sections (reference 17) and associated polarizatior 
for a proton laboratory energy of approximately 10 Mev 


‘6 L. Rosen and J. C. Allred, Phys. Rev. 82, 777 (1951). 

'7 Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 (1952 

‘8 John D. Seagrave, Phys. Rev. 97, 757 (1955). 

J. D. Seagrave and L. Cranberg, Phys. Rev. 105, 1816 (1957). 

* Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 

*! We are indebted to J. L. Gammel for performing the 7.85-Mev calculatior 
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Tasxe II. Differential cross sections in the center-of-mass system in millibarns/steradian for p-T and p-He? elastic scattering at 6.5 
and 8.3, Mev. The rms errors for the cross sections obtained by counting protons is 4-3%. The cross sections obtained by counting the 
recoil particles (denoted by an asterisk) have rms errors of approximately +4%%. 
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To test this assumption we have scattered 100% 
| polarized 10-Mev protons by deuterium. The polari- 
/ zations measured in the scattering process are plotted 
| along with the differential scattering cross sections"’ in 
ep+T ,65 MEV 
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Fic. 6. Comparison of the angular distributions in the center 
of-mass system for p-T, p-He’, and n-He’ elastic scattering at the 
indicated incident particle energies. 
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Fic. 8. Comparison of the center-of-mass angular distributions 

Fic. 7. Differential cross sections for p-T and p-He® elastic for the elastic scattering of protons by deuterons, tritons, helium 

scattering in the center-of-mass system at 8.3,-Mev proton three and helium four. The helium four data were taken from 
laboratory energy reference 2 
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Fic. 9. Comparison of the 8.34-Mev p-T elastic scattering with 
the theoretical calculations of Bransden and Robertson, reference 


Fig. 5. There appears to be no significant polarization 
over the angular range investigated. Polarization effects 
smaller than about 4% could not be established by our 
work. This experimental result would thus seem to 
provide support for calculational procedures that use 
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Fic. 11. Differential cross sections in the center-of-mass system for d-D elastic scattering at various deuteron laboratory energies 
The smooth curves represent the theoretical calculations of Laskar and Burke I 
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berg” has repeated their measurements and found no 
significant polarization. On the basis of Cranberg’s 
results and the present data it seems unlikely that large 
polarizations are produced in nucleon-deuteron scat- 
tering in the energy range 0 to 10 Mev. These results 
support the use of the Serber force approximation for 
the present level of precision of experimental data 


PROTON-TRITON AND PROTON-HELIUM 
THREE SCATTERING 


The scattering of mass-one particles by mass-three 
systems is still tractable to resonating group type 
calculations and has received the attention of several 
investigators. The most recent work is that of Bransden 
and Robertson” on the scattering of protons by tritium 
and helium three. Their calculation utilizes a two-body 
potential adjusted to provide reasonable deuteron and 
alpha-particle binding energies. 

There is a large and growing body of mass-one mass- 
three experimental scattering data. We have measured 
the differential scattering cross sections for the scat- 
tering of 6.5- and 8.34-Mev protons by tritium and 
helium three. The tritium, or helium three as the case 
may be, was confined in a vessel with sufficiently thin 
dural walls to permit ingress and egress of the charged 
particles of interest. The data are displayed in Figs. 6 
and 7 and enumerated in Table II. The general form of 


Tasre III. Differential cross sections in the center-of-mass 
system in millibarns/steradian for d-D elastic scattering at various 
deuteron laboratory energies. The rms errors for the cross sections 
are +3%. 


Ea(Mev) 6040.07 8.2401 12.140.15 13.8+0.15 
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* Add 0.1° to the c.m. angle 

#L. P. Cranberg, Los Alamos Scientific Laboratory (private 
communication 
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Fic, 12. Differential cross sections at various energies for d-7 


and d-He’ elastic scattering in the center-of-mass system. The 
10.2-Mev data were taken from reference 30. 


these differential scattering cross sections is similar to 
those of proton-deuteron scattering. There is a dis- 
tinctive Coulomb-nuclear interference in the forward 
direction and a single pronounced minimum. This 
minimum is displaced towards larger scattering angles 
with increasing energy and in fact is quite close to the 
minimum in proton-helium four scattering. Figure 8 
collates the scattering of protons by masses one, two, 
three and four at approximately similar energies. 

At 6 Mev, n-He’ scattering has been performed by 
Seagrave, Simmons, and Cranberg.™ In Fig. 6 their 
data are also shown as a comparison with the 6.5-Mev 
p-T scattering. These results are experimentally in- 
distinguishable except in the forward region where the 
Coulomb scattering is manifest. This is a measure of 
support for charge symmetry of nuclear ferces. 

Bransden and Robertson have calculated scattering 
cross sections at energies quite close to the 8.34-Mev 
p-T and p-He’ results. The data are compared in Figs. 
9 and 10. Of the several force mixtures they have used, 
onty the symmetric and Serber are presented, as they 
most closely resemble the physical results. Of the two, 
the Serber mixture is somewhat favored. The Serber 
force also gave the best fit to recent neutron-tritium 
and neutron-helium three data of Seagrave, Simmons, 
and Cranberg.* The general agreement of the reso- 


* Seagrave, Simmons, and Cranberg, Los Alamos Scientific 
Laboratory (private communication) 
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PaBLE IY. Differential cross sections in the center-of-mass system in millibarns/steradian for d-T and d-He? elastic scattering for 


various deuteron laboratory energies. The rms errors for the cross sections obtained by counting deuterons is +3% 
obtained by counting the recoil particles (denoted by an asterisk) have rms errors of approximately 4% 


The cross sections 








5.6 Mev 
d-T d-He’ 


520 1027 
456 
333 
272 
225 
176 
134 
107 

84.8 
62.3 
53.6 
42.1 
38.7 
40.2 
42.0 


5.9 Mev 
d-T d-He® 


663 1080 
482 491 
424 375 
348 283 
288 237 
233 199 
182 155 
135 
93.6 
64.9 
48.5 
42.3 
42.3 
44.7 


c.m. 
angle 
16.7 
20.8 
25.0 
29.1 
33,2 
37.3 
41.4 
45.5 
49.5 
53.5 
57.6 
61.5 
65.4 
69.4 
73.2 
75.0 
77.0 
80.0 
80.8 
84.5 
85.0 
88.2 
90.0 
91.8 
95.0 
95.4 
98.8 
100.0 
105.0 
110.0 
115.0 
120.0 
125.0 
130.0 
135.0 
140.0 
145.0 
150.0 
155.0 
160.0 


c.m. 
angle 


16.7 
20.8 
25.0 
29.1 
33.2 
37.3 
41.4 
45.5 
49.6 
53.6 
57.6 
61.5 
65.5 
69.4 
73.2 
77.0 
80.0 
80.8 
84.6 
85.0 
88.2 
90.0 
91.8 
95.0 
95.4 
98.9 
100.0 
102.3 
105.0 
105.6 
108.9 
110.0 
112.1 
115.0 
115.2 
118.2 
120.0 
121.2 
125.0 
130.0 
135.0 
140.0 
145.0 
150.0 
155.0 
160.0 


c.m. 
angle 


16.7 
20.8 
25.0 
29.1 
33.2 
37. 


86.0 


49.7 
41.6 
38.8 
40.5 


44.4 
44.7 


48.6 
52.0 


53.6 


55.2 90.0 
91.8 
95.0 
95.4 
98.9 
100.0 
102.3 
105.0 
105.6 
108.9 
110.0 
115.0 
115.2 
120.0 
125.0 
130.0 
135.0 
140.0 
145.0 
150.0 
155.0 
160.0 
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54.3 
1.0 


a 
~“ 
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68.7* 
63.4° 
$4.9" 
46.6* 
46.0* 
585° 
84.4° 
131* 
195* 
267* 
375° 


573° 


* The deuteron energy for thie d-He* is ~12.6 Mev. 


nating group calculations with central force approxi- 
mations is encouraging. This type of calculation has 
also given a reasonable description™ of the p-wave 
splitting of proton-helium four scattering where a 
suitable spin-orbit term is used in the Hamiltonian (a 
tensor-force term appears inadequate). 
DEUTERON-DEUTERON SCATTERING 

A paucity of calculations on deuteron-deuteron scat- 
tering prevails in the literature. Runge** has formulated 

*8 Hochberg, Massey, Robertson, and Underhill, Proc. Phys 


Soc. (London) A68, 746 (1955). 


**R. J. Runge, Phys. Rev. 85, 1052 (1952 


8. 
d-T d-He® 


850 


697 
582 
458 
384 
298 
231 
168 
104 


66.9 


43 


30.6 


28 
33 
42 


58.4 


71 


69.7 


84 


88.5* 


93 
105 


99.5 


104 


106 


102 
104 


97 


92.2* 


14.4 Mev 
d-T d-He’ 


782 795 
622 604 
559 540 
434 433 
339 369 
249 250 
182 188 
122 120 
81.2 83.6 
50.1 50.6 
31.5 32.4 
21.0 20.6 
18.1* 
20.8 
19.9 
20.9* 
26.6 
yO 
34.0 
43.6* 
39.3 
47.2 
51.0° 
53.0 
58.2* 
58.4 
63.4* 
59.8 
64.8 
63 4° 
65.4 
60.2° 
58.9 
56.7 
55.0* 
49 8 
44.3* 
45.9 
38.3 
36.4* 
34.3 
30.3 


7 »* 
£1.64 


12.3 Mev* 
d-T d-He 


785 R58 
654 653 
591 577 
447 426 
354 366 
265 


260 
194 


196 
140 130 
87.0 


89. 
54.8 50 
35.1 31. 
22.0 20 
18.7 
20.9 


3 Mev 


c.m 
angle 


c.m 
angle 
947 
683 
564 
4600 


16.7 
20.8 
25.0 
29.1 
33.2 
37.4 
41.4 
45.5 
49.6 
53.6 
57.6 
61.6 
65.5 
OA 
73.3 
74.9 
77.1 
799 
80.8 
$4.6 
84.9 
88.2 
89.9 
91.9 
94.9 
95.4 
98.9 
99.9 
102.3 
104.9 
105.7 
109.0 
109.9 
112.1 
114.9 
115.2 
118.3 
119.9 
125.0 
130.0 
135.0 
140.0 
145.0 
150.0 
155.0 
160.0 


16.7 
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37 


6 
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9 
A 


~~ 


20.1 
20.0 
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21 
77 
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W 
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Al 


91.6 


sano 


93.6 
96.8 


~I 


~~ co 
> 


* 


6 91.2 


79.3 
70.3* 


63.9* 
63.0 109.9 
112.2 
114.9 
115.3 
118.3 
119.9 
121.2 
124.0 
124.9 
126.8 
129.9 
132.0 
135.0 
140.0 
145.0 
150.0 
155.0 


160.0 


45.0* 
49.7 
36.1* 
32.9" 
47.6* 
63.8* 
119* 
175* 
273° 


344° 


1 ae 


17.6* 
18.4* 
24.6* 
44.6° 
65.6* 
105° 


98.6* 


a theory using central forces and a *S ground state of 
the deuteron (no admixture of D state) which does not 
give good agreement at a deuteron laboratory energy 
of 10.8 Mev with the data of Allred, Erickson, Fowler, 
and Stovall.*’ Runge suggests that the Born approxi- 
mation this 
energy. Laskar and Burke®* have performed a reso- 


may render the calculation invalid at 


nating group calculation using various force mixtures. 


” Allred, Erickson, Fowler, and Stovall, Phys. Rev. 76, 1430 
1949). 


*°We are indebted to Dr. W. Laskar, University College, 
London, for communicating these results be published) 


to 
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primary neutron pro- 
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We have measured the differential scattering cross 
sections for a set of deuteron laboratory energies at 
6.0, 8.2, 12.1, and 13.8 Mev. The results of these 
measurements are tabulated in Table III. In these 
experiments, the rare gas target cell was not required; 
the camera was flooded with deuterium and predesic- 
cated emu!sions were employed. 

Dodder and McHale” have obtained a preliminary 
set of phase shifts from these data. Preliminary indi- 
cations are that the process is predominantly hard- 
sphere scattering and does not seem to have any strong 
level splitting. Laskar and Burke have interpolated 
their resonating group calculations** to compare with 
our data. Of the several force mixtures employed, they 
find that the MHWB combination corresponds most 
nearly to the phase shifts of Dodder and McHale. In 
Fig. 11, the MHWB calculations are compared with 
the present data and the 10.5-Mev data of Rosen and 
Allred.” 

* D. Dodder and J. L. McHale, Los Alamos Scientific Labora- 


tory (private communication). 
* L. Rosen and J. C. Allred, Phys. Rev. 88, 431 (1952). 


RESONANCE 


6+T-—en + He 


SCATTERING PROCESSES 


@ BAME AND PERRY 
PHYS. REV. 107, 1616 (1957), 
5 BROLLEY, FOWLER AND STOVALL, 
PHYS. REV. 82, 502 (195!) 


1.0 


DEUTERON ENERGY, MEV 

None of the preceding sets of data seem to require 
any strong spin-orbit coupling in their theoretical 
descriptions. It is interesting to surmise that in the 
energy range covered by this paper the strong spin-orbit 
effect becomes conspicuous only when the scatterer has 
four nucleons at which point the binding energy per 
nucleon abruptly rises.** This would give rise to a 
stronger spin-orbit term as used by Hochberg and 
Massey. At any rate, the experiments extant on 2-, 
3-, and 4-nucleon scattering systems have not indicated 
strong spin polarization as in the case of the 5-nucleon 
system, nucleon plus helium four. 


DEUTERON-TRITIUM AND DEUTERON-HELIUM 
THREE SCATTERING” 


One form of the five-nucleon scattering system, 
namely nucleon plus helium four, has received rather 
detailed theoretical and experimental attention. Other 

* The authors are indebted to John L. Gammel for valuable 


discussions on this point 


*@ The reaction cross sections will be discussed in a subsequent 
report. 
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forms of the five-nucleon scattering system, deuteron- 
tritium and deuteron-helium three, have almost no 
theoretical or experimental elucidation.* These results 
complement the existing experimental data with a set 
of differential cross sections for both deuterium-tritium 
and deuterium-helium three elastic scattering over a 
laboratory range of deuteron energies 5.6 to 14.4 Mev. 
Analyses of scattered deuterons, tritons and helium 
three particle tracks yielded the differential cross 
sections listed in Table IV and displayed in Fig. 12. 
Deuteron-triton and deuteron-helium three scattering 
are almost indistinguishable at the present level of 
accuracy. The data are characterized by two minima 
juxtaposed about 90° and no discernible Coulomb 
nuclear destructive interference. The central maximum 


shifts toward higher angles with increasing input 


energy. The process is definitely not symmetric about 
90° c.m. 
There appears to be no theoretical study of these 


* Dr. Laskar has informed us that they are considering this 
problem using the resonating group method. 


ROSEN, 


AND STEWART 
processes in the literature. Even a phase shift analysis 
would be quite rewarding as it might further illuminate 
the question of a broad level in helium five (alter- 
natively, lithium five) a few Mev above the 16.7-Mev 
level. In Fig. 13 the cross section for primary neutron 
production is sketched. There is some suggestion of a 
broad resonance for a deuteron energy in the neighbor- 
hood of 5 Mev. Blanchard and Winter,™ in another 
connection, have speculated on the existence of a broad 
level in this system a few Mev above the well-known 
level at 16.7 Mev. The broad level was envisioned as the 
triton moving in the diffuse domain of the deuteron. 
Simple excitation functions of various angles do indeed 
suggest that this level may be reflected in the scattering 
data. Nucleon-helium four scattering may also shed 
some light on this problem. Indeed, the 16.7-Mev level 
is manifest in the neutron-helium four scattering ex- 
periments of Bonner, Prosser, and Slattery. 
*C. H. Blanchard and R. G 
(1957). 

%6 Bonner, Prosser, and Slattery, Bull. Am. Phys. Soc. 
(1957). 


Winter, Phys. Rev. 107, 774 
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The Blatt-Biedenharn formalism for the calculation of cross sections in resonance reactions is extended 
to provide for (1) empirical spin-orbit effects in the potential scattering, (2) the interference of resonances 
of unequal spin and/or parity, and (3) the energy spread of the incident particle. Explicit formulas are 
given for the total cross section and for the Legendre polynomial expansion coefficients in the differential 
cross section, for single channel elastic scattering, in the presence of all three effects. For a general multi- 
channel reaction, explicit reaction and elastic scattering formulas, both differential and total, are derived 


only for the second situation. 


I. INTRODUCTION 


HE formalism of Blatt and Biedenharn! (hereafter 

referred to as BB) is well known and widely 
used for the calculation of differential and total cross 
sections from interaction parameters, and conversely 
for: the determination of nuclear properties, such as 
phase shifts and resonance parameters, from experi- 
mental cross-section data. In this formalism the cross 
sections are given as sums of terms involving the 
elements of scattering matrices $7", 

The element S/"(a's'l’; asl) of the scattering matrix 
§/™ stands for the probability amplitude for a collision 
with total angular momentum J and parity II from 
channel asi into channel a’s’l’, The channel index a 
defines the type of incoming particle and the quantum 
state of the struck nucleus; the channel spin s is the 
total spin angular momentum in the channel; / is the 
incoming orbital angular momentum. The primed 
indices refer to the corresponding after-collision 
quantities. For an NV channel reaction there are (}.V) 
X(N+1) independent elements of the unitary and 
symmetric matrix $”", N of which are eigenphase shifts. 
The cross section formulas contain an $ matrix for 
each combination of J and II which enters into the 
reaction. Jt is the function of a nuclear model to yield the 
elements of these scattering matrices; or failing that, atl 
least to make statements which limit their complexity. 

A favorite and often satisfactory model is the 
assumption that the reaction proceeds by way of a 
single resonance level of the compound nucleus. To 
provide a specific (and important) example of the use 
of their formalism, BB have adapted the resonance 
theory of Wigner and Eisenbud? (hereafter referred to 
as WE) to obtain an explicit formula for the § matrix 
elements. 

In many cases, however, in which a resonance 


* Supported, in part, by contracts with Oak Ridge National 
Laboratory, operated by Union Carbide Corporation for the 
U. S. Atomic Energy Commission, and with the U. S. Army 
Chemical Center. 

t Address during the academic year 1959-60: Department of 
Physics, University of Illinois, Urbana, Illinois. 

1J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

? E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 


structure is clearly observed in the cross sections, and 
where one resonance clearly predominates, the descrip- 
tion in terms of hard sphere phase shifts and the 
parameters of a single level has turned out to be 
inadequate. To deal with such cases some experimenters 
have adopted the practice of treating the potential 
phase shifts as wholly empiricial quantities instead of 
as hard sphere parameters which depend only on the 
channel radius and energy. These potential phase 
shifts, which can be thought of as reflecting the effects 
of distant resonances, are then determined from 
experiment along with the parameters of the explicitly 
recognized single level. 

It seems desirable to investigate the validity and 
the physical significance of this procedure in terms of 
the WE theory and to attempt to generalize the BB 
formulation to include the possibility of empirical 
potential parameters. This is done in Sec. II, in which 
we obtain ‘an expression for the 8 matrix which is 
appropriate for substitution into the general BB cross 
section formalism. The elements of the § matrix 
depend on the parameters of a single level and on a 
set of empirical potential parameters which, unlike 
the hard sphere phase shifts or their usual ad hoc 
empirical generalizations, are characterized not only 
by the orbital angular momentum quantum number, 
but by the total angular momentum as well; they show 
spin-orbit coupling effects. They can be written in 
terms of (diagonal) phase shifts only for special cases. 

Another modification of the single level assumption 
seems called for when several distinguishable resonances 
combine to give the observed cross section at a partic- 
ular energy. If these levels belong to the same matrix, 
i.e., have both their spins and parities in common, the 
multilevel algebra becomes very complex*; but if it 
can be assumed that the resonance levels belong to 
different matrices, the generalization of the BB formal- 
ism is straightforward. In Sec. III we work out explicit 
formulas for the differential and total cross sections for 
single channel elastic scattering, which allow for both 
spin-orbit coupled empirical phase shifts and many 
levels of different spin and/or parity. ‘The first of these 


* E. P. Wigner, Phys. Rev. 70, 606 (1946). 
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generalizations becomes more complicated, when applied 
to the multichannel case, and will not be done here‘; 
the second, however, can be readily undertaken and is 
performed in Sec. IV. 

Because of the energy spread of the particles, the 
actually observed cross sections, near a resonance, will 
differ from those given by BB and those so far men- 
tioned in this paper. The precise correction will, of 
course, depend on the nature of the resolution function. 
While there is generally little difficulty in making the 
required correction for well isolated levels, no general 
formalism seems to exist for the case of overlapping 
resonances. We therefore devote Sec. V to a calculation 
of the cross sections for single level elastic scattering 
with spin-orbit phase shifts and many levels, taking 
account of the finite energy spread of the particles. 
We use a square resolution function and observe that 
the results will not be very different for any other 
reasonable distribution.® 


Il. THE § MATRIX WITH SPIN-ORBIT 
POTENTIAL EFFECTS 


We recall WE’s expression for the scattering matrix 

in terms of the derivative matrix ® °: 
1+i®R/B+ie 

$7 =w——_——__-w. (1) 

1—i®R7B—ie 

In this expression w, ®, and @ are diagonal matrices; 

® and @ are real, w is of modulus 1, and all three can 

be readily calculated once the energy, channel radius, 

and non-nuclear interactions (centrifugal and Coulomb 

forces) are specified.’ 

The real and symmetric ® matrix is wholly deter- 
mined by the goings on in the interior region, i.e., by 
the nuclear interactions. It may be expressed in terms 
of the set of eigenstates of the nuclear system by 


yn (a’s’V’) yx! (asl) 
RY (a's'l' ;asl)=>- - = —- ” (2) 
aN Ej’ - E 


The FE,’ are the eigenvalues (resonance energies) of 
the system and y’(as/) is an energy independent 
coefficient which depends on the size of the Ath eigen- 


* Note added in proof.—An expression for the § matrix for the 
general (multichannel) case has now been obtained. [H. Lustig, 
Nuclear Phys. (to be published). ] 

5 After submission of this paper, the author was informed that 
results similar to those of Secs. III and IV are described by 
Willard, Biedenharn, Huber, and Baumgartner in the forthcoming 
book Fast Neutron Physics, edited by J. L. Fowler and J. B. 
Marion (Interscience Publishers, New York, 1959). 

® Actually we write down not the WE UU’ matrix, but the BB 
matrix, by letting the elements of the matrix range over the 
three indices a, s, 1, instead of over the two indices s, |, and by 
letting the matrix element w(asl; asl) equal i! times the WE 
element w(sl: sl The superscript for the parity, which serves 
no useful purpose at this stage, is left out 

7This notation differs from that used in the authoritative 
review paper of A. M. Lane and R. G. Thomas [Revs. Modern 
Phys. 30, 257 (1958) ]. We use the WE notation since it forms the 
basis of the BB formulation which, in turn, we consider partic- 
ularly well suited for calculation and comparison with experiment. 
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function at the entrance to channel as/; it may be 
considered as the asi component of a vector y’. 
The single level approximation consists of replacing 


the sum in Eq. (2) by a single term 


v7 a’s'I’ vx" (asl) 


E,/-—E 


R/ a’s'l’: asl (3) 


This approximation leads to the Breit-Wigner formula 
and also to the more general single level formulas of BB. 
Significantly for our work, the derivation of the single 
level formula is done by WE in two steps; first the 
infinite sum in expression (2) is replaced by 


aa v7 (a's l’)y7 asl aa 
RJ (a’ 3/1 - asl) : +R (a s'l asl), (4) 
E’—-E 


where &,.” is an energy independent matrix, and only 
after an expression is obtained for the scattering matrix 
is terms of this “generalized one level formula” is the 
further assumption made that ®,” is equal to zero. 
We make the basic assumption in this paper that not 
only is G7 not equal to zero but that it is to be replaced 
by a matrix G7 


which varies slowly with energy: 


7 7 a’s'l’)y)J as!) 


RI (a's'l' : asl) + R,’ (a's'l’; asl). (5) 


E,’-—E 
Since, however, the formal work of WE does not make 
use of the fact that their ®,,’ is independent of FE, we 
can, in part, follow their procedure in arriving at an 
expression for the scattering matrix. This procedure 
introduces the symmetric and real matrix C”, which in 
out case is given by 


the vectors ay’,® 
a,’ = (1 
the partial widths I’ (as/) and the total width Ty, 


’ . * y ! 
>) (asl) 2a) J asi a,’ ast) 


and the level shift A)’, 
A,’ (9) 


In terms of these 
then be written 


the scattering matrix may 
S7(a’s'l’; asl) 


poy poem . 
wla's'l’; a’s'l W\ ast; 


(10) 


® We use a,’ in place of the WE ay’, in « 
with our channel index 


rder to avoid confusion 
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Except for changes in notation and for the different 
meaning of the C” matrix, this expression is identical 
with formula (56) of WE. We now introduce the 
observed resonance energy Eo’ = Ey’ + A)’, by neglecting 
the energy dependence of the A)’, drop the superfluous 
index A, and introduce the square roots of the partial 
widths, g’ (asl), 


g” (asl) = +[2a™ (asl)a’ (asl) }'= +[TY (asl) }', (11) 
enabling us to write (10) as 
S7(a’s'l’; asl) 
=w/(a's'l’ ; a's'l’) (a7 (a’s'I’)/a* (a's'I’))! 
Xw/(asl; asl) (a? (asl)/a* (asl))$ 


1+iC” fat (a's'l)\3 
x | (a’s'l’; asl) (——) 
1—iC” a? (a’s'I’) 


a™ (asl)\* ig’ (a’s'l’)g’ (asl) 
x( ) + — |. (12) 
a’ (asl) Eo’ — E—}iI¥ 
Both the primed and unprimed factors in front of the 


bracket are complex functions of absolute value 1. 
We may, therefore, write 





S!(a’s'l’; asl) 
= expLin’ (a’s’l’)] exp[in’ (as!) ] 


1+iC” a*! (a's'I’) 
1—iC”! a’ (a’s'I’) 


a! (asl)\ 3 
x( -) + 
a’ (asl) 
S7 (a’s'l’; asl) 


= exp[in’ (a’s’l’)) exp[in’ (asl) ] 


ig’ (a's'l’)g" (asl) 


3) 
Ej — E-'r/ s 


/ 


or, simply, 


ig’ (a’s'l’)g’ (asl) 
x (rest ,as)+= =r ), (14) 


Ey’ —E 
where 7” is a unitary, symmetric matrix. This expres- 
sion for the scattering matrix element may now be 
substituted into the appropriate formula for the 
Legendre expansion coefficient Bz [BB, formula (4.7) ] 
and the differential and total cross sections may then 
be obtained. The elements of J” as well as the g’ are 
to be considered as empirical parameters which may, in 
principle, be found by comparison with enough experi- 
ments. In practice, this task will be facilitated by the 
knowledge that all the parameters vary slowly with 
energy as long as ®,’ does, and that the g’ will show up 
only near the resonance energy. It may, for example, 
be possible to extrapolate the potential parameters 
calculated near one resonance with known resonance 


FORMALISM 


FOR RESONANCE REACTIONS 1319 
parameters to a neighboring resonance and then, in 
turn, to determine the parameters of that resonance. 

Expressions (13) and (14) undergo a drastic simplifica- 
tion for single-channel reactions. Before proceeding to 
that situation it will be instructive to show how 
expression (13) goes over into BB’s single level (but 
multi-channel) scattering matrix formula. Since @, 
v7, and @” are real, expression (7) shows that 


a? = (1—1@”)""'(1+1e”)a™, (15) 
If now &,’ is set equal to zero, then @” is equal to the 
diagonal matrix @ and (15) leads to 


1+iC” a’ (asl) 
(a’s'l’ ) asl) _ = ba'ads’ OU ty 
1—iC” a* (asl) 


(16) 


whereupon (13) becomes 


SF (a’s'V ; asl) = eft’ eM einlaal) 


Eg —E-¥il" 


ig (a's'l)¢! (asl) 
x (Seabedort ). (17) 


The n(asl) now depend only on w and @ and are in- 
dependent of the total angular momentum J. Further- 
more, if it is assumed that the channel radius is 
independent of the channel spin s (although it may 
vary for different channels a), the n(asl) may be 
expressed in terms of the known, spin independent 
“hard sphere” phase shifts, plus appropriate Coulomb 
factors for charged particle reactions. If this is done, 
the BB single level scattering matrix element is obtained 
[their formula (5.6) ]. 

Our more general expressions (13) and (14), unlike 
(17) contain quantities other than diagonal phase 
shifts and resonance parameters. This is because only 
N of the (4N)(N+1) independent elements of 8/ 
are eigenphase shifts. For a single channel reaction 
(i.e., elastic scattering without change of channel spin 
or orbital angular momentum, for a given total angular 
momentum and parity) the one potential parameter is 
ipso facto a phase shift. Even though @’ does not equal 
©, equation (16) now holds a fortiori, and we obtain 


exp[ 2in’ (asl) ] 
[14 iI" / (Ey — E—iT¥)]. 


S¥ (asl; asl) 
(18) 


Expression (18) looks similar to the single channel 
case of (17) or of BB. We should note, however, that 
our potential phase shifts ’ (asl) are J dependent; 
they are potential phase shifts in the presence of 
spin-orbit coupling. They vary slowly with energy and, 
unlike the equivalent parameters in the single level 
case, must be determined from experiment. Before this 
can be done, expressions for the observable quantities, 
viz., the cross sections, must be obtained. This is 
done in the following section. There is, or course, no 
formal reason why the matrix element for a single 
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channel reaction should be mace to depend on three 
parameters 7, I’, and Zo. In fact we can write the single 
element of 8 as 

S? (asl ; asl) = exp[ 216” (asl) ], (19) 
where 


& (asl) =’ (asl) —arctan[4I¥/(E— Ey’) }. 


There is, however, a good practical reason for retaining 
the form (18), for only in this way can we take advan- 
tage of the different effects on the cross sections of the 
potential and of the resonance level parameters, 
respectively. 

One further remark may be in order. The formulation 
of nuclear reaction theory in terms of the ® matrix 
is completely general and is valid whether a true 
compound nucleus is formed or not. The single level 
approximation, however, introduces into the theory 
the Bohr assumption of a compound nucleus in which 
the incident particle “loses its memory” and in which 
the mode of decay is independent of the mode of forma- 
tion ; the single level postulate is a sufficient (but not nec- 
essary) condition for requiring the Bohr assumption to 
hold.’ There is, by now, ample experimental evidence 
against the general validity of the Bohr assumption. Our 
formalism does not require the picture of a true 
compound nucleus; it is therefore valid for the treat- 
ment of direct interaction processes, and may be 
particularly suitable for those cases, in which part of 
the cross section may be ascribed to a direct interaction 
and the remainder to a single level of the compound 
nucleus. 


Ill. CROSS SECTIONS FOR SINGLE-CHANNEL 
REACTIONS 


The general formulas for the cross sections in terms of 
the $ matrices have been given by BB. The differential 
cross section oa’: «(@) must be derived from cross 
sections with definite incoming and outgoing channel 
spins by averaging over the possible values of s and 
summing over the possible values of s’: 


I+é I'44 2s+1 
Ca’; a(9)= > pm : = _ ————T a’ 0’: as(9), (20) 
e=|I—i| a/—|I'—i’| (27+1)(2i+1) 


where # and 7 are the spins of the incoming particle and 
of the struck nucleus, and # and J’ the spins of the 
emerging particle and residual nucleus, respectively. 
The differential cross section for the as — a's’ collision 
can then be written in terms of the Legendre expansion 
coefficients B,, 
x. 
Ta'e’; a2(9) [A.” 2s+1)] > Bz(a’s’; as) 
Le-® 


; <P 1(cosé), (21) 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. X. 


LUSTIG 


where X, is the de Broglie wavelength (divided by 2x) 
in the center-of-mass system and the P(cos@) are the 
usual Legendre polynomials. The expansion coefficients 
Bi (a's’; as) are given by 


ae 
Bila S ; as) 


(—1)"-" 
-——LEEErE 


5 
hat het 


ms Z (LJ slaJ2,8L) 


4 Ji 2 kh a 


KZ (hi! Tile’ 2,5'L) R.P.{[Berade dun 
— §71M1(q's'1,’ . asl) }* 


X [ba'ads 122 — SF2ll2(g’ 5" J, : asl) }}. (22) 
The Z (Racah) coefficients arise from having performed 
explicitly the sums over the magnetic quantum 
numbers”; they have been tabulated by Biedenharn." 
The dummy indices 1 and 2 have their origin in the 
multiplication of amplitudes." R.P. stands for the 
real part of the expression in brackets. The sums over 
angular momenta, except one, are restricted by vector 
addition and parity conservation rules'*; we shall 
explicitly give these for our final expressions. The one 
unrestricted momentum runs, in principle, to infinity; 
in practice there is, for short range forces, a maximum 
effective value. The total cross section oa; a is given by 


(23) 

For a single-channel reaction these formulas simplify 
considerably. Since there is only one value of s=s’, the 
differential cross section becomes 


Oa’ a= | 44Xa?/ (27 +-1)(2i+1) ] ¥.>- 4 Bola’s’; as). 


Ga; a(9) =[Xa?/ (27 +1) (2i+1) ] Dor Bi (as; as) 
XP 1(cos6), (24) 
and the total cross section is 
Sa; a= [40Xq?/(27+1)(2i+1) |Bo(as; as). (25) 
Since for a given value of J and II only one / is allowed, 
B, is given by"* 
“Ji Z? (LJ le o,sL) 


Bz(as; as)= (4) > 


XR.P.{[1 


SJ asl; : asl,) 
x [1 S722 (asls; asle) }}. (26) 


© Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). These Z coefficients differ from the Z coefficients of Lane 
and Thomas by lacking a factor #4 

"L. C. Biedenharn, Oak Ridge National Laboratory Reports 
ORNL-1098, 1952 and ORNL-1501, 1953 (unpublished). 

2 We shall consistently use numerical subscripts as dummies 
in multiplying amplitudes, and primes to distinguish the exit 
channel from the entrance channel. This notation differs from 
the practice of BB who use / and /’ when only two indices are 
needed and have recourse to numerical subscripts when additional 
subscripts are required, irrespective of meaning 

43 Qur expression (22) differs from that given by BB in that 
we have restored the parity index to the scattering matrix. We 

mation over the parity index since 


need not include a formal sun 
this process is implicitly included in the summations over the /’s. 

4 One may, at first sight, wonder about the presence of sums 
over |, and I, considering that each $ matrix now has only one 
element. We should remember, however, that for each value of J 
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It is into this formula that we must substitute our 
expression (18) for the matrix elements. The work of 
BB assumes that the entire reaction involves only a 
single level of the compound nucleus, i.e., that the & 
matrix for one value of J and II contains a parameter 
of a single resonance level as well as hard sphere 
parameters, and the § matrices for the other values of 
J and II depend on hard sphere parameters only. This 
picture may be generalized in two ways; (1) by explicitly 
admitting one resonance level into each $/" matrix 
and (2) by making provision for additional resonances 
in a particular $’" matrix. We have already carried 
out the latter generalization to the extent of including 
the &,’ matrix; we shall now deal with the former in 
admitting an arbitrary number of levels of different J 
and/or Tl. These two generalizations are independent 
of one another; one may be made without the other. 
We shall proceed to work out the single channel case 
in the presence of both modifications. The reduction 
for the case of only one explicitly denumerated level 
will be immediately obvious. On the other hand, if 
we wish to introduce only the generalization to many 
levels of different J and/or II and to restrict ourselves 
to the assumption that the reaction for a particular J 
and II proceeds entirely by way of a single resonance 
state, i.e., that ®,” equals zero for all J and I, there is 
no need to specialize to the single channel case. Results 
for the general multichannel case are obtained in 
Sec. IV. 

Let there be nm denumerated levels of different 
J and/or parity. The total angular momentum of the 
kth level will be denoted by J* and the orbital angular 
momentum (which is then determined by the parity 
of the level) by /*. The width and resonance energy 
of this level will be abbreviated as T, and Ey. Dropping 
the indices a and s, expression (18) becomes 


S? (D) =exp[2in’ (1) ] 


il’, 
x ( 1 +{——*_hisvaur. (27) 
(E,— E—}iT,) 


The calculation which ensues upon substitution of (27) 


into (26) is straightforward. We introduce the angle x, ' 


tang,= (E-— Ex)/40 x, (28) 


and make use of the rule!® 


Z(abcd,e f) = (—1)/Z (cdab,ef). 


there are two matrices (one for each value of the parity) and that 
we have chosen to absorb the summation over parity into the 
summation over orbital angular momentum. In this case the 
presence of the orbital angular momentum index allows us to 
dispense with the parity index altogether. We could, instead, 
explicitly sum over II,, and Iz and delete the sums over /, and /s, 
but this would make for a clumsier notation in our results. 


(29) 


ISM 
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We write the final result as 


B, (as; as)=H,(as;as)+Rz(as;as)+I,(as;as), (30) 


where, having insured for the purposes of practical 
computation that each separate term appears only 
once in a sum, 


H (as; as) 


Imax lie 


= + FY LB(WIL,sL) sin*y’ (D 


-— J=|l—a| 


i+ le+e 


{ ZZ LL BA hIihJ2,sL) 


leelitl Je|le-el 


Imax lite 


a ee 


tye Fy | hie 
X sing’ *(1;) siny’*(12) cos[y*(l1)—"*(h) J 


lite 


a x Z (LJ hJ2,sL) sinn?*(1,) 


Jen itl 
Xcosl97*(h)—97*(1s) J}, (31) 


Ri (as; as) 


=> 2 (s**t J*,sL) cos’B, 
k—=1 


+2 » i > Z| [ei ei pea yes SJ) COSB,; COSB es 


kyml keekyt+1 


X cos[2y’™ (1) — 24?" (0) +Bra—Bur)], (32) 


and 
1 (as; as) 
mn (etl) <l max 


==—22 


kel bly —L| 


Ibe 
~ 2B UWPS*,sL) 


J=|l—a| 


X cos, sing” (1) sin[2y’*(l*)— (D+Be). (33) 
The Hz, Rx, and J, terms may be thought of as 
potential scattering, resonance scattering, and inter- 
ference terms, respectively; however, we again call 
attention to the fact that our phase shifts are not true 
potential phase shifts in the BB sense, and may include 
the effect of distant resonances. We have explicitly 
given the limits on the sums which arise from the laws 
of vector addition of momenta; the value of Imax is 
determined by the range of forces and energy of the 
incident particle.'"* In addition, the requirements*® 

‘6 In the presence of Coulomb forces the sum over | converges so 
slowly in the phase shifts as to make our expression useless for 
practical computation, as it stands. The case of the scattering of 
charged particles may, however, be treated b licit summation 


of the Coulomb “te iT [see BB; also H. Lustig and J. M. 
Blatt, Phys. Rev. 100, 777 (1955) ]. 
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that for each Racah coefficient Z(abcd,e f), 


f<b+d and a+c—f be even, (34) 
reduce the number of terms as follows: 

The first term of H, will be present only for even 
L<2J; the terms involving Z?(1,Jil2J2,sL) will be 
present for even L<J,+J2 if (—1)"=(—1)" and for 
odd L<J;+J¢ otherwise; the terms with Z7(/,Jil:Jo, 
sL) will remain only for even L<J,+J2. The first term 
of R, will occur only for even L<2J*, and the second 
term for even L<J"+J" if ky and ky have opposite 
parity. The interference term will be present if L is 
even for (—1)'=(—1)"*, and if L is odd for (—1)! 
= (—1)'*+!; in any case L<J+J*. 

Since” Z?(abcd,eO)=5,-50a(26+1), the total cross 
section is given by 


Imax l+e 
Oa; a= (4rke?/(27+1)(214+ YE LX 


lk 9J=|l—s| 


(2J+1) 


Xsin*n’ (1)+ S° (27*+1) cos’?B.—2 > (2J*+1) 


k=| k=l 


X cosS, sinn’*(1*) sin[y’*(1*)+8,]}. (35) 


IV. MULTICHANNEL RESULTS FOR MANY LEVELS OF 
DIFFERENT SPIN AND/OR PARITY 

We now give results for multichannel reactions which 
involve an arbitrary number of resonance levels of the 
compound nucleus of different total angular momentum, 
parity, or both. The derivative matrix for a given value 
of J and II is, however, given by the parameters of a 
Single level, and the potential phase shifts are true 
hard sphere parameters. The scattering matrix element 
is then given by expression (17) which, for purposes of 
substitution into (22) we write as 


. to au 
S71 (q § l’: asl ewes etal (wdvar: 


‘ 


ig*(a’s'l’)g* (asl) 
+ —_ isan). (36) 


For neutral particles the n(a/) are the hard sphere 
phase shifts themselves; for charged particle reactions 
Coulomb screening factors appear which, however, 
drop out of the final formulas. 

The differential cross section for a reaction (as 
distinguished from elastic scattering) a’#a, or s’#s, or 
both, is then given by 


LUSTIG 
Br(a’'s’ ; as) 


n 4 J*+¢8’ 
a(-1I)—-> ¥ 3 


ma 
k=l [kom | Je—s 


Z(eJ*EJ* SL) 


Uk’ | Tk! —s"| 
«KZ(1E JEL’ J*s'L [T*(asl)P*(a's'l’)/T 2 ] 


Fiabe +s’ 


<cos’8,.4 2 4 f ts . 


Jk i’ =| Jki— eg’ | 
, k2 
x > 
a 
kemki+1 [ko 


KZ (Peas J *2, sL)Z (Le J’ Yee’ J*2 5’) 


g**(asl,)g**(a’s’l;)g**(asla)g**(a's‘l,') 
_ ~ — cosBx1 COSB x2 
Veal ee 


X cos[_n(al*) n(al*®)+-n at’ L*") — n(a’ L*2’) 


+Bii—Bre t 


KZ (yyy sL)Z (1 Jt’ J, 5’) 


g**(asl;)g**(a's'l,’ g" (asl, g**(a’s'1,’) 
9 
———— ———— cos*Bir 
Py” 


X cos[_n(al*) n(al*2)+-n(al*’)—n(al*” 


zy 49' 
+ & 


Lhe’ anf ki’ +1 


Z (Pa ye jy" sL)Z (Le J*]*2’ J*1,5’L) 


(asl g* a's’ l,' g! a’ s’1,") 


x 
i 


<cos’B8x1 cos[ a’ [* n a’). (37) 


In addition to the restrictions on the ranges of the 
l’s indicated, these orbital angular momentum numbers 
must satisfy the parity conservation laws. If we denote 
the channel parity of channel a by II,, that of channel 
a’ by II, and that of the &th level of the compound 
nucleus by II*, the additional restrictions are 


(—1)'"= 11,11", 
(—1)*" =I, 11", 


—1)*=I1,11*, 


o (38) 
(—1)** =T1,I1*. 
The number of terms is again reduced by the require- 
ments (34). 
The total for the 
becomes after introduction of T',,=>- 


Lt |I—4) 


e ; 
reaction a~—a 


i+ Tost 


cross section 
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Oa’; a= [40he?/(27+1)(2i+1)] 
n J*4145 Jara’ 
XL he i 


kal the JE— (+ 4)| Uhm TE—O'+ i")) 
X{P*(a'l’)/T 2) cos*B,. 


The expansion coefficient for the differential elastic 
scattering cross section (without change of channel 
spin) may again be written as the sum of an H/;, an 
R,, and an J, term. To obtain the potential scattering 
term we use the sum rule for Z coefficients'® 


>» Z(abed,e f)Z (abe'd,e f) =5-¢(2a+1)(2d+1) 

X [ac00| ac fOF, 
where [ac00|acf0] is a Clebsch-Gordan coefficient, 
defined as in Condon and Shortley.'*® 7; is then given by 
Ht (as; as) 


(2J*+1) 


(39) 


(40) 


imax 


=(2s+1) ¥ (21+1)[100| ILO} sin?n(al) 
lo 


Imax 44+L 


+(2s+1) © & 


hi=—@ lelitl 
(11,00) 1,1,L0F sinn(al,) sinn (als) 
Xcos[(al;) —n(als) ]. 


The resonance term Rz,(as;as) is given by the entire 
Bz (a's’;as) for a reaction (expression 37 with a’ set 
equal to a and s’ set equal to s); the same parity and 
vector addition restrictions apply. The interference 
term J; becomes, by virtue of (40), 


(2h+1)(2h+1) 


(41) 


T (as; as) 


J*+s P+L 


ao 5 sty eaprs - 


kml thel Jes] t= LI 
[100 | 1*LO PLT *(asl*)/T, ] 
Xcos8; sinn(al) sin[2n(al*)—n(al)+6;, }. 
The values of /* in this expression are restricted by the 
parity rules (38). 
Using the fact that [Al] 4,00 ?=6n2(244+1)" 


and using the notation T'(a/J)=>,T(asl), the total 
cross section for pure elastic scattering is given by 


(2J*+1)(2/+1) 


(42) 


Ga: a= 4k? D (2/-+1) sin’n(al) 
=O 


+Laenyr+n(aitny( ¥ i 


k=l ken JTh—s 


(2J*+1) 
X< [1 (al*)/T*] cos8,{[T*(al*)/T*] cosp, 
— 2 sinn(al*) sinfn(al)+841) ). (43) 


16 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935). 
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V. SINGLE-CHANNEL CROSS SECTIONS WITH 
SQUARE RESOLUTION FUNCTION 


We shall now extend our expressions for the cross 
sections in the presence of overlapping resonances 
and empirical phase shifts to provide for the energy 
spread of the incident particles. For the sake of simplic- 
ity we choose a square resolution function of width 
A, i.e., we assume that at a nominal channel energy £,, 
the actual beam has a uniform energy spread from 
E.—A/2 to E.4+-4/2. The precise nature of the resolu- 
tion function is not very important. For example, a 
simple calculation shows that for an isolated resonance 
whose width I’ equals the energy spread A, a square 
resolution function reduces the maximum value of the 
total reaction cross section to 0.78 of its uncorrected 
value, whereas a Gaussian function whose width at 
half maximum is A yields a value of 0.72 for the same 
quantity. 

We must average every term in expressions (31), 
(32), (33), and (35) over the interval E,—A/2< E<E, 
+A/2. We shall neglect the energy dependence of X, 
n, and I, in this integration. The 1, term then remains 
unchanged. In the first term of Rz; we must perform 
the integral 


Ecth/2 
f cos’B dE 
E--S/? 


4/4, 
1+ (E.—E,)*/(41,)?— (A/T)? 


= 41 fy. 


(44) 


The second term of R, involves the integrals 


EctA/2 
O1= f (cOS*B 41 COS*8x2+COSB x1 COSB x2 
E-—-A/2 


A sin8 x; sinBy2)dE, 


and 


(45) 


Ee-+A/2 
Qu= f (cosfx1 Cos’S8 x2 sinB ys 
E—A/2 


om ¢ 0s8’B xy COSB pe sinB,2)dE. 


The first of these may be transformed into 
EetA/2 
O;= We | {COSY 1z2l_(Cos*Be1/$T 41) 
E--A/2 
+ (cos*B xo/4T x2) + siny erecl (SinB x: CosBes/4T p1) 


— (Sin8 x2 COSB 2/431 x2) JGE, (46) 
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and the second into 


EetS/2 


Qu=subT ae f (sinyerseL (Cos*B 1/40 x1) 


E.—A/2 
+ (cos*Bx2/4T 2) ]+-cosyereel (SinBer CosBe1/4T a1) 
= (sinBxr COSB x2/4T x2) JAE, (47) 


where 
tanykine= (Ex— Exe)/ (40 er +40 a2). 


The integral 


(48) 


2 Eeth/2 


a sinf, cos6,dE 
Ty £-—A/2 

(E.—Ext-A/29+ 0)? 
(E,—E,—A/2)-+(3T x)? 





=4 In 


The resonance term therefore becomes 
R(as; as) 


=(1/2A) > Z7(J** sLyv hy 


k= 


a 1/2A) >» > Z? (THT) J" SLT aT ge 
kyr] keeky+1 

X { (®ar+Py2) cosl2n7**(l**) — 297" (1") — yanks) | 

+ (Wy: —V x2) sin[ 297**(1*2) — 27" (1) 


+Yene2]}. (50) 


The integration of the interference term involves only 
quadratures of the types which have already been done 
and gives 


Ty (as 4 as) 


mn (l'4+L)<tmax Lhe 
“(-V/a)> ¥ > ZI, sL) 


kml bef k—-1] =| l—e| 
XP's sing’ (2){4, sin[2q”*(*)—17 (D)] 


+, cos[2"*(I*)—9’(D]}. (51) 
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The total cross section is 
Imax les 


Cae; ao=(4rh.'/(27+1)(2i+-1)]f S & 


b=} 9=J=|l—s| 


(2J+1) 
X sin’n’ (1)+ (1/24) > (2J*+ 1)T A, 
kml 


—(1/A) } (2/*+1)rP [4 sin*y’*(1*) 
k=1 


+V¥;, sinn’*(l*) coon’*(")}). (52) 


VI. OTHER REMARKS 


Walton, Clement, and Boreli'? have worked out a 
special case of formula (37) and applied it to an 
analysis of the angular distribution in the reaction 
O'*(n,a)C™. The situation is simplified by the unique- 
ness of the incoming and outgoing orbital angular 
momentum values for a given J and [I. Without 
making any attempt to say anything about the potential 
phase shifts, they succeed in establishing the widths, 
positions, and spins of most of the overlapping levels 
in oxygen-17, in the region of excitation energy 7 to 
9 Mev, as well as the relative parities within groups of 
levels. The presence or absence of various Legendre 
polynomial coefficients in the regions of interfering 
resonances, brought about by the requirements (34), is 
a powerful tool for the determination of the J values of 
levels. 

Using the formalism developed in this paper, work 
is currently under way at NDA to determine the 
parameters of additional levels, to tie down the parities 
of all the levels, and to find the spin-orbit coupled 
potential phase shifts for the interaction of neutrons 
with oxygen-16 for neutrons with energies in excess 
of 3 Mev.'* The tools available, in addition to the 
data of Clement, Walton, Boreli, are a precise measure- 
ment of the total cross section and inaccurate measure- 
ments of the differential scattering cross section at a 
few energies. 

I should like to thank Dr. M. H. Kalos for helpful 
discussions. 

17 Walton, Clement, and Boreli, Phys. Rev. 107, 1065 (1957). 


1 Harry Lustig, Nuclear Development Corporation of America 
Report NDA-2111-3, 1959 (unpublished), Vol. A. 





PHYSICAL REVIEW VOLUME 


117, 


NUMBER 5 MARCH 1, 1960 
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The F®, Na*, and Al"(a,n) yield curves are given from threshold to about 4 Mev. Convenient resonances 
for alpha particle energy calibration in these reactions and in the C(a,m) reaction are pointed out. 
“Slow-fast” neutron data and y ray data for F"(a,n) agree with the proposed 593- and 666-kev Na® levels. 
The Al**"(228 kev) 8 activity was observed in the Na™(a,n) reaction. The neutron resonance absorption 
technique gave Q=—1959+10 kev for F"(a,n). The 32°43° angle cut-off of Na™(a,m) neutrons at 
T, = 3492+3 kev gave a Q value of —2969+4 kev. The threshold for P® 8 activity gave 0 > — 266245 kev 


for Al*" (a,#). 


HERE is currently considerable uncertainty in 
the atomic masses between oxygen and sulphur.' 
(a,m) reaction Q values have the advantage of linking 
nuclei which differ by two charge units and three mass 
units, but they have the disadvantage of being difficult 
to measure. We chose to study the F”, Na™, and 
AP’(a,m) reactions because they have negative Q 
values,’ and one could, in principle, measure accurate 
threshold energies for them. Further, no detailed yield 
curves exist? for these reactions, and the product 
odd-odd self mirror nuclei are interesting.’* Also, we 
hoped that these thresholds would provide convenient 
alpha particle calibration points for accelerator beam 
magnetic analyzers. We report the C(a,m) reaction 
here because it appeared as an unavoidable contamina- 
tion, and because it provided a useful energy calibration 
point. 

Singly ionized alphas were available from a 4-Mev 
electrostatic accelerator. A one meter radius cylindrical 
electrostatic analyzer® defined both the incident beam 
energy and the energy spread. By observing the 
992-kev Al?’(p,y) resonance and the Li’(p,) threshold 
with both the H+ and the HH* beams, we found the 
analyzer linearity to be better than 1/1000 in energy 
between about 1 and 4 Mev. We have assumed a 
comparison uncertainty of 1/2000 for the energy 
intervals involved in the following data. The value 
1.8811 Mev was used as the energy of the Li’(p,m) 
threshold.*® 

Targets of LiF, CaF:, NaCl, and Al were evap- 
orated onto 10 mil tantalum end caps. Even 
though the evaporator had a liquid air trap, background 
C"(a,n) neutrons from the natural carbon contamina- 
tion of these targets proved to be a problem. Somewhat 


*This work was supported by the U. S. Atomic Energy 
Commission. 
t Present address: Convair, Fort Worth, Texas. 


1H. Hintenbergen, Nuclear Masses and their Determination 
(Pergamon Press, New York, 1957). 

2p. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 
683 (1957). 

*P. Stahlin, Phys. Rev. 92, 1076 (1953). 

«S. A. Moskowski and D. C. Peasiee, Phys. Rev. 93, 455 (1954). 

* Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947). 

* Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 


cleaner fluorine targets were made by warming hydro- 
fluoric acid on the tantalum end caps and then rinsing 
them with water. These targets were not completely 
stable nor did they have a uniform density. Carbon 
build-up is, of course, a much more serious source of 
incident beam energy uncertainty for alphas than for 
protons of moderate energy. We found that a liquid 
air cooled charcoal trap located a few inches from the 
target kept the carbon build-up less than several kev 
per hour of running with a 5 wa beam. Fresh target 
spots were used to check the rate of carbon build-up. 

Total cross-section data (Table I, Figs. 6 and 9) 
were taken with a shielded, paraffin-BF,; counter 
matrix in the form of a hollow cylinder.’ The axis of the 
cylinder was parallel to the beam tube, and the target 
was at the center of the cylinder. Neutrons emitted in 
the forward direction were scattered into the matrix 
by a carbon block. Our McKibben matrix* was modified 
so as to contain a 1-in. diameter counter filled with 
100 cm of enriched BF;. We have found that this 
counter has a flat neutron response and a counting 
efficiency of 1.25%. We made no special efforts to 
determine absolute cross sections; the numbers quoted 
here are uncertain to about +30%. However, we believe 
that counting conditions and estimated cross sections 
should be published with all yield curves. The “slow- 
fast” neutron counters were similar to Bonner’s.’ The 
axis of the “slow” counter and the front face of the 
“fast” counter were 1.5 and 3 in. from the target spot, 
respectively. The neutron data in Figs. 4 and 7 
were taken with a 1-in. diameter, 100 cm, enriched BF; 
counter surrounded by a in. thick, 8 in. long paraffin 
sleeve; the counter was perpendicular to the beam 
tube. Beta activities were detected with a thin end- 
window Geiger counter. 

Three of the four C™"(a,m) resonances already 
reported." at 2.60, 2.67, 2.76, and 2.80 Mev are seen 
as part of the background in Figs. 2 and 9. The “slow- 
fast” neutron counter ratio (S/F) also serves to identify 


? Block, Haeberli, and Newson, Phys. Rev. 109, 1620 (1958). 

* A. O. Hansen and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Sree Kraus, Marion, and Schiffer, Phys. Rev. 102, 1348 
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Fic. 1. (an) yield from a semithick natural carbon target taken 
with a McKibben counter at 0° and 3 in. from the target 


the fast neutrons from C(a,n) in Fig. 2. We took data 
on natural carbon to aid in estimating the background 
in our reaction data. A careful study of the highest of 
the four C"(a,n) resonances is seen in Fig. 1; this 
resonance at 2800+3 kev has a width of about 4 kev. 
The previously reported energies and widths for this 
resonance are 2805+5(11)" kev and 2825( <7) kev.” 

Figures 2 and 3 show that the first strong F'(a,n) 
resonances are spaced about 100 kev apart and are 
less than 20 kev wide. There is very little yield between 
resonances, and the peak cross sections are low. (See 
Table I.) We made a careful study with semithick 
targets of the positions and shapes of resonances A, 
B, and C. These three energies in Table I are accurate 
to +3 kev; the widths are 8, 11, and 6 kev, respectively. 
(Figure 4 shows data at resonance C.) The other 
resonance energies are uncertain by about 10 kev 
because the target thickness was comparable to the 
resonance widths. Figure 3 also shows a F"(a,p’y) 
resonance at 2738+3 kev with a width of 9 kev which 
is quite separate from the nearby F"*(a,m) resonance C. 
We found that F"(a,n) resonances A through D did 
not coincide with similarly spaced (a,p’y) observed at 
2.46, 2.53, 2.63, 2.738, and 2.81 Mev. Sherr, Li, and 
Christy? have reported F"(a,p’y) resonances at 2.463, 
2.533, 2.648, and 2.758 Mev. 


The S/F ratio in Fig. 2 leads to an estimate of 2.36 
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Fic. 2. (a,n) yields from a CaF, target taken with Bonner-type 
counters. The data points were spaced 10 kev, and the target 
was about 20 kev thick. 
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Mev for the F"*(a,n) reaction threshold. A very careful 
and unsuccessful search for this threshold was made 
with a rinsed hydrofluoric acid target and the total 
cross-section counting matrix. The S/F ratio gives no 
evidence for a Na” excited state lower than 593 kev. 
The increase in the S/F ratio and the onset of 593-kev 
gamma rays seen in Fig 


g. 3 at resonance J(3.12 Mev) 
occurs just above the 3.09 Mev threshold calculated 
for the F"(a,n’y)Na”* (593 kev). The threshold for the 
F(a,n'y)Na”* (666 kev) reaction should be at 3.18 
Mev. (We have used our ground state Q value of — 1959 
kev and the 593- and 666-kev level energies reported 
by Temmer” to calculate these expected thresholds.) 
The S/F ratio at resonance M(3.30 Mev) is 12% too 
large to be explained solely by the presence of neutrons 
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Fic. 3. (a) yields 
continued from Fig. 2 
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of (a,n’y) 593-kev gam- 
mas taken with a 2X2 
in. NaI counter at 90° 
and 5 in. from the 
target. 
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to the 593 Na” excited state, and therefore a Na™ 
level at an energy between 600 and 760 kev is indicated 
by our data. The uncertainty in our S/F ratio at 
resonance M, due to the difficulty in assigning the 
background underneath the resonance, is about 8%, 
and thus our evidence for the 666-kev level is not 
strong. We were unable to detect 73-kev cascade 
gammas at resonance M in the presence of other 
low-energy gammas. 

By use of an O"* absorber it is possible to detect the 
presence of 433-kev neutrons because of a strong, 
isolated oxygen resonance at that energy.” Since the 
F"(a,n) reaction has only isolated, narrow resonances, 
one can achieve continuous neutron energy variation 
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Fie, Na**, AND 
through the 433-kev oxygen resonance by changing 
the sample and counter angle relative to the alpha beam. 
The S/F data of Fig. 2 indicated that 433-kev neutrons 
should be emitted at a convenient forward angle of 
about 25° in the laboratory system at resonance C 
(2730 kev). Further data showed resonance C to be 
isotropic in the c.m.system. In order to analyze the 
oxygen transmission as a function of neutron angle 
data (Fig. 5), we took similar data using Li’(p,») 
neutrons at proton energies chosen so as to give 433-kev 
neutrons near 25°. The neutron yield and energy 
changes with angle are roughly the same for the F’(a,n) 
and Li’(p,m) reactions at the incident energies used here. 

The data of Fig. 5 were taken with a McKibben 
counter 20 in. from the target and a BeO disk (33-in. 
diameter, 34 in. thick, 70.4 g/cm* density) placed 
between the target and the counter so that it subtended 
the same angle as the counter. The effective counter 
acceptance angle was +9°. The low counting rates 
required relatively poor geometry and imposed the 
major limitation on resolving the oxygen resonance. 
The angular distribution of the transmission through 


TABLE I. Energies and total cross sections of neutron resonances 
shown in Figs. 2 and 3. 





Mev mb Mev 
3 3.07 
6 3.12 

14 4 3.15 

16 E 3.25 
2 3.30 
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our BeO sample was taken by use of a 15 kev LiF 
target. However, the effective alpha energy spread was 
8 kev, the natural width of the resonance combined 
with the beam energy spread. At each neutron angle 
the BeO transmission was measured below, on, and 
above F"(a,nm) resonance C. The 640 uw coul. run at each 
energy took 3 minutes. Each set of runs was repeated 
several times in order to keep track of the condition of 
the target. The counts below and above the resonance 
were averaged to determine the background beneath 
resonance C. The Li’(p,n) data were taken with a 
5 kev thick LiF target. 

A comparison of the F(a,m) and Li’(p,n) data taken 
at 20°, 40°, and 50° (Fig. 5) shows that our ability to 
get the correct magnitude of (1/Transmission) on 
(20°) and off (40° and 50°) the 433-kev oxygen res- 
onance is reasonably indicated by the statistical errors. 
The 0°, 10°, 30° points favor the solid curve and give 
some bias toward the dotted curve. We conclude that 
the Li’(p~,) data taken so as to give 433-kev neutrons 
at 26° gives the best fit. The estimated +5° uncertainty 
in the comparison of the F"(a,n) and Li’(p,n) data is 
+8 kev in the F"(a,n) Q value; the errors in incident 
beam energy, the O"* resonance energy, and the current 
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Fic. 4.,F(am) and (a,p’y) 1.28-Mev gamma yield from a 
semithick CaF; target. The slow neutron counter was at 0° and 
2 in. from the target and the 2X2-in. NaI gamma counter was 
at 90° and 5 in. from the target. 


integration combine so as to make the total rms error 
in the Q value +10 kev. The calculated F¥(a,n) Q 
value is — 1959+ 10 kev. 

The Na™(a,n)Al’* yield curve (Fig. 6) shows levels 
spaced about 40 kev apart having widths comparable 
to, or less than, the incident beam energy spread of 4 
kev. Again, there is little yield between resonances. 
The energies of resonances B through G are: 3536, 3583, 
3607, 3655, 3787, and 3832 kev. These are accurate to 
+5 kev. More thorough data (Fig. 7) showed resonance 
A at 3492+3 kev to have a natural width <1 kev and 
a total cross section of 5 mb if a 1-kev level width is 
assumed. Other data? attributes the 6.6 sec positron 
activity of Al’* to a metastable O* level at 228 kev. 
We have observed beta activity having this half-life 
beginning at 3.83-Mev alpha energy in qualitative 
agreement with the proposed Al** level scheme. 

Since Na™(a,n) resonance A is very close to the 
expected threshold, we were able to measure to maxi- 
mum angular opening in the laboratory system of the 
forward cone of neutrons at this resonance. Since 
resonance A is very narrow, we were able to use a thick 
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{ NEUTRONS FROM F"+ (273 MEV)ece 4 
Fic. 5. The dashed, 
solid, and dotted 1/ 
Transmission vs @ curves 
were taken using the 
Li’(pm). reaction and 
proton energies of 2.195, 
2.202, and 2.209 Mev, 
respectively ; neutrons of 
0.433-Mev energy were 
emitted at ais, 
25.0°, and 27.5°, re- 
spectively. The data 
points were taken with 
F(a.) neutrons, and 
the errors are statistical. 
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Fic. 6. Total (a,n) yield from a thick NaBr target. The cal- 
culated and observed thresholds for beta activity from the 
228-kev isomeric state in Al** are shown. 


target and take neutron angular distributions at 
energies just below and just above the resonance. 
(See Fig. 8.) Obviously we did not have to worry about 
carbon build-up or other possible beam energy shifts 
during the runs. In order to fit these data, we assumed 
an isotropic neutron yield in the center-of-mass system. 
The cross section in the laboratory system peaks 
sharply, even after one includes the effect of the large 
acceptance angle of the neutron counter. (Solid curve 
Fig. 8.) The angle cutoff is 32°+3°. Using T, = 349243 
kev, one gets a Na™(a,n) O value of —2969-+-4 kev. 

Figure 9 shows Al?’(a,n)I 
Again, background obscures the neutron 
yield below resonance A. The the 2800-kev 
carbon resonance allowed us to make a good estimate 
of the background 
to allow the taking of reasonable neutron resonance 
absorption data or S/F counter data. However, the 
3.5 sec beta activity’ of P® was first observed at 3056+5 
kev; this makes the reaction Q02—2662+5 kev. 
Resonances A through G shown in Fig. 8 have the 
following energies: 3.42, 3.58, 3.68, 3.72, 3.76, 3.81, 
3.90 Mev. Only the energy of the first resonance is 
given for the multiple levels. 


total cross-section data. 
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The Al neutron yield was too low 


The small cross sections observed for these three 


Fic. 7. (a,n) yield from 
a thick NaBr target. The 
slow neutron counter was 
at 0° and 2 in. from the 
target. 
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(a,m) reactions are not surprising in view of the possible 
alpha and neutron orbital angular momenta required. 
Assuming the nuclear spins and parities given in 
reference 2, (L., L,) must be (2,0), (1,1), or (0,2) for 
the F” and Al?’(a,n) reactions, while Na*(a,n) requires 
(4,0), (3,1), (2,2), etc. It is difficult to make arguments 
about the expected relative heights of resonances near 
threshold because not know the relative 
sizes of T,, I',, and I’. However, if one assumes that 
nuclear reduced widths do not vary greatly in a limited 
incident energy region and that I’, is the major factor 
controlling the increasing cross sections near threshold, 
then the relative strengths of the first four resonances 


one does 
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Fic. 8. Angular distribution of neutrons at the 3492-kev 
Na*™(a,n) resonance. A McKibben counter 20 in. from the target 
was used. The data points are the differences of counts above and 
below the thick target resonance, and the errors are statistical. 


Fic. 9. (a,n) yield from an Al target about 10 kev thick. The 
inset shows the P™ activity of a thick Al target. Assuming a 
nonresonance Al*’(a,n at 3.1 Mev, the cross section 
here is about 0.3 ub 


cross section 


of both the F"® and Na? 
the assumption of L=0 


(a.m) reactions follow closely 


neutrons. If one assumes 
L=1 neutrons, the observed ratio of the fourth res- 
onance to the first resonance is a of 4 
too low in the case of F"* factor of 100 
too low in the case of Na™. The observed isotropy 
of resonance C in the F reaction very strongly 
suggests L,=0 for this particular resonance. (Le,Ln) 
= (0,2) is very unlikely on penetrability grounds, and 
(La,l-n) = (1,1) gives rise to a uniquely defined angular 
distribution with an anisotropy of +33%. The fact 
that the. Al’ shows no observable res- 
onances within 350 kev of its threshold and then has 
an average level spacing of about 50 kev is interesting. 
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Taste II. The mass differences (kev) in the first column employ our (a,#) Q values and the Mg™, Si**, and S*(d,a) Q values 
of 1953+12,* 1428+4,> and 4887411 kev,° respectively. The n, d, and a masses given in Wapstra* have also been used. other 
three mass differences use values given by Wapstra* and Nier® based on 2 values and values by Nier* based on mass spectroscopic 
data. The A’s are the discrepancies between Wapstra’s and Nier’s mass differences and those of column one. 








(a,n) (d,a) Wapstra ae Nier (Q) A Nier (M) 


Mg™—F#—5 —10 966-417 —10995416 —10 981421 —15 —10 960-43 
Si*— Na*— 5 — 10 482410 —10 502421 — 10 502427 —~20 —10 49448 
S®—AP’— 5 7329414 —73434-30 ; — 7343-436 ~14 7320-43 











* See reference 14. 

+C. P. Brown, Phys. Rev. 114, 807 (1959). 
© See reference 2. 

4 See reference 15. 

* See reference 16. 


There is quite likely an absence of L,=0 levels in this The results of these cycles suggest that either the 

region above threshold. Ne" (dja) or the Ne*"(d,p) reaction Q values are in 
While the F”, Na™, and Al*’(a,n) reactions do not error, in agreement with the findings of Nier."* 

have observable neutron thresholds, they have fairly The Na™(a,n) reaction Q value may be used in the 

narrow, well separated resonances which could be following reaction cycle. 

useful as alpha energy calibration points. Since the 

yields are small, beam currents of several microamperes Hen rs wy bye ei 

are necessary. A LiF target would be quite convenient ~ Na ry AD 429694 4 nan 

for the Li+p, Li+a, and F+a reactions. Suggested ae ide Na” 7019-13 sal 

alpha-energy calibration points are: Li’(a,y) 0.958 —Mg*(¢a)Na — ENES Sev 

Mev"; F(a,p’y) 1.88 Mev’; F¥(a,n) 2.730 Mev; + 52424 kev 

F(a,p’y) 2.738 Mev; C¥(a,m) 2.800 Mev; Na™(a,n) 

3.492 Mev. All of these resonances but the one in 

Na™(a,n) are 5 to 10 kev wide, and it is therefore not 

possible to locate them more accurately than several iene cums Ghia ® 26m/ 

kev. We believe that semithick targets are usually Cyt O'value of 3:21440.03 Mev, but this could be 

ee for the study of resonance positions fortuitous. An accurate measurement of the Na™(a,p)- 

4 Mg” QO value would be a most helpful check for this 
reaction cycle. 


Since we believe that the error in our Na™(a,n) Q 
value is realistic, there appears to be an error in one, 
or several, of the other three reactions. The Mg**(p,n) 


The F¥(a,n) may be used in two reaction cycles in 
order to check the observed Q value. : : : 
ae : . No practical closed cycles involving the Al*’(a,n) 
(1) +F (a,p)Ne* +1673411 kev reaction can be made. Measurements of the P®(8)Si®, 
— Na”(8)Ne” — 2840+ 9 kev? |) 20 . 27 i] 

~F%(a.n)Na® 4. 1959-410 kev Si”(p,2)P®, and Al’(a,p)Si®” QO values would be 

—(n—H) — 783 1 kev'* ran . 7 
Table II compares mass differences calculated using 
9+18 kev (a,n) and (d,a) Q values with mass differences calculated 
+Ne"(d,p)Ne* 48137411 kev™ using the mass values of Wapstra'® and Nier.’* In 
—Ne""(d,a)F® —6432+10 kev" general, the (a,»), (dja) mass differences seem to agree 
—Na™(6)Ne” —2840+ 9 key? best with those calculations from Nier’s spectrographic 
—F"(a,n)Na® +1959+10 kev masses. Table II also shows the value of reaction 
— (n—H) — 7834 1 kev'® energies involving alpha particles, i.e., that a mass 
+ 414-20 kev. difference of five may be checked using only two Q 
iD. M. VanPatter and Ward Whaling, Revs. Modern Phys values once the light particle masses are well established. 


29, 757 (1957) and 26, 402 (1954). 
‘6 A. H. Wapstra, Physica 21, 367 (1954). 
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Gamma Rays from Neutron Inelastic Scattering in B'’, F'’, and Fe®*y 


Ropert B. Day AND Martin WALt* 
Los Alamos Scientific Laboratory, Los Alamos, New Mexic 
(Received September 21, 1959) 


The cross section for excitation of the 0.72-Mev gamma ray in the B®(n,n’y)B" reaction has been meas 
ured for neutron bombarding energies from threshold to 5.2 Mev. Resonances were observed at 1.93 Mev, 
3.31 Mev, 4.1 Mev, and 4.73 Mev, with evidence of a broad resonance at 2.6 Mev. The angular distributions 
of the 0.110-Mev and 0.197-Mev gamma rays in the F"(n,n’y)F™ reaction and the 0.847-Mev gamma ray 
in the Fe*(n,n’y)Fe** reaction were also measured at a neutron energy of 2.56 Mev. The first of these was 
isotropic, as would be expected for the decay of a spin-} level; the last two showed anisotropies but were 
symmetrical about 90°. The angular distribution of the Fe® gamma ray agrees very well in both shape 


and absolute magnitude with calculations based on the statistical model. Since this model predicts angular 


distributions for Fe®* that have a strong dependence on the spin assumed for the excited state, 
that such angular distribution measurements may be a useful technique in nu 


INTRODUCTION 


EASUREMENTS of the gamma rays produced 

by inelastic scattering of fast neutrons have 
already proved to be a useful tool in nuclear spec- 
troscopy. It has been found, for example, that, except 
for the case of light nuclei, the lowest neutron energy 
at which inelastic scattering is observed is very close to 
that which one would calculate from the conservation 
of energy.' Thus, the threshold for observation of a 
gamma ray provides information on the excited state 
from which it originates. Furthermore, from the relative 
intensities of the gamma rays appearing at the threshold 
one obtains the branching ratios for the decay of that 
state. In addition, in light nuclei resonances in the 
gamma-ray yield indicate the position of levels in the 
compound nucleus. 

Experiments of the type mentioned above give 
information principally on the positions and decay 
schemes of excited states. There is some theoretical 
evidence from the work of Hauser and Feshbach* on 
the statistical model of the compound nucleus that the 
cross sections for inelastic scattering depend on the spin 
and parity of the excited state; however, the experi- 
mental evidence on this point has been rather contra- 
dictory.2 A measurement that might be expected to 
yield more information on spin and parity is that of the 
gamma-ray angular distribution. This technique has 
already proved to be a very powerful one in (,7) 
reactions and it was hoped that it might prove useful 
in neutron inelastic scattering also. 

In the work reported here the angular distribution of 
the gamma rays from the first excited state of Fe®* was 
measured in order to test the statistical model and to 


} This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* Now at Lockheed Aircraft Corporation, Research Laboratory, 
Palo Alto, California 

1 Joan M. Freeman, in Fast Neutron Physics, edited by J. L. 


Fowler and J. B 
to be published). 
2? W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
*R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954) ; 
J. B. Guernsey and A. Wattenberg, Phys. Rev. 101, 1516 (1956). 


Marion (Interscience Publishers, New York, 


it appears 


lear spectroscopy 


see how much information on spin and parity could be 
obtained from such measurements. This nucleus was 
chosen because the first excited state is abundantly 
produced by neutrons and the gamma-ray intensity is 
therefore favorable. Furthermore, the elastic and non- 
elastic neutron cross sections for Fe®* have been studied 
extensively; hence the optical model parameters for 
neutron interactions with this nucleus are fairly well 
known. 

The gamma-ray angular distributions for the first 
two excited states of F' were also measured. Although 
the statistical model would not be expected to apply 
here, these measurements were made partly as a test of 
the experimental method since the spin of } for the 
first excited state of F” requires that its gamma-ray 
angular distribution be isotropic. 

In another for the 
excitation of the 0.717-Mev gamma rays from the first 
excited state of B' was measured for neutron energies 
from the threshold to 5.2 Mev. 


experiment the cross section 


EXPERIMENTAL PROCEDURE 


The experimental procedure was similar to that 
described previously.* Monoenergetic neutrons were 
produced by bombarding a gaseous tritium target with 
protons from an electrostatic accelerator. The tritium 
was contained at a pressure of 35 cm Hg in a thin- 
walled stainless steel cell 3 cm long with a nickel 
entrance foil 1.2X10~ cm thick. The neutron energy 
resolution was approximately 30 kev over most of the 
energies reported on here; however, below 2.5 Mev the 
energy spread increased slowly, becoming 35 kev at a 
neutron energy of 1.9 Mev and 40 kev at 1.5 Mev. 
A NalI(T]I) crystal 2.57 cm long by 2.54 cm in diameter 
mounted on a DuMont 6292 photomultiplier was used 
to detect the gamma rays. The photomultiplier output, 
after amplification by a Los Alamos Model 250 pre- 
amplifier and amplifier, was fed into a 10-channel 
pulse-height analyzer, which allowed a separation of 
the photopeak signal from the background caused by 


‘R. B. Day, Phys. Rev. 102, 767 (1956). 
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y RAYS FROM NEUTRON 
Compton scattering of gamma rays and by the inelastic 
scattering and absorption of neutrons in the crystal 
and nearby material. 

Ring geometry was used. The detector was located in 
front of the neutron source, and a ring of material 
containing either B”, Fe**, or F was placed around 
the detector. The axis of the ring passed through the 
source and detector so that gamma rays entering the 
detector from all points in the ring made approximately 
the same angle with the incident neutrons. The Nal 
crystal was shielded from the neutron source by a cone 
of tungsten alloy 30 cm long. 

For the measurement of the B"(n,n’y) excitation 
function, a ring 2.11 cm thick with 5.08-cm inside 
diameter and 10.4-cm outside diameter was placed with 
its center 43.1 cm from the center of the neutron source. 
The ring consisted of compressed amorphous boron 
powder enriched to 95% B™; a binder of (B").O; 
amounting to 8% by weight of the entire material was 
added for mechanical strength. The density of the 
resulting material was 1.10 g cm~. With the Nal crystal 
inside the boron ring, the average angle between the 
directions of the observed gamma rays and the incident 
neutrons was 95°. The rings used for the measurements 
on F”® and Fe were 1.0 cm thick with inside and 
outside diameters of 7.6 cm and 9.6 cm, respectively. 
The materials used were Teflon and cold-rolled steel. 
In the angular distribution experiments the samples 
were placed with their centers 46.8 cm from the center 
of the neutron source, and the distance between detector 
and source was varied to measure the gamma rays 
produced at different angles to the incident neutrons. 

The data were analyzed as described in a previous 
report.‘ For the B'°(n,n’y) reaction, cross-section values 
were obtained from a knowledge of the neutron flux 
striking the sample, the number of B” nuclei in the 
sample, and the gamma-ray flux observed with the 
scintillator. The neutron flux was obtained from the 
counting rate of a “long counter” whose efficiency had 
been calibrated with the use of known sources and with 
a counter telescope. The gamma-ray flux was computed 
from the number of counts in the photopeak of the 
pulse-height distribution, the crystal efficiency having 
been determined by observing the counting rate pro- 
duced by calibrated sources placed in the position 
normally occupied by the B” ring. Corrections were 
made for the absorption of gamma rays in the boron. 
No correction was made for multiple scattering or for 
attenuation of the neutron beam in the ring since for 
the ring size used these two effects nearly cancel, with 
a resulting error of only a few percent. 

In the angular distribution measurements the dis- 
tance between the scattering ring and detector was 
changed for each angle; thus the detection efficiency 
was a function of angle. In order to obtain the correct 
angular distribution the detector efficiency at each 
angle was calculated using Eq. (1) of reference 4. In 
this way the self-absorption of the scattering rings was 
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also taken into account. At large angles the photo- 
multiplier partially shielded the Nal crystal from the 
gamma rays emitted by the scattering ring. The effect 
of this absorption was determined by measuring the 
photopeak counting rate as a gamma-ray source of 
appropriate energy was rotated about the detector. 
For this purpose sources of Mn™ and Lu’? were used, 
since they emit gamma rays whose energies are nearly 
the same as those observed in Fe® and F", respectively. 
The cross sections for excitation of the gamma rays in 
F”® and Fe®* were obtained by normalizing the angular 
distributions to agree with the values previously 
measured at 95°.‘ The latter values have been reduced 
by 4% to take into account the more accurate values 
recently obtained for the long counter efficiency.® 


RESULTS 


The cross section for the production of 0.72-Mev 
gamma rays by inelastic scattering of neutrons from 
B™” is given as a function of energy in Fig. 1. The 
measurements were made only at 95° and the values 
given in the figure are 49 times the differential cross 
section for gamma emission at 95°. These values will 
equal the total cross section for gamma emission if the 
gamma rays are produced isotropically. The circles 
denote data obtained in one run from 1.1 Mev to 5.2 
Mev and the triangles indicate the cross sections at 
intermediate energies found by a later run progressing 
from 5.2 Mev to threshold. The close agreement 
between the two sets of values is indicative of the 
consistency of the measurements. The absolute error 
in the cross-section scale, taking into account uncer- 
tainties in the neutron flux, gamma-ray yield, etc., is 
10%. This figure shows resonances in the cross section 
at 1.93 Mev, 3.31 Mev, ~4.1 Mev, and 4.73 Mev. In 
addition, the peaks at 1.93 Mev and 3.31 Mev appear 
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Fic. 1. Cross section for production of 0.72-Mev gamma rays 
in the reaction B"(n,n’y)B™. The circles and triangles refer to 
data obtained in two separate runs. The cross sections shown 
here are 4 times the differential cross section at 95° 


5 J. E. Perry, Jr. (private communication). 
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Fic. 2. Gamma-ray angular distributions for F” and Fe® at 
E,=2.56 Mev. The solid lines are the least-squares fits to the 
data. 


to be superimposed on a broad resonance centered at 
2.6 Mev. The width at half maximum of the peak at 
1.9 Mev is 0.43 Mev; however, if one subtracts the 
background on which it is superimposed, the width at 
half maximum is reduced to 0.26 Mev. The latter figure 
is probably a better value for the width of the 1.9-Mev 
resonance in this reaction. The resonance at 3.31 Mev 
is the only other one sufficiently pronounced for its 
width to be measured here. If one subtracts a reasonable 
background from the other resonances, the resulting 
curve for the 3.31-Mev resonance has a width of 0.37 
Mev. 

Resonances for B” plus neutrons in the energy range 
covered here have previously been observed in neutron 
total cross-section measurements at 1.8 Mev, 2.73 Mev, 
and 4.1 Mev,® and in the B”(n,a)Li’ reaction at 1.86 
Mev, 2.8 Mev, and 4.1 Mev.’ These energies are in 
fair agreement with the energies of the resonances 
observed here at 1.93 Mev, 2.6 Mev, and 4.1 Mev. 
The 3.31-Mev and 4.73-Mev resonances have not been 
seen before. 

Figure 2 gives the differential cross section for 
production of the 0.847-Mev gamma rays from Fe™* 
and for the 0.110- and 0.197-Mev gamma rays from F®. 
In each case the incident neutron energy was 2.56 Mev. 
The angular distributions are symmetric about 90°, a 


* Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). N. G. Nereson, Los Alamos Scientific Laboratory Report 
LA-1655 (unpublished). This work has also been included in 
Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 


(Superintendent of Documents, U. S. 
Office, Washington, D. C., 1958), 2nd ed. 

7 Petree, Johnson, and Miller, Phys. Rev. 83, 1148 (1951); 
H. Bichsel and T. W. Bonner, Phys. Rev. 108, 1025 (1957). 
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condition which is required for isolated levels. Within 
the experimental uncertainties, the angular distribution 
of the 0.110-Mev radiation from F"® is isotropic, in 
agreement with the theoretical predictions for transi- 
tions from an excited state with spin 4. This result 
shows that the method of measuring angular distribu- 
tions used here does not distort the distribution. The 
shape of the angular distribution curve for Fe** is in 
good agreement with those obtained by Cranberg and 
Levin® at neutron energies of 2.25 Mev and 2.45 Mev. 

The data shown in Fig. 2 have been fitted to a 
Legendre polynomial expansion of the form 


a (0)=ao+a2P2(cosd)+a4P4(cos8), 


by means of a least-squares procedure. The coefficients 
thus obtained, together with their errors, are summar- 
ized in Table I. 

We have compared the results of the gamma-ray 
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Fic. 3. Comparison of the statistical model predictions with 
the experimental angular distribution of the 0.847-Mev gamma 
rays from Fe**. The solid curves are the theoretical predictions 
for various assumed spins of the first excited state, while the 
circles are the experimental points. The curves for J=1+ and 
2+ have been corrected for the angular resolution of the detector. 
This correction was always less than 4% 

L. 


®L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 
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angular distribution for Fe** with the predictions of the 
statistical theory by using the formulas given by 
Satchler.’ In these calculations we have used the neutron 
transmission coefficients given by Beyster et al., which 
were obtained by fitting neutron scattering data with a 
diffuse surface complex potential well. The results of 
the calculations for different assumptions as to the spin 
of the first excited state of Fe are compared with the 
experimental data in Fig. 3. The experimental data 
given here are the measured data decreased by 3.5 
millibarns/steradian to take into account the cascading 
to the 0.847-Mev state from the second excited state at 
2.08 Mev. The value 3.5 was obtained from the cross 
section for exciting the 2.08-Mev level at a neutron 
energy of 2.56 Mev‘ by assuming that the contribution 
of the cascade transition is isotropic. This state, which 
has spin and parity of 4+, was also taken into account 
in the theoretical calculations. 

The agreement between the experimental data and 
the calculated angular distribution for ]=2 (the known 
spin of the first excited state) is remarkably good in 
view of the fact that no normalization or adjustable 
parameter has been used in the calculations other than 
the selection of complex potential well parameters to 
fit the elastic scattering data. Thus it is seen that the 
statistical model gives a very good account of the 
inelastic scattering in this case. In order to establish 
the range of validity of the model it will be necessary 
to compare it with experimental data for a number of 
other elements and neutron energies. In this connection 


® G. R. Satchler, Phys. Rev. 104, 1198 (1956); 111, 1747 (1958) 
In the expression given here for the gamma ray angular distribu 
tion following neutron inelastic scattering the quantity (2J,+1 
following the summation sign should be replaced by 
(2F44+1)8(2J2+1)8. 

” Beyster, Schrandt, Walt, and Salmi, Los Alamos Scientific 
Laboratory Report LA-2099 (unpublished). 
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Tasie I. Coefficients obtained in a least-squares fit of the 
gamma-ray angular distribution data to a Legendre polynomial. 
The coefficients are in millibarns/steradian. 








Element E,(Mev) ao ay % 4rao(mb) 


F010 
is 0.197 
Fe 0.847 


145408 -—09418 -—04407 182. 
422414 S.7432 Siti2 530 
798424 155458 —1.04+22 1003 








it appears that the best procedure is to select the 
parameters of the complex potential well to fit the 
experimental values of the total cross section, the 
differential elastic cross section, and the inelastic 
collision cross section and then to use these parameters 
to calculate the transmission coefficients required by 
the statistical model. 

It is interesting to note that the theoretical angular 
distributions shown in Fig. 3 have a strong dependence 
on the spin assumed for the excited state. In the 
particular cases illustrated here only even parity was 
considered for the excited states; however, other 
calculations have shown that the cross sections can 
also be sensitive to the parity assumed. Thus, for cases 
where the statistical model may be valid, it is seen 
that the model may be very useful in obtaining the 
spin and parity of excited states. An attempt was 
made to apply the statistical model to the case of the 
F angular distributions also. However, the calculated 
cross sections did not agree with those observed, indi- 
cating that the assumptions of the model are probably 
not fulfilled for so light a nucleus. 
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Total Reaction Cross Sections of Several Nuclei for 61-Mev Protons* 
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The total reaction cross sections of C, A, Fe, and Sn for 61-Mev protons have been measured by a beam 


attenuation technique. This technique is described, and the results are presented and co 


mpared with total 


reaction cross sections for neutrons and with optical model calculation. 





O the present time, attempts to find unique sets of 
the parameters characterizing the optical model 
of the nucleus have been unsuccessful.' This is at least 
partially due to the lack of complete experimental data 
for the three phenomena which the model is capable 
of predicting. Concerning the proton nucleus inter- 
action, accurate measurements of the angular distri- 
bution for elastic scattering have been available for 
some time, measurements of polarization have recently 
become available, but in the energy range from several 
Mev to several hundred Mev essentially no experi- 
mental measurements of the total reaction cross section 
have been available until the set of experiments de- 
scribed in this and a preceding paper were performed. 
Since the optical model is capable of predicting all of the 
three phenomena just listed, it is not hard to understand 
why a lack of experimental data for all of them would 
make it impossible to obtain an unambiguous determi- 
nation of the parameters characterizing the model from 
an analysis of experiment. 
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In the intermediate energy range it is generally not 
possible to make an accurate measurement of the total 
reaction cross section of nuclei for protons by measuring 
the cross sections for each of the various possible 
reactions which the protons can produce. There are 
usually a large number of possible reactions, some of 
which are difficult to detect. Furthermore, it would seem 
difficult to measure the total reaction cross section by 
a beam attenuation technique because protons lose 
energy by ionization in passing through an attenuator. 
If good energy resolution is required, the attenuator 
must be thin compared to the range of the proton and, 
as a consequence, the attenuation is so small that it 
would be extremely difficult to measure with good 
statistical accuracy. It is for these reasons that total 
reaction cross sections of nuclei for protons are difficult 
to measure in the intermediate energy range. 

However, a technique has been developed recently 
at the University of Minnesota which overcomes the 
problems of the very small attenuations which are 
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TABLE I. Total reaction cross sections for 61+4.5 Mev protons, 





Inelastic 
scatt. scatt. 

Uncorrected _correc- correc- 

value (mb) tions (mb) tion (mb) 


3246 

40+ 10 
52+20 
60+: 20 
60+20 


Elastic 
or final 
result 
(mb) 


200+13 
3924-25 
617440 
995+70 
14904-77 


Element 


Carbon 
Aluminum 
Iron 

Tin 

Lead 


208+ 10 
414421 
644433 
1030+ 66 
1490+71 


24+6 

18+10 
25+10 
25+10 
60+20 





encountered in applying the beam attenuation tech- 
nique.? Measurements of the total reaction cross section 
of C, A, Fe, Sn, and Pb for 34-Mev protons, using this 
technique, were recently reported in another journal.’ 

In this paper we report similar measurements of the 
total reaction cross sections of the same elements for 
61-Mev protons. 


EXPERIMENTAL TECHNIQUE 


Since the details of the experimental technique have 
been described before, we present here only an outline. 
Consider Fig. 1. A collimated beam of 68-Mev protons 
passes through a set of three thin plastic scintillation 
counters (total thickness=2.5 Mev) through an 
attenuator (9 Mev), and into a thick plastic scintillator 
in which it stops. If a proton is absorbed in the at- 
tenuator, a count will be produced by the thin scintil- 
lators, which are connected in coincidence, but not by 
the thick scintillator. This will cause an anticoincidence 
count to be recorded. In the experiment one measures 
the number of anticoincidence counts A/, and the 
number of coincidence counts J which is equal to the 
number of protons entering the apparatus. These two 
numbers are related to a cross-section o by the equation 


Al/I=Nxe, (1) 


where Nx is the number of nuclei per cm? in the at- 
tenuator. Equation (1) is only valid if Nxe<1, but this 
is always satisfied in these experiments as Nao~10™. 

Several corrections must be made before the cross- 
section o can be equated to the total reaction cross 
section. The most important arises from the fact that 
anticoincidences are recorded even if the attenuator is 
removed. This is primarily due to events in which the 
proton undergoes a nuclear reaction before stopping 
in the thick scintillator, thereby producing a pulse of 
reduced height which actuates the anticoincidence 
circuit. This is corrected for by measuring, for the 
same number of coincidence counts, both A/, the anti- 
coincidences with the attenuator in place, and AJ’, the 
anticoincidences with the attenuator removed, and 
then making a subtraction. When the attenuator is 
out, a dummy attenuator must be inserted in front 


*T. J. Gooding and R. M. Eisberg, Annual Progress Report, 
University of Minnesota, 1957-58 (unpublished). 
*T. J. Gooding, Nuclear Phys. (to be published). 
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of the equipment in order to keep the energy of the 
protons incident on the thick scintillator constant so 
that the number of spurious anticoincidences will be 
constant. Thus Eq. (1) must be replaced by the equation 


(Al—Al’)/I = Nxe. (2) 


Additional corrections must be made because the 
cross-section « in Eq. (2) is not the total reaction cross 
section, but instead, is 


o =on+ f (do /dQ) dQ 
, 2 Emax AE 


6 
Z f J (@e/dQdE)4ddF, (3) 
0 E 


where op is the total reaction cross section; (do/dQ) ,; is 
the cross section for elastic scattering; (@o/dQdE) 4; is 
the cross section for emitting an inelastic proton, or 
other charged particle, into solid angle dQ and energy 
interval dE; @ is the half opening angle of the cone 
subtended by the thick scintillator as seen at the 
attenuator; Emax is the maximum proton energy 
entering the thick scintillator; and Emss—AE is the 
energy bias on the thick scintillator input of the anti- 
coincidence circuit. The single integral corrects for the 
fact that an elastic scattering at an angle larger than @ 
will be measured as an anticoincidence. The double 
integral corrects for charged particles emitted from 
reactions at small angles and high energies which 
produce a count in the thick scintillator and prevent 
an anticoincidence from being recorded. 


RESULTS 


A summary of all our results is shown in Table I. 
The uncorrected values of the cross sections as obtained 
from Eq. (2) are given in the first column. The indicated 
errors are purely statistical and correspond to typical 
values of /~5-10°, AJ=1.6-10*, AJ’=1.2-10". Nx was 
obtained by weighing the attenuators. Column 2 gives 
the corrections due to the first integral in Eq. (3). 
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Fic. 2. Total reaction cross sections for 34- and 61-Mev protons. 
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Total reaction cross sections for 55-Mev 
neutrons and 61-Mev protons. 
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They were found by integrating elastic scattering 
angular distributions at 30 Mev,‘ 40 Mev,® and 90 Mev,® 
from 30° to 180° and interpolating to 61 Mev. For 
carbon we could also use preliminary elastic scattering 
data at 68 Mev.’ 

The second integral of Eq. (3) is represented by 
Column 3. We used data at 40 Mev* and 90 Mev*® to 
estimate this correction. The relative errors on both 
corrections are large but contribute but little to the 
total error of the cross-section values. 

The final corrected numbers for the total reaction 
cross sections in millibarns are given in Column 4 of 
Table I. These cross sections were measured at the 
energy 61+4.5 Mev; the 9 Mev range corresponds to 
the thickness of the attenuator. 

In addition to measurements we checked 
Gooding’s results on carbon, tin, and lead at 34 Mev 
with our different experimental equipment. We found 
very good agreement except for the point on Sn where 
we got a considerably lower value. 


these 


‘J. Leahy, University of California Radiation Laboratory 
Report UCRL-3273, February, 1956 (unpublished). 

*N. M. Hintz, Annual Progress Report, University of 
Minnesota, 1957 (unpublished). 

* Gerstein, Niederer, and Strauch, Phys. Rev. 108, 427 (1957). 

™N. M. Hintz, Annual Progress Report, University of 
Minnesota, 1958 (unpublished). 
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Fic. 4. Comparison of measured total reaction cross 
sections with optical model calculation. 


Our results are plotted against A! in Fig. 2 together 
with Gooding’s data at 34 Mev. It is evident that the 
cross sections decrease with energy. The same holds 
true for a comparison neutron data at 26 Mev® and 
55 Mev.® Figure 3 shows a comparison of our data with 
neutron cross sections measured at 55 Mev. Again our 
values are low due to the increased energy. For heavier 
elements however there seems to be an additional 
reduction of our values which might be due to a 
coulomb repulsion effect. Figure 4 shows the experi- 
mental values for proton total reaction cross sections 
at 34 Mev and 61 Mev and theoretical predictions of 
Saxon” and Glassgold." These are calculated from best 
fits to elastic scattering angular distributions at 17 Mev 
and 31 Mev (Saxon), 40 Mev and 95 Mev (Glassgold). 
Comparison of the predictions with experimental values 
indicates that it would be worthwhile to repeat their 
work using both the elastic scattering data and the total 
reaction cross-section data. It is to be hoped that such 
analyses would lead to a less ambiguous determination 
of the optical model parameters. 


§ Private Communication from Livermore Cyclotron Group. 

*R. Voss and R. Wilson, Proc. Roy. Soc. (London) A236, 41 
(1956). 

” Melkanoff, Nodvik, and Saxon, Phys. Rev. 106, 793 (1957). 

A. E. Glassgold and P. J. Kellogg, Phys. Rev. 109, 1291 
(1958). 
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Analysis of Alpha-Particle Elastic ne Experiments* 
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By a simple modification of the sharp cutoff (Blair) approximation, a phase-shift analysis has been found 
to reproduce the experimental alpha-particle elastic scattering data from silver. Only two adjustable 
parameters were required to fit the experimental data for 22-Mev scattering ; four parameters were used for 
the 40-Mev data. The uniqueness of the fits has not been determined. 





HE purpose of this note is to show that good fits 
to alpha particle elastic scattering angular 
distribution experiments can be obtained by using a 
phase shift analysis of the partial waves representing 
the scattered alpha particles. Two examples are shown 
to illustrate the method. For 22-Mev alpha particles 
scattered by silver,' two adjustable parameters are 
found to be sufficient to fit the experimental data; 
however, for 40-Mev alpha particles scattered by silver,” 
four adjustable parameters are required. It will be 
seen that the adjustable parameters are related to 
conditions of the nuclear surface where the scattering 
process takes place. 

The method is based on the sharp cutoff model for 
the elastic scattering of alpha particles’ as a first 
approximation. The idea for modifying the sharp cutoff 
model is not new as several calculations have already 
been made incorporating such modifications. Calcu- 
lations by Wall, Rees, and Ford' and by Ellis and 
Schecter* using modified sharp cutoff models did not 
significantly improve on the sharp cutoff model results 
however. Substantial improvement was obtained though 
by Turner, McIntosh, and Park® for nitrogen-nitrogen 
scattering. The method used here is similar in approach 
to that in references 1 and 4; however, much better 
fits have been obtained to the experimental data than 
were obtained in these papers. A check on the results 
of references 1 and 4 with the computer code used in 
the following work indicates that an error has been 
made in the calculations in each of these references.® 


~ * Support Sup 


ee by the U. S. Atomic ery Commission. 
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ees, and Ford, ning a 97, 726 (1955). 
vag nl and Eisber, Rev. 101, 1508 (1956). 

s oo S. Blair, Phys. Rev. ne (1954). 

*R. E. Ellis and L. Schecter, Phys. Rev. 191, 636 (1956). 

* Turner, McIntosh, and Park, Bull. Am. Phys. Soc. 3, 223 
(1958). J. S. McIntosh, Proceedings of the Conference on Re- 
actions of Complex Nuclei [Oak Ridge National Laboratory 
Report ORNL-2606 (1958), p. 181]. McIntosh, Park, and Turner, 
Phys. Rev. (to be published) 

* We have recalculated several of the curves in references 1 and 
4 using our IBM 650 computer code and have checked our 
computer calculations with hand calculations. Our calculations 
do not agree with the results of references 1 and 4. Professor 
Ford (reference 1) has kindly rechecked the results of reference 1 
and has discovered an error in the calculations. Dr. Ellis (reference 
4) has examined our hand calculations and has informed us that 
our procedure is the same as that in reference 4. Presumably, 
then, the modified sharp cutoff curves in reference 4 are also 
incorrect. The sharp cutoff curves in references 1 and 4 have been 
spot checked by us also and these seem to be correct. Professor 
Ford has also verified that the sharp cutoff calculation in reference 
1 is correct. 


The modifications to the sharp cutoff model in the 
procedure to be reported here are as follows: 

(1) The amplitudes of the scattered partial waves, 
A,, in the neighborhood of 14’, are varied smoothly 
from 0 to 1 over a range Al, through the relation 


A,={1+exp[— (/—l,)/Al, ]}". (1) 


In the sharp cutoff model, (Al4=0), A:=0 for I<1,’ 
and A;=1 for />I,’. While it is plausible that A; 
should vary smoothly from 0 for small / to 1 for large /, 
there are not theoretical considerations involved in 
selecting the particular function used in Eq. (1). 

(2) A nuclear phase shift 4; is introduced in addition 
to the Coulomb phase shift for partial waves with / 
values near /;’ through the relation: 


§,:=6{1+exp[(/—Ly’)/Al, ]}- :, (2) 


Again, there is no theoretical basis for this particular 
function. The scattering differential cross section, ¢, is 
then related to the Rutherford scattering cross section, 
or, by the equation 


o/on= | —i exp —in In sin*(/2) ]—sin*(¢/2)/n 


XE (1—A; exp2ib,) (2141) P:(cosg) 
l=0 


Xexp2i(oi—ao)|*. (3) 


Here »=ZZ'e*/hv while the other notation is that of 
reference 3. 

From Eqs. (1)-(3) it is seen that there are five 
adjustable parameters available for fitting the data: 
la’, Ala, li’, Aly, and 6. The two Il’ parameters are 
related semiclassically to the interaction radius of the 
colliding nuclei while the two Al parameters are related 
to the thickness of the region in which the nuclear 
interaction between the colliding nuclei takes place 
without destruction of the identity of either of the 
nuclei. The remaining parameter, 6, is required to 
introduce the strength of the nuclear phase shift. 

By using Eq. (3) and an IBM 650 computer, alpha 
particle scattering data on silver at 22 Mev were fitted 
as shown in Fig. 1. The experimental points are in- 
dicated by the dots. In this figure, 6 was set equal to 
zero for all of the calculated curves so that only two 
parameters were available for adjustment: I,’ and 
Al,. Curve 1 is the sharp cutoff or Blair model (Al,=0), 
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Fic. 1. The elastic scattering of 22-Mev alpha particles on 
silver. The dots are experimental points representing data taken 
in reference 1 (the points were actually taken from a curve in 
reference 7 which gave a logarithmic plot). The curves are 
calculated from Eq. 3. 6 is zero in all curves. Thus, only two 
parameters, l4’ and Ala, are available for adjustment. The values 
of these parameters for each curve are indicated in the figure. 
Curve 1 (Al4=0) is the sharp cutoff (Blair) model result. 


for 14’=10. By following the values of the parameters 
from Curve 1 to Curve 5 it is seen that four reasonable 
changes in parameter values quickly leads to the good 
fit of Curve 5. An exhaustive search has not been 
made to determine whether other possible combinations 
of Ll,’ and Al, will fit the data. However, the fit was 
obtained by a simple succession of improved fits and 
seems likely to be unique. It is interesting to note here 
that an optical model analysis of the same experimental 
data yields essentially the same values of I4’ and Al, 
as have been obtained here.’ Nevertheless, it must be 
emphasized that the fit with two parameters may not 
be the “correct” fit since 6 may not be really zero. The 
fit with two parameters indicates, in that case, that the 
experimental data are not precise enough to determine 6. 

At 40 Mev, the fitting procedure is more difficult. 
Figure 2 shows the sharp cutoff result with Curve 1. 
Curve 2 shows the effect of introducing the correct 
amount of Al, to give oscillations of the same amplitude 
as those of the experimental data. It is seen, however, 
that the curve lies far above the data at the large 
angles. An increase in Al, can be made to lower the 
curve to fit the data but then the oscillations are 
damped out. Thus, it was necessary to introduce 
additional parameters. The addition of 6, with l4’=1,’ 
and Al,=Al; improved the fit considerably, but in 
order to obtain the fit shown by Curve 3, it was neces- 
sary to give different values to Al, and Al;. Thus, four 
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adjustable parameters were used (l4’=/,' still) in order 
to obtain a satisfactory fit. The uniqueness of the 
values of the parameters to give the fit of Curve 3 has 
not been investigated. 

While optical model calculations have been made** 
to give fits to alpha particle scattering data, the 
adjustable parameters determined by the fits are not 
unique and are not measureable directly by the experi- 
ment. Thus, for example, the real and imaginary nuclear 
potentials at the center of the nucleus are two of the 
parameters of the calculation. Yet, the optical model 
calculations have shown that only the nuclear potential 
at the surface affects the alpha particle scattering so 
that the central nuclear potentials are not physical 
parameters.’* On the other hand, the calculations 
reported here introduce parameters associated with 
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Fic. 2. The elastic scattering of 40-Mev alpha particles on 
silver. The dots are experimental points taken from a curve in 
reference 2. The curves are calculated from Eq. 3. For all curves, 
l4’=l1,'. The values of the other four patameters for each curve 
are indicated in the figure. Curve 1 is the sharp cutoff (Blair) 
model result. 


the nuclear surface. Further calculations are needed 
to show whether these parameters can be uniquely 
determined by the alpha particle scattering data. 
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An earlier study of (p,a) reactions induced by 23-Mev protons has been extended by observing the out- 
going alpha particles from nuclear reactions induced by protons of various energies between 9.5 and 23 Mev 
in numerous elements throughout the periodic table. Alpha-energy distributions and absolute differential 
(pe) cross sections were measured at 90 deg. From the integrals of the alpha-energy distributions, excitation 
functions for (p,a) reactions were determined. Excitation functions for (p,@) reactions in targets for which 
compound nuclei are integral numbers of alpha particles are qualitatively different from those of other 
targets. Alpha-energy distributions for targets with Z<50 (except for F and Al) are peaked at about the 
same energy for incident proton energies of 9.5-23 Mev; this may be interpreted as evidence that the 
Coulomb barrier is lowered for alpha-particle emission from excited compound nuclei. 





INTRODUCTION 


N a previous paper’ a survey of (f,a) reactions 
induced by 23-Mev protons in targets of a wide 
range of atomic number was presented. Alpha-particle 
energy distributions and absolute differential cross 
sections were measured at 30, 60, 90, 120, and 150 deg. 
The survey showed that alpha particles from heavy 
elements and from the high-energy parts of the spectra 
from light elements are produced by direct interaction 
reactions; for targets of Z<50, a large fraction of (p,a) 
reactions proceeds by compound nucleus reactions. The 
most important result of the survey, however, is 
evidence that alpha particles experience a lower 
Coulomb barrier in leaving an excited compound 
nucleus than in entering a ground-state nucleus. 

This earlier survey of (p,a) reactions has been 
extended by observing the outgoing alpha particles 
from reactions induced by protons of various energies 
between 9.5 and 23 Mev in numerous elements through- 
out the periodic table. Alpha-energy distributions were 
determined for a range of proton energies, and from the 
integrals of the energy distributions the excitation 
functions for (p,a) reactions were determined. 


EXPERIMENTAL 


The energy analyzed external 23-Mev proton beam 
of the Oak Ridge National Laboratory 86-Inch Cyclo- 
tron was used for these experiments. Lower proton 
energies were achieved by use of absorbers; part of the 
experimental arrangement is shown schematically in 
Fig. 1. The incident proton beam is defined by colli- 
mator A, passes through an aluminum absorber on the 
absorber wheel, is redefined by collimator B, passes 
through a target foil on the target wheel, and is collected 
in a Faraday cup which monitors the beam. Collimator 
C defines a beam of outgoing particles that enters the 
detector. All data were obtained with the detector at 
90 deg from the proton beam. Since the absorber is a 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 
1 C. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 


strong source of gamma rays, a lead shield is used 
between the absorber and the detector; additional lead 
shielding, not shown in Fig. 1, was used to reduce the 
intensity of gamma rays, from collimator A and the 
Faraday cup, at the detector. 

A blank target space was left on the target wheel 
during most data runs. The shielding of the detector 
from the beam collimators and absorbers was tested 
by rotating the blank space on the target wheel into 
the beam. No detector counts were observed when this 
test was made. The beam monitoring system was tested 
by varying the target-to-Faraday-cup distance and 
repeating data runs. The data were reproducible within 
counting statistics, and independent of the target-to- 
Faraday-cup distance, for a range of distances. These 
tests demonstrated the adequacy of the experimental 
arrangement in the scattering chamber. 

The (p,a) reactions were studied by observing: the 
outgoing particles which passed through a port in the 
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Fic. 1. Experimental arrangement in the scattering chamber for 
studying (f,a) reactions with protons of various energies. 
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Fic. 2. Energy spectra of alpha particles from (p,a) reactions 


induced in Mg by protons of various energies. These spectra were 
observed at 90 deg from the proton beam. 


wall of the 11-in. diam. scattering chamber, located 
90 deg from the proton-beam direction. As in the earlier 
experiments,' the particles were detected by a propor- 
tional counter-scintillation counter telescope. Alpha- 
particle energy distributions were determined by 
pulse-height analysis of the scintillation-counter 
pulses; a coincidence gate on the 20-channel pulse- 
height analyzer was triggered with proportional-counter 
pulses which passed an integral discriminator; thus 
background pulses were eliminated from the data. 
Additional details of the particle detector and of the 
energy calibration are given in reference 1. 

For part of the data, the proportional counter- 
scintillation counter telescope was used with a particle- 
identification system.’ This system provides for a means 
of selecting gate pulses so that the entire spectrum can 
be observed at one setting. Thus the amount of cyclo- 
tron time required for obtaining the data is reduced 
A check on the (f,a) cross sections integrated over 
energy was provided by counting alpha-particle gate 
pulses. 

The procedure used for making a data run is as 
follows: A target wheel and absorber wheel are installed 


*C. D. Goodman and J. B. Ball, submitted to Phys. Rev. 
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in the scattering chamber. The aluminum absorbers 
are of various thicknesses that reduce 23-Mev protons 
to energies down to 9.5 Mev. Both wheels may be 
rotated by remote control so that targets and absorbers 
are changed without interrupting the cyclotron oper- 
ation. The proportional counter is filled to a pressure 
of 12 cm Hg with a 90% A-10% CH, gas mixture. A 
pulse-height spectrum of the proportional counter or 
particle identification system output is then measured, 
and the proper setting for the gate-pulse discriminator 
is determined. The gain of the scintillation counter is 
set by adjusting the photomultiplier voltage until the 
elastically scattered protons are counted in the proper 
channel. The energy calibration of the crystal is 
described in reference 1; in general, the absolute energy 
calibration is accurate to within 4 Mev at all energies. 
After the preliminary arrangements and measurements 
are finished, the (~,a) energy spectra are obtained. 
From the integral of the alpha-particle energy spectra, 
absolute cross sections are determined; no resolution of 
single levels of the residual nuclei was made in this work. 


RESULTS 


Energy distributions of alpha particles observed from 
protons of various energies on targets of Mg, Ni, and 
Rh are shown in Figs. 2, 3, and 4, respectively. The 
data were obtained with counting statistics that allow 
standard deviations of 10% or less for the central 
portion of each curve. Similar results were obtained for 
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Fic. 3. Energy spectra of alpha particles from (p,«) reactions 
induced in Ni by protons of various energies. EZ, is the total 
kinetic energy of the emitted particle and residual nucleus in the 
center-of-mass system. These spectra were observed at 90 deg 
from the proton beam. The vertical cuts on the curves show how 
the energy distribution peaks would vary with E, if the Coulomb 
barrier were constant with excitation energy of the compound 
nucleus (see text). 





(p,a@) REACTIONS 
all other targets with ZS50 except for fluorine and 
aluminum. Because of the very low Coulomb barrier 
of fluorine, the alpha-energy spectra extend below 5 
Mev where the energy calibration of the scintillation 
detector is very nonlinear. Hence, the (p,a) data for 
that element were used to determine an excitation 
function only. In the case of aluminum, the alpha- 
energy spectra, for incident proton energy less than 
~18 Mev, have more than one maximum. The energy 
spectra of alpha particles observed from other targets 
exhibit the characteristic features of the data shown in 
Figs. 2, 3, and 4; the peaks occur at energies that 
increase slowly with atomic number of the target, and 
for each target they occur at approximately the same 
alpha-particle energy for the proton energy range of 
9.5-23 Mev. 

Excitation functions for (p,v) reactions are shown in 
Fig. 5, and a tabulation of targets, Q values, and 
differential (p,a) cross sections for 23-Mev protons is 
given in Table I. These data represent the average of 
two or more complete runs for each target. The scintil- 
lation-counter data were checked against data obtained 
from pulse-height analysis of the particle-identification 
system output. This check verified that the gating 
pulses represented the total alpha spectrum uncon- 
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Fic. 4. Energy spectra of alpha particles from (p,«) reactions 
induced in Rh by protons of various energies. E, is the total 
kinetic energy of the emitted particle and residual nucleus in the 
center-of-mass system. These spectra were observed at 90 deg 
from the proton beam. The vertical cuts on the curves show how 
the energy distribution peaks would vary with E, if the Coulomb 
barrier were constant with excitation energy of the compound 
nucleus (see text). 
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Fic. 5. (p,a) excitation functions for various targets. The cross 
sections were computed from the integrals of the alpha-energy 
distributions observed at 90 deg. The curves were determined 
from data obtained at proton energy intervals ¢3 Mev. 


taminated by pulses from other particles. The probable 
errors are less than 5% except for Ta, Pt, and Au; for 
these targets the probable errors at the lowest proton 
energies are as large as 15%. 

Total (p,z) cross sections may be obtained by multi- 
plying the differential cross sections shown in Fig. 5 
by the factor 47; for the heavy targets (Ta, Pt, and 
Au), this product should be increased by a factor of 2 
because of the strong forward peaking' of the angular 
distributions of alpha particles emitted from these 
targets. 

In Fig. 5 the excitation function for (p,a) reactions 
in F and Al! are qualitatively different from those of 
other targets in that they do not decrease appreciably 
for lower proton energies. The (p,a) reaction in the 
stable isotopes of F and Al leave residual nuclei that 
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are even-even and which have low level densities; 
however, even-even residual nuclei may also result 
from (p,a) reactions in the principal isotopes of V, Co, 
and Rh. The flat shape of the excitation function 
observed for F, Al, is not observed for V, Co, and Rh. 
One feature of (p,@) reactions in F and Al that is 
unique among the targets in Fig. 5 is that the com- 
pound nucleus (and hence the residual nucleus) consists 
of an integral number of alpha particles. In Fig. 6 cross 
sections for (p,a) reactions in F, Al, Mg, V, Co, and Rh 
are plotted as functions of maximum energy available 


raswe I. Targets, atomic numbers, Q values, and differential (p,a 
cross sections measured at 90 deg for 23-Mev protons.* 
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Fic. 6. Cross sections for 
pa) reactions in various tar- 
functions of 
available for alpha- 
particle emission. These data 
obtained with the de- 
tector 90 deg from the proton 
beam. For F and Al the com- 
pound nuclei are integral num- 
bers of alpha partic les. 
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nergy 
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the curves for 
from the others. 


for alpha-particle emission. 1 
F and Al are qualitatively 
This indicates that the 


value differences 


different 


effect is not simply due to Q 


DISCUSSION 
The data presented earlier' for targets with Z S50 
indicate, by the energy and the 
of the alpha particles, that for these targets a large 
fraction of the alpha particles from (p,a 
results from compound nucleus reactions 


angular distributions 


reactions 
rhe data are 
most readily explained in detail, however, by assuming 
that an alpha particle encounters a lower Coulomb 
barrier in leaving an excited compound nucleus than 
in entering a ground-state nucleus. Evidence for the 
lower Coulomb barrier is bited by the data of 
Fig. 5 and Table I. In particular, the ratio of o(,n) 
o(p,x) and the sensitivity of o(p,a) to Q value and 
proton energy are very different from the values pre- 
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dicted if one assumes a Coulomb barrier for alpha- 
particle emission that fermis 
(1 fermi=10-" cm tables of Blatt and Weiss- 
kopf*; this is in good agreement with the barrier for 
ground-state nuclei as 

ments in which ground-state nucle 


corre sponds to o> 1.5 


in the tal 
ybserved in numerous experi- 
are bombarded with 
charged particles. Numerical examples are discussed in 
reference 1, where it is shown that for (p,q) 
induced by 23-Mev protons, a Coulomb barrier cor- 
responding to ro=1.9 fermis (extrapolated from the 
tables of and Weisskopf much better 


agreement between experimental results and predictions 


reactions 


. 
Blatt gives 


of nuclear reactions. 


of the statistical model 


3J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
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(p,a) REACTIONS 
Further experimental evidence of the lowered 
Coulomb barrier for alpha-particle emission from 
excited compound nuclei is demonstrated by the results 
of the studies reported here; the peaks of the energy 
distributions do not shift with incident proton energy 
in the range of 9.5-23 Mev. This is seen as follows: 
Assume that the energy distribution of emitted 
particles, N(E,), is given by the product of a density 
of final states and a barrier-penetration factor. Then‘: 


N(E,)=constE,o,.(Ea)w(E,+Q0-—Ez), (1) 


where E, and £E, are, respectively, the center-of-mass 
kinetic energies in the proton-target and alpha-particle- 
residual-nucleus systems. Evidently, at the maximum 
of the energy distribution 


(d/dE.) logN(E.)=0, (2) 


1 1 do, dw 
mae weet Ween} 
E, o-dE, dE. 


If one assumes that w is the commonly used form® 
w= const exp2[a(E,+Q0-—F,) }', 


then at the maximum 


1 1 do, a} 
emawal , 0. 


E, o-dEq (Ep+Q—Ea)! 


Equation (5) can be put in dimensionless form by 
multiplying by the Coulom!-barrier height B 
making the substitution Y=E,/B; 
becomes 


and 
Eq. (5) then 


1 1 doe, (aB)! 
ae he | (6) 
Y ocdY (Ymez—Y)! 


The experimental data show that £, at the maximum 
does not change as E, is changed. Thus, it is evident 
from Eq. (5) that as E, is increased, the term 
(1/o,)do./dE, evaluated at the maximum of the energy 
distribution must decrease. 

It can be seen from the tables of Blatt and Weisskopf 
that ¢, is strongly dependent on the quantity Y and 
only weakly dependent on ro as a separate parameter. 
One may, therefore, regard a change in the quantity 
(1/0.)(do./dE.), evaluated at a constant value of £,, 
as equivalent to a change in B. Since a given EF, corre- 
sponds to a higher excitation of the residual nucleus 
as E, is increased, this interpretation implies that the 
Coulomb-barrier height decreases as the excitation 
energy of the compound nucleus increases but does not 
necessarily imply a change in nuclear size. The data 
presented here can be equally well interpreted by 
assuming that the shape of the Coulomb-barrier 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 367. 
5 See reference 4, p. 371. 
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Fic. 7. Coulomb-barrier values calculated from Eq. (6) and 
plotted as a function of the excitation energy of the residual 
nucleus. The horizontal cuts on the ordinate axis correspond to 
the barrier values calculated for ro=1.5 fermis which agree with 
the experimental data obtained by bombarding nuclei in their 
ground states with charged particles. 


penetration function changes with excitation energy 
so as to become less steep below the classical cutoff 
for a highly excited nucleus than for a nucleus in the 
ground state. In principle, a change in the shape of the 
barrier penetration function could be examined experi- 
mentally by comparing excitation functions for high- 
lying levels with those for low-lying levels. 

For the residual nuclei from (p,a) reactions in Ni and 
Rh (Figs. 3 and 4), the quantity (1/0,)do,/dY was 
evaluated by using the tables of Blatt and Weisskopf. 
For each target, values of B were calculated that 
correspond to ro= 1.9 fermis (as discussed in reference 
1). Then values for a were determined by fitting Eq. 
(6) to the experimental data for 23-Mev proton energy. 
These values of a and B were then used to calculate the 
positions of the maximum of the alpha-energy distri- 
butions for lower proton energies. The positions of these 
calculated maxima are indicated by heavy vertical lines 
that cut the energy distribution curves in Figs. 3 and 4. 
It is very apparent that the peak shift required to 
satisfy Eq. (6) for constant values of B is not observed 
experimentally, and hence the data may be interpreted 
as evidence that the Coulomb barrier changes with 
excitation energy. Kikuchi® has suggested that a dif- 
fuseness of nuclear potential effectively lowers the 
Coulomb barrier. If surface diffuseness increases with 
nuclear excitation energy, the data presented here are 
consistent with this effect. 

If, instead of inserting a constant value of B in Eq. 
(6), the experimentally determined value of the energy 
at which the alpha-energy distribution peak occurs is 
inserted, corresponding values of B may be found. 
This was done for the Ni and Rh data, and the results 
are plotted as functions of excitation energy of the 
residual nuclei (for alpha particles at the peaks of the 
energy distributions) in Fig. 7. The dotted portions of 


*K. Kikuchi, Progr. Theoret. Phys. 17, 643 (1957). 
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the curves are extended to zero excitation energy to 
show extrapolated values of the Coulomb barriers for 
ground-state nuclei. The short, heavy horizontal lines 
on the figure show the barriers that correspond to 
ro=1.5 fermis and which are in agreement with the 
results of experiments in which charged particles 
bombard ground-state nuclei. 

It should be pointed out that the above interpretation 
of the data is crucially dependent on the validity of the 
assumed form of the level density function. An alternate 
explanation of the lack of shift of the maxima in the 
alpha energy distributions with incident proton energy 
might be to take the level density to be of the form 


w= conste(%mex-)/7 (7) 
where 7 is the nuclear temperature. Then no shift in 
the peak position would be expected with a change in 
Emax. Theoretical considerations’ suggest that nuclear 


7 T. Ericson, Nuclear Phys. 6, 62 (1958); T. Ericson, Nuclear 
Phys. 8, 265 (1958). 
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temperatures are expected to vary only slowly with 
energy for low energies. Alpha-particle 
inelastic-scattering data‘ have indicated nearly constant 
nuclear temperatures for excitation energies in the 
range of 4 to 10 Mev. A constant nuclear temperature 
interpretation of the (p,a) data presented here, however, 
requires rather low values of temperature’ for agreement 
between predicted and experimentally determined 
positions of energy distribution maxima. 


excitation 
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An analysis of the heavy primary cosmic rays (Z >2) has been made by using a stack of emulsions which 
was exposed at a high altitude on September 18, 1956, over Minnesota. In order to examine the low rigidity 
portion of the heavy primary cosmic rays, we nave studied only the stopped particles in this stack. In this 
work, two methods to identify the charges of various particles have been employed: (1) track width meas- 
urement and (2) -ray density vs residual range. The energy spectra of a, L, and M groups in the primary 
cosmic radiation have been obtained. Their energy spectra show the existence of a maximum in each group, 
and the energy regions of the maxima increase with increasing charge of heavy element. Some possible in- 


terpretations of these spectra are discussed. 





1. INTRODUCTION 


N order to obtain information about the origin of 
cosmic radiation and nuclear reactions in the stars, 

it is important to study the energy spectra and abun- 
dance of various components in the heavy primary 
cosmic radiation. However, while many experimental 
data concerning the heavy components of the primary 
cosmic radiation in the high rigidity region (Bev region) 
have been published, we have only little data on the 
low-energy portion excepting those on the a component 
studied by the Minnesota and Bristol groups'~* and 
those on the heavy components (a, M, and H nuclei) 
by the Tokyo and Chicago groups.‘ In particular, the 
latter group obtained the energy spectra of all of the 
heavy components, and found general resemblances of 
the shape including the existence of a maximum flux. 
The energy region of their maximum (500-600 Mev/ 
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nucleon) was somewhat different than that of the a 
component spectrum, that is, 250 Mev per nucleon, 
found by the former group. 

In any event, it may give some insight into a mecha- 
nism of accelerating cosmic radiation, if we examine the 
existence of a maximum in the energy spectrum, the 
energy region of maximum, and the dependence of this 
energy region on the charge of the primary cosmic ray. 
The time variation should also be studied. In view of 
the above considerations, an investigation of the low 
rigidity heavy components of the primary cosmic 
radiation has been carried out at this laboratory. In 
this experiment, the emulsion stack was exposed at an 
altitude of 110 000 feet under a mean amount of matter 
of 6.7 g/cm? plus 0.3 g/cm* of packing material. This 
experiment deals with the energy spectra of a, L, and 
M groups and their relative abundance in primary 
cosmic radiation. 
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Fic. 2. Time-altitude curve for the exposure. 
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2. EXPERIMENTAL PROCEDURE 
1. Stack and Exposure Details 


The stack of nuclear emulsions used to detect the 
particles in this work consisted of 300 stripped G5 
emulsions with dimensions of 40 cm 30 cm 0.06 cm. 
It was exposed on September 18, 1956 over Minnesota; 
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nominal geomagnetic latitude 55°N. The trajectory of 
the balloon is given in Fig. 1. The balloon reached 
ceiling altitude at 45.1°N and 93.8°W (geographic), 
and the stack was turned over and released at 44.8°N 
and 95.9°W. The flight curve is given in Fig. 2 where the 
pressure in millibars is plotted against the universal 
time, GMT. The pressure was measured by a Wallace 
Tierman gauge, photographed at 2 minute intervals, 
and by a code drum transducer supplied by Winzen 
Research, Inc. After recovery the emulsions were cut 
in two pieces (20 cm X30 cm X 600) as shown in Fig. 3, 
and processed by the usual method of wet-hot stage at 
this laboratory. The minimum grain density observed 
in these plates was about 20 grains per 100y. 


2. Scanning 


The emulsions were scanned along 12 cm and 0.9 
cm from the top of the emulsion using 7 X 20 magnifica- 
tion. All particles crossing this line, satisfying the 
following geometric criteria, were recorded (Fig. 3). 


1. The projected zenith angle in the emulsion plane 
does not exceed 30°. 

2. The track length per plate in the zenith direction 
is equal to or larger than 3 mm. 

3. 5-ray density is > 0.76 rays per 100u. 


Every track recorded by the above criteria should have 
a minimum possible range of 10 cm or more in the stack 
before they come to the edge. The tracks were followed 
until they left the stack from the bottom side, stopped 
in the stack, or made interactions in it. 


3. Determination of Charge 


As is known, it is rather difficult to identify the 
charges and energies of the incident particles which 
make interactions or leave through the stack. For this 
reason, we have treated with 
stopped in the emulsion. 


only the particles which 


The usual methods for determining the charge of a 
stopping track are as follows: 1. gap (or blob)-counting, 
2. 6-ray density vs residual range, 3. the track width, 
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Fic. 5. The calibrations of the 5- 
ray density versus residual range. 
Plain crosses: data from the tracks 
of a’s and Li*. Open circles: data from 
the particles of which the charges 
were identified by their track width 
measurements. 
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4. the tapering length, and 5. variations of the above. 
In this experiment, both methods (2) and (3) have 
been employed independently. 


a. 6-Ray Measurements 


In order to establish the ionization calibration, how- 
ever, the author starts with a track which is thought 
to be a relativistic boron from its observed interaction 
and its é-ray density. In fact, this track penetrates 
through the 60 plates (27 cm) used in this work before 
it collides with a hydrogen atom or makes a peripheral 
collision with a heavier atom in the emulsion and breaks 
up into three relativistic particles, that is, two @ par- 
ticles and a proton. With this track, the 5-ray density 
in each plate was measured to examine the dependence 
of 6 density on the development of the emulsion. 

Figure 4 shows the results of the conventional 4- 
grain 6-ray counting on this track. The 6 rays were 
counted over a length of 3 mm. The length was centered 
about the middle of the emulsion (in depth) and was 
more than 304 away from either emulsion surface. 
From this figure, a correction for the variation of de- 
velopment can be made for the é-ray density of each 
particle used. In the figure, the straight lines for the 
relativistic Be, B, and C, respectively, were obtained 
from Mott’s formula: 
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W,=30 Kev. (3) 
The calibration of charge determination by 6-ray den- 
sity has been carried out in the following way. First of 
all, the 6-ray densities of the stopped particles which 
are easily recognizable as a particles are counted and 
plotted as a function of residual range. In addition, we 
have a favorable Be track which traverses about 4 cm 
in the stack before it collides with a proton and breaks 
up into a proton and a Li nucleus which makes a char- 
acteristic hammer track at the end point. The range of 
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Fic. 6. Track width as a function of dip of the a-rays from radio- 
thorium stars in the emulsions. 
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Fic. 7. Histogram of track width. 


the Li® is 8.3 cm in the emulsion. Using this event, we 
can get a relation between 6-ray density and residual 
range for the Li track. Figure 5 gives the results for 
the @ and Li particles. The theoretical curve for the 
5-ray density versus residual range can be calculated by 
using the above formula (1), (2), and (3) and the range- 
energy relation.’ The other data for Be, B, C, N, O, 
and Ne were obtained from the tracks which were 
identified as the corresponding particles, respectively, 
by the measurements of their track widths mentioned 
in the next paragraph. The black points in the figure 
show the data of all stopped particles which were re- 
corded in this experiment. Every measurement of 6-ray 
counting was performed over a track length of at least 
3 mm which was more than 30u away from either 
emulsion surface. 
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b. Track Width Measurements 


As for the calibration of track width, first of all, we 
measured the track widths of a particles emitted from 
Th nuclei in the emulsions by using the screw microm- 
eter eyepiece.’ In order to examine the variation of 
track width with increasing dip angle of track, the 
track widths of 127 @ rays found in the several plates 
with different developments were measured. As one can 
see in Fig. 6, the track width stays constant, as long as 
the dip does not exceed 0.15 (after processing). Figure 7 
represents the histograms of the track width of a rays, 
Li® particles and single charged particles, of which dips 
were <0.15. The shaded and the black areas show the 
a-ray tracks which were located within 20u from the 
surface and the bottom of the emulsion, respectively. 
Although these areas may indicate a slight change in 
track width at the surface and the bottom of the emul- 
sion, the deviation is so small (<5°%) that they can be 
neglected for a-ray tracks located in the middle of the 
emulsion. We have examined the relation between 
charge and track width since 1954 and obtained the 
following experimental formula.*® 


W«,/Z, (4) 


where W is the track width of a particle of charge Z. 
Recently, several investigators’’* have observed experi- 
mental results in good agreement with our formula, in 
analyzing the heavy fragments emitted from nuclear 
stars. The calibration of track width can be completed 
by determining the width of a rays. Figure 8 shows the 
distribution of track width for the heavy particles used 
in this work. From this figure, separation between par- 























Fic. 8.Distribution of track width. 
The arrows show the widths esti- 
mated by Eq. (4 
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* W. H. Barkas, University ofi California Radation Laboratory Report UCRL-ZN991-Rev (unpublished 
* Nakagawa, Tamai, Huzita, and Okudaira, J. Phys. Soc. (Japan) 11, 191 (1956). 


7 O. Skjeggestad, Nuovo cimento 8, 927 (1958). 
8 Barkow, Kane, O’Friel, and McDaniel (to be published). 
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ticles of neighboring charges can be obtained, though 
resolution between the particles in the heavy group is 
somewhat poor. The average widths of tracks for 
Z=2-14 were obtained and appear in Table I. 


3. EXPERIMENTAL RESULTS 


As the charges of the stopped particles were identified 
in the ways mentioned above, we can easily obtain the 
energies of them at the top edge of the stack by using 
the range-energy relation in the emulsion.® In Figs. 9 
and 10 the energy spectra of the LZ (Li, Be, and B) and 
M (C, N, and O) groups in arbitrary frequency units 
are shown. In these figures, the energies were converted 
to those at the top of the atmosphere by taking into 
consideration the energy losses in air. In addition the 
number of particles found in the emulsions was cor- 


TABLE I. The average widths of tracks for Z=2—14. 





Average width (z) 


0.66+0.015 
0.81+0.020 
0.93+0.017 
1.04+0.017 
1.16+0.017 
1.23+0.018 
1.3340.017 
1.41+ 
1.484 
1.554 
1.614 
1.674 
1.734 








TABLE II. The interaction mean free paths in emulsion 
and the absorption lengths in air. 





Interaction mean 
free path in 
emulsion (g/cm*) 


Aa = 76.6 
At =59.4 
Aw = 50.9 
Aw =36.4 


Absorption mean 
free path in 
air (g/cm*) 

Aq = 48.0 
A,=35.8 
Aw = 32.0 
Aw = 25.4 








rected to the top of the atmosphere by multiplying 
by the factor; 


Remuision (6.7+0.275) sec8 
exp(- ) 


Aabsor ption 


interaction 


The vertical air above the emulsion was 6.7 g/cm? and 
the packing material (glass fiber) was 0.275 g/cm. @ is 
the zenith angle. The values used for the interaction 
mean free paths in emulsion, Ajnteraction and the ab- 
sorption lengths in air are shown in Table II?’ Another 
correction is necessary. The energy interval for the 
particles which stop in the emulsion is different for 
different charges and when particles of several different 


°C. J. Waddington et al., Phil. Mag. 3, 19 (1958). 
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Fic. 9. The energy spectrum of the L-group (Li, Be, and B) at the 
top of the atmosphere. 


charges are treated as a group a correction must be 
made at both ends of the observed energy range to 
account for the fact that some of the group members 
are observable while others are not. The corrections for 
this effect were made by using the observed relative 
abundances in the group in the energy range where all 
the group members are observable. As for the portion 
at the highest energy range, the spectrum has been 
obtained from the observed number of high-energy 
particles, in comparison with the integral energy 
spectrum” ; 


N(>E) = (14B)""4. (6) 


Because of the poor statistics, especially in the H- 
group, a correction for the fragmentation processes in 
air has not been made. However, it is considered that it 
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Fic. 10. The energy spectrum of the M-group (C, N, and O) at 
the top of the atmosphere. 


” Any disagreement between them has not been shown within 
the statistical error. 
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Fic. 11. The energy spectrum of the a particles at 
the top of the atmosphere. 


can be neglected, since one intends to discuss only the 
shape of the energy spectrum. 

Figure 11 shows the differential energy spectrum of 
a particles. The ordinate is given in units of particles/ 
m* sec ster Mev and the abscissa is the energy per nucleon 
at the top of the atmosphere. In the figure, the data of 
other workers appear also. 

From Figs. 9, 10, and 11, one can see that the energy 
spectra of all groups show a maximum in the differential 
flux. The position of the maximum tends toward higher 
energy with increasing charge from ~230 to ~550 
Mev/nucleon, and also the energy spectra below the 
maxima fall off gradually, as the Minnesota group! and 
Koshiba ef al.‘ observed. The relative abundance at the 
flight altitude (110 000 feet) is given for the observed 
particles with the charges of Z>3 and the energies of 
<700 Mev/nucleon, and is shown in Fig. 12. It is re- 
marked that the Z group is the most abundant of all 
groups (L, M, and H groups) and the abundances of C 
and Ne nuclei dominate in M and H groups, respectively. 


4. CONCLUSION AND DISCUSSIONS 


The principal features of the data obtained in this 
work are: 


(1) The energy spectra of a particles, L (Li, Be, and 
B) and M groups (C, N, and O) in the primary cosmic 
rays show peaks at energies around 200 to 300, 300 to 
400 and 500 to 600 Mev/nucleon, respectively. 

(2) These results do not indicate a sharp cutoff, but 
a gradual falloff of the spectrum at low energies. 
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(3) The dominant abundances of L group, C and Ne 
nuclei were observed. In discussing the results, we start 
with the energy spectra. The energy spectra of the 
primary particles obtained in the present experiment 
seem to be closely similar to other data,“ as far as the 
existence of a maximum and the gradual decrease below 
the maximum are concerned. On the other hand, the 
peak positions of the spectra differ from each other. 
In fact, Koshiba et al.t found the maximum flux at 
~550 Mev/nucleon for the various components (a, M, 
and H groups) in disagreement with the data (~250 
Mev/nucleon) for the primary a particles observed by 
the Minnesota and Bristol groups.’ As a consequence, 
the former suggested that the maximum position might 
have been shifted to a higher energy by the effect of the 
magnetic storm. The comparison of our energy spectrum 
of @ particles with that of the latter groups shows a 
similarity between the two, except for the flux values. 
(See Fig. 11.) In spite of this similarity, the maximum 
positions of Z and M groups differ from that of the a 
group and are shifted to the higher energy side (Fig. 9 
and 10). 

Aside from this difference, the existence of a maximum 
and the gradual decrease below the maximum cannot 
be explained by geomagnetic or atmospheric effects, as 
has been discussed for the a particles, and it therefore 
seems likely that the energy spectra had the same 
shape before arriving in the vicinity of the earth. 

However, in order to interpret the observed energy 
spectra, that is, the existence of the maximum position, 
we need another mechanism. First of all, we consider 
the screening mechanism. Namely, the existence of the 
maximum may be explained by the screening effect of 
the magnetic clouds emitted from the sun which prevent 
the particles with low magnetic rigidity from penetrat- 
ing into the region of our observation. In this case, we 
should observe the maximum at the same magnetic 
rigidity for all kinds of charged particles. Furthermore, 
the position of the maximum should change according 
to the magnitude of the solar magnetic activity. These 
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deductions are incompatible with the results of the 
experiment, for the observed positions of the maxima 
of various particles differ from each other. Moreover, we 
can recall the results on the a particles which have been 
measured in 1954' and 1956. Even with the large dif- 
ferences of the solar activity between the two years, the 
maximum of the energy spectrum remained in the same 
position and the shape of the spectrum did not change 
appreciably although the intensity changed. Accord- 
ingly, it would be rather difficult to suppose that the 
observed spectrum had been made by the screening 
effect. 

Although we cannot exclude definitely the screening 
mechanism, it is quite natural to consider the ionization 
loss in interstellar space as the second possibility. This 
process seems to be more plausible when we remember 
the energies of the maximum fluxes which were de- 
scribed in. (1) of Sec. 4 and that of the H group ob- 
tained by Fowler ef al.* Unfortunately the data are not 
sufficient to discuss this problem at length. 

We now change the subject to the relative abundance 
of heavy primary cosmic rays. From Fig. 12 one can see 
the dominant abundance of the Z group in comparison 
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with the M and H groups. This would imply that the 
fragmentation process is favorable for the lower energy 
region which is measured in this experiment. In fact, 
this tendency has been observed in studies concerning 
the heavy fragments emitted from nuclear stars.’"" On 
the other hand, the dominant abundances of C and Ne 
nuclei in the M and H groups, respectively, were ob- 
served in the figure. As has been discussed for this 
point’? the over abundance of them suggests that the 
ion-source of cosmic rays is probably due to a transient 
state in the evolution of stars." 
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An investigation has been made of the energy and angular distributions of a particles emitted from silver 
and bromine nuclei in Ilford D-1 (200 yw) nuclear emulsions, during bombardments in the Brookhaven 
Cosmotron with 1.0-, 2.0-, and 3.0-Bev protons. The a energies studied were in the interval from 0-50 Mev 
with particular emphasis placed on the low-energy region. An attempt has been made to correct the observed 
spectra for the center-of-mass motion of the emitting nucleus and then to compare these spectra with those 
calculated from nuclear evaporation theory. Two sets of center-of-mass transformations were made. In one 
case the beam direction was considered to be that of the moving system, and in the second case the direction 
of the observed recoil was considered to be that of the moving system. Good agreement was obtained with 
the theoretical spectra throughout the energy region studied. An apparent excess of low-energy a particles 
in the uncorrected spectra was removed by assuming that the emitting nucleus moves in the observed di- 
rection of the recoil at 0.015¢ at 1.0 Bev and 0.02c at 2.0 Bev. These velocities were consistent with the 
measured lengths of the observed recoil nuclei. Both the angular distributions of the recoil fragments and 
of the a particles were consistent with random emission from this moving system. It seems likely, therefore, 
that one can, at the same time, explain the observed angular distributions and the low-energy a particles 


by isotropic evaporation from a moving system. 


INTRODUCTION 


URING the past ten years discrepancies have 

been reported in the literature between the ob- 
served alpha spectra produced by high-energy incident 
nucleons, and those calculated from nuclear evaporation 
theory. In studying the events produced by high-energy 
cosmic rays, Harding, Lattimore, and Perkins' have 
observed that large numbers of a@ particles (~40%) 
are ejected with kinetic energies well below what is 
generally assumed to be the Coulomb barrier for heavy 
nuclei in emulsions. Le Couteur® and Fujimoto and 
Yamaguchi® have proposed an explanation, based on 
an idea of Bagge’s, that at high excitation the appear- 
ance of these low-energy particles may be due to an 
increase in the effective nuclear radius and therefore a 
substantial reduction of the potential barrier. It has been 
suggested by Perkins‘ that the origin of these slow 
particles may be the ejection of unstable fragments 
which then decay by a emission in flight. It has further 
been proposed by Siissmann® that at high excitation 
energies fission may occur with the subsequent evapo- 
ration from these fragments. 

In the present investigation a study has been made 
of the a energy distributions from proton bombard- 
ments at 1.0, 2.0, and 3.0 Bev, and particular emphasis 
has been placed on the low-energy region of these 
spectra. In addition studies have been made of the 

* Research performed under the auspices of the U. S. Atomic 


Energy Commission. 

1 Harding, Lattimore, and Perkins, Proc. Roy. Soc. (London) 
A196, 325 (1949). 

2K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 

*Y. Fujimoto and Y. Yamaguchi, Progr. Theoret. Phys. 
(Kyoto) 5, 76 (1950). 

‘D. H. Perkins, Phil. Mag. 41, 138 (1950). 

5 C. Siissmann, Z. Naturforsch. 8a, 404 (1953). 


angular distributions of the recoil nuclei relative to 
the direction of the incident beam; of the a particles 
relative to the beam, and of the a particles relative to 
the recoiling nuclei. An average velocity was assumed 
for the emitting nuclei at each bombarding energy. 
The energies and angles of the particles in the center 
of mass of this system were then calculated. This was 
done in two ways: (1) by the use of the measured angles 
between the a@ particles and the incident beam and 
(2) by the use of the measured angles between the a 
particles and the recoil direction of the parent nuclei. 
In the first case the direction of the moving system was 
considered to be the same as that of the beam direction. 
In the second case the direction of the moving system 
was considered to be the same as the observed recoil 
direction. 
EXPERIMENTAL 


Ilford D-1 (200 yu) nuclear emulsion plates were 
exposed in the internal proton beam of the Brookhaven 
Cosmotron at 1.0-, 2.0-, and 3.0-Bev energies. A copper 
block and aluminum shutter were placed in the machine 
in such a way as to prevent lower energy protons from 
entering the emulsions. The plates were placed at an 
angle of 10° to the beam and lowered ? inch below the 
median plane. In this manner a gradient of beam 
intensity was established along both the length and the 
width of the plate and an optimum scanning area could 
easily be located. 

The D-1 plates were selected for this work because 
it was felt that with them the maximum discrimination 
could be obtained for @ particles and other multi- 
charged fragments. Tracks with charges of Z=2 and 
Z=6 may easily be blob counted and calibrated with 
known heavy ions. In the present investigation the a 
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tracks were identified by blob count curves obtained 
from 40-Mev a particles accelerated by the Brookhaven 
Cyclotron, and by the use of similar curves of the 
heavier Li® “ hammer” tracks produced from the nuclear 
disintegrations in the plates being scanned. 

In the identification of a particles by means of blob 
counting, a compensating effect was observed between 
tracks flat in the emulsion and those with considerable 
dip. In the flat tracks all blobs were visible and distinct, 
whereas in the steeper tracks all of the blobs were no 
longer distinct, and the count therefore decreased. 
Although the true length of the steep tracks was some- 
what greater than the observed length, the number of 
blobs, per unit projected length, remained nearly 
constant. This effect was confirmed by exposing plates 
to cyclotron a particles at dip angles of 20°, 40°, and 
60°. Ii was felt that a particles could be reliably identi- 
fied and accepted with dip angles up to 50° in the un- 
developed emulsion. For heavier charged particles, 
however, the maximum acceptable dip angle would 
decrease as the charge of the particles increased. 

Another feature of the Ilford D-1 plates is that they 
can be developed in such a way as to render them 
completely insensitive to singly charged particles. This 
insensitivity was confirmed by exposing the plates to 
10-Mev protons at the Brookhaven Cyclotron. 

Since light elements (C, N, and O) are also present 
in emulsions, the criteria for the selection of events 
taking place in heavy nuclei (Ag and Br) required that 
the recoil fragment in each case be heavier than carbon 
and that at least one a particle be present. If the recoil 
was short and therefore questionable then the sum of 
the charges of the other prongs was used. Since singly 
charged particles cannot be detected these events do 
not represent the total number of interactions produced 
by the Bev protons but rather the total number of 
interactions where at least one a particle was emitted. 

The geometrical efficiency for observation of tracks 
was calculated as a function of angle in the emulsion, 
depth in the emulsion, and the length of track. This 
was used to make the correction for the number of 
tracks not measurable because of excessive dip or 
because of failure to end in the emulsion. This correction 
therefore did not assume an isotropic distribution about 
the beam direction. 

The criteria for the selection of the tracks were: 
. Angle of dip was $50° in the undeveloped emulsion ; 
. The tracks were emitted from Ag or Br nuclei; and 
. The tracks ended in the emulsion. The detection of 
a tracks with energies up to 50 Mev was reliable. 

The following data are based on 365, 287, and 271 
stars at 1.0, 2.0, and 3.0 Bev, respectively. The data 
of Figs. 6, 14, and 15, however, are derived from meas- 
urements on 699 stars at 1.0 Bev and 637 stars at 
2.0 Bev. 
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Fic. 1. (A) Group I event—Recoil with two a particles (a) and 
(b). (B) Group II event—-Recoil with 3 tracks: (a) carbon; (b) 
particle leaving emulsion; and (c) a particle. (C) Group III 
a heavily ionizing fragments with 2 a particles (a) 
and (6). 
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RESULTS AND DISCUSSION 


Events in which multicharged fragments are emitted 
can be classified in three groups. Group I events [Fig. 
1(A) ] are characterized by a recoiling nucleus and one 
or more a@ particles. In Group II events [Fig. 1(B) } 
fragments of charge (2<Z<6) appear in addition to 
the recoil and a particles. In Group III events [ Fig. 
1(C)] there appear two short, heavily ionizing tracks 
which may be fission fragments,* in addition to a 
particles and sometimes fragments of charge (2<Z <6). 
These heavy tracks could neither be blob counted nor 
gap counted and therefore the fragments could not be 
identified. The angle and direction of the recoiling 
nucleus cannot be studied in the case of Group III 
events since there is no one obvious recoil. Most of the 





NUMBER OF TRACKS 


present discussion, therefore, will be based only on a 
particles appearing in Group I and Group II events. 
The average number of a particles per observed 
event as a function of bombarding energy is shown in 
Fig. 2 as a solid line. Since only those events having at 








least one a particle were accepted, it was necessary to 


correct to the total number of interactions produced 


by the Bev protons. The corrections were made from 
Monte Carlo calculations’*® and the number of a 
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Fic. 2. The solid line shows the average number of a particles 
found in events having at least one a particle. The dotted line 
shows the number of @ particles per proton interaction as a func- 
tion of bombarding energy. 
*C. F. Denisenko and N. A. Perfilov, Phys. Rev. 109, 1770 . 
(1958). 
7 Metroplis, Bivins, Storm, Miller, Friedlander, and Turkevich, ( e 20 25 «30 35 40 45 50 55 60 
Phys. Rev. 110, 204 (1958). 
§ Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958). Fic. 3. a spectrum from Group I, II, and III events 
* J. Hudis and J. M. Miller, Phys. Rev. 112, 1322 (1958). at 1.0 Bev, at 2.0 Bev, and at 3.0 Bev. 
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Fic. 5. Observed angular distribution of the recoil to the 
incident proton beam at 1.0, 2.0, and 3.0 Bev. 
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particles produced per proton interaction is represented 
in Fig. 2 by the broken curve. 

The gross a spectra including Groups I, II, and III 
are shown at the three bombarding energies in Fig. 3. 
— Figure 4 represents the spectra at each energy for only 
90 Group I and Group II. Within the statistics the two 
eo sets of spectra appear to be the same and both show a 
large number of low-energy or “‘sub-barrier” a particles, 
which number increases with increasing bombarding 
60 energy. It may also be seen from Fig. 4 that although 
50 possible fission events, Group III, have been omitted, 
the low-energy a particles persist. 

Figure 5 shows the angular distribution of the re- 
coiling nuclei relative to the beam’in the energy region 
20 4 of 1.0-3.0 Bev. The strong correlation between the 
recoil and the beam, particularly at 1 Bev, indicates 

that after particle emission, the nucleus, on the average, 

Oo 5 0 15 20 25 30 35 40 45 50 55 60 still possesses a considerable amount of momentum 
ENERGY IN MEV imparted to it by the incident proton. Figure 6 shows 

Fic. 4. a spectrum from Group I and Group II events the change in the forward to backward ratios of a 
at 1.0 Bev, at 2.0 Bev, and at 3.0 Bev. particles as a function of their energy and again this 
result is not inconsistent with particle emission from 
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Fic. 6. The observed forward to backward ratios with respect 
to the beam, as a function of the a particle energy at 1.0 and 
2.0 Bev. 


Taste I. Forward to backward ratios for group I 
and group II events. 


Forward to backward ratios of 
a particles relative to beam 


a Energy 1.0 Bev 2.0 Bev 3.0 Bev 





0.69+0.11 
1.42+0.17 
1.15+0.09 


0.65+0.10 
1.34+0.12 
1.15+0.09 


0.59+0.12 
1.24+0.18 
1.04+0.11 





Forward to backward ratios of 
a particles relative to recoil 
2.0 Bev 3.0 Bev 
0.15+0.04 
0.67+0.11 
0.47+0.05 
Forward to backward ratios of 
recoils relative to beam 


2.0 Bev 
25 40.3 


a Energy 1.0 Bev 


0.2340.07 
0.70-40.11 
0.55-40.07 


0.3140.08 
0.45+0.06 
0.44+0.06 


0-10 Mev 
10-50 
0-50 





3.0 Bev 
2.9 +0.5 


1.0 Bev 
. 5.4 +0.9 
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a moving system.” Figure 7 shows the angular distri- 
bution of the a particles about the beam, which on the 
average is nearly isotropic. However, it is to be noted 
from Table I that the forward to backward ratios for 
a particles with energies between 10-50 Mev are greater 
than those for a particles in the energy region 0-10 Mev. 
In each of the events where the recoil could be meas- 
ured, the angles between the recoil and the a particles 
were determined. The energy and angular distributions 
of this group of events was found to be in good agree- 
ment with the total Group I and Group II data. The 
distribution in angle is shown in Fig. 8. The strong 
backward correlation between the a particles and the 
recoil suggests that an appreciable part of the recoil 
momentum is given to it by the emitted a particles. 
However, from Fig. 5 it may be seen that the recoil 
direction is by no means entirely determined by the 
emitted particles and that at the end of emission the 
recoil is still moving in the general direction of the 
incident proton. 
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Fic. 7. The observed angular distribution to the beam of 
a particles at 1.0, 2.0, and 3.0 Bev. 


QO. Skjeggestad and S. O. Sérensen, Phys. 


Rev. 113, 1115 
(1959). 
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It was further observed, Figs. 9 and 10, that the low- 
energy a particles (0-10 Mev) were preferentially 
emitted in a direction opposite to the beam direction 
and predominantly in a direction opposite to the 
recoil." If the nucleus is moving at the time of particle 
emission then the particles emitted in the direction 
opposite to the nuclear motion would appear to have 
less than their center-of-mass energy and those in the 
same direction would appear to have more. The par- 
ticles most affected by this would be those of lowest 
energy, and those least affected would be those of 
highest energy. 

In view of these observations, center-of-mass trans- 
formations were attempted both for a system moving 
in the beam direction and for a system moving in the 
observed recoil direction in order to determine whether 
such a correction could remove the anomaly of the very 
slow a particles. Since the exact kinematic situation at 
the time of each particle emission is not known, an 
average velocity of the moving system had to be 
assumed. A series of velocity values were tested and 
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Fic. &. The observed angular distribution to the recoil of 
es oF a particles at 1.0, 2.0, and 3.0 Bev. 
“ P. A. Yaganov and V. I. Ostrovinov, J. Exptl. Theoret. Phys. 
U.S.S.R. 33, 1131 (1957) [translation: Soviet Physics JETP 6, 
871 (1958) }. 
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Fic. 9. The observed angular distribution of a’s 0-10 Mev 
with respect to the beam, 


the best agreement with the calculated evaporation 
spectra was found with 0.015¢ at 1.0 Bev and 0.020c at 
2.0 and 3.0 Bev. In Figs. 11, 12, and 13 the solid lines 
show the energy spectra in all cases where the recoil 
could be measured, at 1.0, 2.0, and 3.0 Bev, respectively. 
The (a) spectra show the observed energy distributions 
in the laboratory system. The (b) spectra show the 
corrected energy distributions in the center-of-mass 
system calculated from the observed angle to the beam 
and a velocity of 0.015c at 1 Bev anda velocity of 0.020c 
at 2.0 and 3.0 Bev. The (c) spectra show the energy 
distributions in the center-of-mass system calculated 
from the observed angle to the recoil, and the same 
velocities as used in the (b) group. The dotted curves 
show the a spectra calculated from evaporation theory 
at 1.0 and 2.0 Bev. These curves were obtained from 
the combination of two Monte Carlo calculations, one 
on the knock-on phase of the nuclear reactions’ and 
the other on the nuclear evaporation phase.* The 
methods used and the averaging procedures are de- 
scribed by Hudis and Miller* and were based on the 
combination of the two calculations. It may be noted 
that the Coulomb barriers and nuclear temperatures 
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Fic. 10. The observed angular distribution of a’s 0-10 Mev 
with respect to the recoil. 


were recalculated for each step of the evaporation chain. 
The dotted curve in Fig. 12 was based on the calculated 
evaporation of He* and He‘ from silver irradiated with 
2.0-Bev protons. It was assumed that the Ag and Br 
cross sections are equal and that the spectrum from Br 
is the same as that from Ag except for a downward 
shift on the energy scale by 3 Mev. The dotted curve 
in Fig. 11 was obtained from the same set of data using 
the proper weighting factors for 1.0-Bev protons. 

It is seen that the best agreement with evaporation 
spectra can be found by assuming the observed direction 
of the recoil to be more nearly the direction of the 
moving system. It is possible that this agreement be- 
tween the spectra may be fortuitous; however, the fact 
that there is a velocity of the center-of-mass system 
which largely eliminates the low-energy particles is 
much less likely to be fortuitous. If the a particles were 
really “sub-barrier’ and emitted isotropically, no 
center-of-mass transformation could eliminate them. 
It must be concluded either that the slow particles are 
not “sub-barrier” but appear to be so only as a result 
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of nuclear motion, or that these particles are emitted 
from a nearly stationary system with a preferred 
direction of emission. 
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Fic. 11. Incident proton beam 1.0 Bev. (a) a spectrum in labo- 
ratory system, (b) a@ spectrum with center-of-mass velocity 
=().015c, using angle to the beam, (c) a spectrum with center-of- 
mass velocity =0.015¢c, using the angle to the recoil. The dotted 
curves are the evaporation spectra based on Monte Carlo calcu- 
lations for 1.0-Bev protons 
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The velocities that have given the best agreement 
with nuclear evaporation theory are 0.015¢ and 0.02c. 
Figure 14 shows the measured lengths of the recoiling 
nuclei at 2.0 Bev with the distribution peaking at 3.5 yu. 
From the range-velocity curve of Alexander and 
Gallagher” the average velocity of the residual nuclei 
was found to be 0.02c if one assumes an average mass 
number of 75. 

Calculations have shown that the observed angular 
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distributions of the recoil fragments (Fig. 5) are con- 
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sistent with a mechanism in which particles are emitted 
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Fic. 14. Measured 
lengths of the recoil 
nuclei at 2.0 Bev. 
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Fic. 12. Incident proton beam 2.0 Bev. (a) a spectrum in labo 
ratory system, (b) a spectrum with center-of-mass velocity 
=().020c, using angle to the beam, (c) a spectrum with center-of 
mass velocity =0.020c, using the angle to the recoil. The dotted 
curves are the evaporation spectra based on Monte Carlo calcu 
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Fic. 13. Incident proton beam 3.0 Bev. (a) a spectrum in the 
laboratory system, (b) a spectrum with PP ponoatn velocity 
=(),020c, using the angle to the beam, (c) a spectrum with center- 
of-mass velocity = 0.020c, using the angle to the recoil. 
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lations for 2.0-Bev protons isotropically from nuclei which have received a small 


#2 J. M. Alexander and M. F. Gallagher, University of Cali- 


forward component of velocity from the incident proton. 


fornia Radiation Laboratory Report UCRL-8618, November, his average forward component, », can be estimated 
1958 (unpublished), p. 24. from the forward to backward ratio of the recoiling 
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Fic. 15. The forward to backward ratios of the a particles with 
respect to the beam as a function of the a particle energy corrected 
to the system moving in the direction of the recoil at a velocity of 
0.015¢ at 1 Bev and 0.02c at 2.0 Bev. 


nuclei by the following formula: 


F 1+(0/V) 
B 1—(v/V) 


V is the average velocity in the moving system. From 
this we find the average forward component of the 
struck nucleus to be of the order of 0.007c. Additional 
velocity is given to the nucleus by the perpendicular 
component and by the successive emission of particles 
and light fragments. The average velocities that have 
been chosen for the center-of-mass transformations, 
with respect to the recoil, appear to be reasonable ones. 
We can now conclude that most of the apparent low- 
energy a particles are not “sub-barrier” but appear to 
be so only as a result of nuclear motion. 

If the energy distribution can be made consistent 
with nuclear evaporation theory by assuming emission 
of the a particles from a moving system, then one would 
expect to find forward to backward ratios which are 
also consistent with this model. The angle between the 
a particle and the observed recoil direction is likely to 
be somewhat larger than the actual angle between the 
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a particle and the recoil direction before emission. This 
effect will be most pronounced when a particles are 
emitted at angles around 90° to the recoil nucleus. 
Although this is an insensitive region in the energy 
distribution it is the most sensitive region in determining 
the forward to backward ratios. For this reason the 
angular distribution is in somewhat greater error than 
the energy distribution and therefore more difficult to 
interpret. An attempt has been made, however, to try 
to determine the angular distributions in this moving 
system. Therefore the forward to backward ratios of 
the @ particles with respect to the beam (Fig. 6) were 
recalculated and plotted as a function of the a particle 
energy corrected to the system moving in the direction 
of the recoil at a velocity of 0.015¢ at 1 Bev and 0.02c 
at 2.0 Bev. The results are shown in Fig. 15. The over- 
all forward to backward ratios (040 Mev) are 
0.939+ 0.076 at 1.0 Bev and 0.995+0.087 at 2.0 Bev. 
From both these results and the above mentioned 
calculations based on the angular distributions of the 
observed recoil fragments we are led to believe that 
within the statistical error the data are consistent with 
isotropic evaporation from a moving system, for a 
particles up to at least 40 Mev. 

It seems likely that an energy dependent Coulomb 
barrier such as suggested by Le Couteur®? V=kV)/ 
(1+0.005£) may not be required for agreement between 
experimental and theoretical @ spectra. It is clear, 
however, that more detailed type Monte Carlo caicu- 
lations are needed where the directions, energies and 
masses of the recoil nucleus and of the emitted particles 
are taken into account at every step of the knock-on 
and the evaporation phases. Furthermore, a more 
accurate approximation” for quantum mechanical 
barrier penetration should be used. The present in- 
vestigation and the recent work of Skjeggestad and 
Sérensen” show that at high energies it is important to 
take into account center-of-mass motion when con- 
sidering the spectra and angular distributions of emitted 
particles. This factor is most significant in the low- 
energy region of the spectra. 
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The C#(p,pn)C™ cross section has been measured at proton energies of 3.0, 4.5, and 6.0 Bev. The meas- 
ured values are 29.82+1.6, 27.741.7, and 29.8+-1.6 mb, respectively. 


I. INTRODUCTION 


HE C"(,pn)C" reaction can be used to monitor 
proton fluxes once its cross section is known. 
Measurements of this cross section have been made for 
proton energies from 0 to 3 Bev.’ This experiment 
extends these measurements to 6 Bev. 


Il. PROCEDURE 
A. General Remarks 
Targets consisting of three plastic scintillators 


mounted behind a nuclear emulsion (see Fig. 1) were 





exposed to a spatially dispersed internal proton beam 
at the Bevatron. They were bombarded by a time- 
integrated flux of approximately 2 10* protons/cm’. 
The number of induced C"(p,pn)C™ reactions was 
measured by placing the scintillators on a photomulti- 
plier and counting the positrons from the decay 
C" — B*+B"+y». This technique of using a thick 
plastic scintillator to serve the dual purpose of both the 
carbon target and the scintillating medium in which to 
count the 8 activity was suggested to us by Crandall.® 
The proton flux was measured by counting tracks in 
the emulsions. 

The C"(p,pn)C" cross section is given by the formula 


o=[number of C™ atoms produced ][ protons/cm? incident on target }"[number of C” nuclei in target }" 


[-—<— 


€s 


where 7,= time interval from start of proton bombard- 
ment to end of proton bombardment, T;= time interval 
from end of proton bombardment to start of 8* count- 
ing, 7;=time interval from start of 8* counting to end 
of 8+ counting, r=mean life of C'=29.36 min, C 
= number of counts recorded during 73, b= background 
counting rate, ¢s= efficiency of detecting a C" disinte- 
gration with the scintillation counter, a;= transition- 
effect correction factor, F=correction factor for fluctu- 
ations in proton-bombardment intensity during 7, 
N=average number of protons/cm? counted in the 
emulsion, a:=correction factor for nonuniformity of 
proton spatial distribution, m= mass of plastic scintil- 
lator, a3=fraction of plastic scintillator, by weight, 
which is C", and No= Avogadro’s number. 

Subsection B deals with the measurements of C, 4, 
€s, a1, and F, which are needed to determine the number 
of C"(p,pn)C™ reactions. Subsection C deals with the 
measurements of V and a2, which are needed to deter- 
mine the incident proton flux. 


* Present address: Department of Physics, Syracuse University, 
Syracuse, New York. 

1 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 
329 (1956). 

2 Rosenfeld, Swanson, and Warshaw, Phys. Rev. 103, 413 
1956). 
Cumming, Friedlander, and Swartz, Phys. Rev. 111, 1386 
(1958). 

‘ Bibliographies of earlier work can be found in references 1 
and 2. 
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B. Measurements of C, b, ep, «1, and F 


C, the number of counts recorded during 73, was 
obtained with conventional scintillation-counter tech- 
niques. To provide an internal consistency check, two 
similar but completely independent channels were set 
up. The same scintillator could then be counted with 
each of two different photomultipliers, each feeding its 
own electronic circuit. The number of activated C" 
atoms in a given scintiliator as determined independ- 
ently in each of these two channels agreed to +1%. 
In order to establish long-term stability, an artificial 
y-Tay source was used and the counting rate in each 
channel was monitored over a 1-week period. Each 


Nucleor emulsion 


3 Plastic 
scintillotors 


Proton 


beam 





Fic. 1, Three plastic scintillators behind a nuclear emulsion 
were exposed to a spatially dispersed internal proton beam at the 
Bevatron. 


* Horwitz, Murray, and Crandall, Bull. Am. Phys. Soc. 1, 225 
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channel was stable to +2% over a period comparable 
to that required for the experiment. It might be men- 
tioned that the photomultiplier high-voltage plateaus 
for 8* particles from C™ were flatter than the plateaus 
for y rays from the artificial source. Therefore the 
stability for counting C™ activity was, if anything, 
better than + 2%. The counting period T; was approxi- 
mately 10 min, and C would typically be of the order 
of 10 000 counts. 

To reduce the background counting rate, the scintil- 
lation counter was surrounded by a lead house with 
walls & in. thick. After each activation, the background 
counting rate 6 was measured by replacing the activated 
scintillator with an unactivated one of identical 
dimensions. These rates were of the order of (50+5) 
counts/min. 

Since C™ is a positron emitter and the positron 
produces two y rays when it annihilates, the counter 
efficiency ¢g can be determined by a f-y coincidence 
technique. A Nal scintillation counter was placed near 
the 8 counter and the number of §-y coincidences as 
well as the number of y counts was measured simultane- 
ously. If Ng, and NV, are the number of 8 coincidences 
and yy counts, respectively (suitably corrected for 
background and dead time), then 
es= Ng,/Ny. 


r 


The efficiency ¢g was measured for each channel at the 
beginning, during, and at the end of the experiment. 
The results were consistent to +2%. The values for 
the two channels were 0.95+ .02 and 0.96+ .02. 

As the proton beam passes through the 1-in. target, 
various reactions produce secondary protons and 
neutrons, which in turn produce C"(p,pn)C"™ reactions. 
The factor a; is intended to correct for this transition 
effect. Its value is measured as follows. Stacks of 
1X1 X}-in. scintillators arranged as shown in Fig. 2 
were exposed to the proton beam. From scintillator 
No. 1 to No. 8 there was an increase of 9.4%+1% per 
inch in the induced activity. After correction for the 
variation in the spatial distribution of the proton beam, 
the activity in scintillator No. 9 was 1%+1% lower 
than in scintillator No. 1. Essentially the same results 
were obtained at 3, 4.5, and 6 Bev. The glass backing 
of the emulsion which precedes the scintillators was 
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Fic. 2. Arrangement of scintillators used to determine 
transition-effect correction factor a. 
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Fic. 3. Arrangement for producing a beam of uniform 
spatial intensity at the emulsion-scintillator target. 


0.4 g/cm? thick. On the basis of these data, the value 
0.93+0.03 was used for a; at each energy. 

The factor F is needed, in principle, to compensate 
for any temporal fluctuations in the proton intensity 
during T,. In prac tice, 7, was only of the order of 1 
min, and under these conditions any 
fluctuations would require only a 1% 
Therefore, F was set equal to 1.00. 


reasonable 
correction. 


C. Measurements of N and a, 


N was measured by counting proton tracks in the 
nuclear emulsion. A reticle was used to define a field 
of view. The area thus defined was measured by using 
a standard ruled grating. The magnification was such 
that a field of view was approximately 9000 u?. We 
believe that the area was measured to an accuracy of 
+2%. Approximately 12 fields of view, each containing 
on the order of 200 protons, were counted at each 
energy. In all cases the same fields of view were studied 
independently by two people. Not only was the number 
of proton tracks counted, but also each viewer made a 
sketch showing the location of each track. Comparison 
of the two sketches then made it possible to detect any 
discrepancies and to restudy the emulsion. The discrep- 
ancies generally involved four or five tracks per field 
of view; these could usually be resolved and it is 
therefore assumed that the proton-detection efficiency 
was 100%. 

The fields of view were located symmetrically with 
respect to the center of each of the three scintillators. 
In general, unless the spatial variation of proton beam 
intensity is linear, the value of the proton flux as 
measured at a finite number of points does not equal 
the true average integrated over the entire emulsion. 
The factor a2 corrects for any such effect. To obtain as 
uniform a distribution as possible, the internal beam 
was spatially dispersed by the arrangement shown in 
Fig. 3. The internal proton beam is first deflected into 


a wedge-shaped target located one quadrant upstream 


of the emulsion-scintillator sandwich. Variations in 





C!3(p,pn)C*! 


energy loss in the dispersing target due to its wedge 
shape, plus multiple scattering, produce a spatially 
dispersed beam at the emulsion. The spatial distribution 
of the beam was measured in an auxiliary experiment 
by using as the target a mosaic of 4-in.<}4-in. scintil- 
lators. The spatial distribution of induced activity in 
these scintillators provides a “map” of the beam 
distribution. Two maps were made at each energy. The 
dimensions of the mosaics used were 2 in. high and 3 in. 
wide in one case, and 4 in. high and 10 in. wide in the 
other. The spatial distributions were reasonably repro- 
ducible and indicated that the maximum variation of 
beam intensity over the region the emulsion would 
occupy was (14+4)%. The correction a2 for such a 
spatial distribution is less than 1% and, therefore, the 
value a2= 1.00 was used throughout. 

Finally, in regard to the measurement of JN, there is 
the question of the nature of the flux at the target. 
Specifically one may ask whether the target was 
exposed to low-energy protons which “spill out” of 
the beam during the acceleration cycle, and further 
whether there is a general background flux of neutrons 
which produce C" nuclei via the C"(m,2n)C" reaction 
and which, of course, would not be included in V. We 
feel there was negligible activation due to these causes 
for the following reasons: The target was kept in a 
retracted position until the energy of the proton beam 
was approximately 10% of the energy at which the 
bombardment was made. A duplicate scintillator placed 
at this retracted position exhibited an activity less 
than 1% of the activity of the scintillators exposed to 
the proton beam. In regard to a possible neutron back- 


Taste I. Cross sections obtained from the experimental data. 
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Fic. 4. Measured values of the C"(p,pn)C™ cross section. 


ground, another scintillator, placed 7 inches above the 
point in the beam to which the target was plunged had 
an activity less than 1% of the activity of the scintil- 
lators exposed to the proton beam. Therefore, unless 
the neutron background has a spatial distribution 
which varies rapidly over 7 inches, its effect is negligible. 
The latter possibility cannot be ruled out but seems 
unlikely. 


Ill. RESULTS 


Since three scintillators are exposed with each 
emulsion, and since the emulsion is in effect divided 
into three areas corresponding to the locations of the 
three scintillators, each exposure gives us data for three 
separate cross-section calculations. 

In addition, at 4.5 and 60 Bev a second exposure 
was made and the center scintillator and center portion 
of the emulsion were counted. Thus, at each of these 
energies, four values of the cross section were calcu- 
lated. The results are given in Table I, along with their 
statistical uncertainties. A weighted mean value has 
been calculated for each energy and is also listed in 
Table I. The uncertainty due to systematic errors is 
estimated to be +5%. This uncertainty has been 
vectorially added to the statistical uncertainty in the 
mean value to give the total uncertainty listed in the 
last column. 

These results, along with the results obtained by 
Cumming ef al2 and the preliminary results from 
Horwitz e al.,° are plotted in Fig. 4. 
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The bremsstrahlung beam of the Cornell Bev electron synchrotron has been used to study the reaction 


ytP 


>» r°+-p over the photon energy range 250 Mev to 1 Bev, and for center-of-mass pion angles between 


20° and 70°. The recoil protons, of energies between 10 and 60 Mev, were identified and their energies 
determined using a range telescope of eight thin plastic scintiilators enclosed in a vacuum chamber with the 
thin liquid hydrogen target. Correlated pulse-height information was obtained by photographing an oscillo 
scope display and was used to sort out the protons from mesons and electrons. Corrections were made for the 
background of photoprotons from the Mylar target cup, the energy loss of the protons in the liquid hydrogen, 
absorption and scattering in the counter telescope, and the variation of beam intensity profile with energy. 
Compared with previous experiments and extrapolations the results show a somewhat smaller forward 
differential cross section above 400 Mev. The angular distributions obtained from a least-squares fit to all 
existing data indicate a d; assignment for the 760-Mev resonance level. Other implications of the data are also 


discussed 


INTRODUCTION 


‘INCE the discovery of the neutral pion much ex- 
perimental work has been done on r° photoproduc- 
tion in hydrogen. A variety of techniques have been 
used. For energies over 100 Mev above threshold the 
most successful method has been to observe the energy 
and angle of the recoil proton. It is clear however, from 
the kinematics plot (Fig. 1) that this method becomes 
difficult at forward x° angles. If the pion goes forward, 
the proton goes backward in the center-of-mass system 
and consequently has very little energy in the laboratory 
system. Experiments using conventional counter tech- 
niques’ have left large gaps at the forward angles. 
These gaps have been partially filled by experiments 
using nuclear emulsions to observe the low-energy 
protons,®*-* but the statistics are still rather poor. 

In the pres nt experiment an attempt has been made 
using scintillation counters to identify and measure the 
energy of recoil protons down to about 10 Mev, and 
thus to cover the forward angle photoproduction of 
neutral pions from about 250 to 1000 Mev photon 
energy. The experiment was motivated by the desire not 
only to complete the experimental picture of the 7° 
angular distribution but also in particular to get more 
accurate information on the front-back asymmetry— 
that is, the B coefficient in the expansion do/dQ=A 
+B cosé+C cos*@. The asymmetry arises only from the 
interference of states of opposite parity, and can there- 
fore provide information on the s-wave amplitude and 
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the angular momentum assignments for the higher 
energy resonances. 


EXPERIMENTAL METHOD 


The experimental apparatus was designed around four 
major difficulties involved in counting low-energy pro- 
tons. First, the stopping power of the target for low- 
energy protons had to be minimized. This eliminated the 
carbon-hydrocarbon subtraction method as a possi- 
bility and implied a thin liquid hydrogen target with 
thin walls. Secondly, in order to separate protons from 
the background of charged mesons and electrons one 
must require that the lowest energy protons observed 
must still pass through at least two counters. This 
meant that the scintillators had to be very thin. Thin 














180°150" 


Fic. 1. Kinematics for the reaction y+ — #°+-. Recoil proton 
laboratory angle and energy as functions of the photon energy 
(lab) and the center-of-mass pion angle. 
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scintillators, however, can give only poor light collection 
efficiency, therefore poor photoelectron statistics and 
poor pulse-height resolution. Thirdly, the ratio of low- 
energy protons from hydrogen and from whatever ma- 
terial contains the liquid hydrogen may well be quite 
small. Photoprotons in hydrogen come only from r° 
production, known to be small at forward angles, es- 
pecially at high photon energies, while in heavier ele- 
ments photonuclear disintegration gives large numbers 
of low-energy protons. The ratio gets worse as the target 
volume is made smaller. Fourthly, the angle and energy 
aperture of the proton counting system must be small 
enough to define the photon energy and center-of-mass 
pion angle sufficiently well for a significant cross-section 
measurement. A look at the kinematics curves (Fig. 1) 
shows that as the photon energy increases, its definition 
by a given A@,and AT, becomes worse. For a meaningful 
measurement Aé@, should be of the order of a degree or 
two. Of course, the smaller the angle and energy 
counting aperture, the lower the counting rates. 

The liquid hydrogen target used was 2. modification 
of one built by F. E. Mills and others. The original 
design was modeled after the target built by Whalin and 
Reitz.’ The hydrogen exposed to the synchrotron beam 
was contained in a Mylar cup connected to a larger 
liquid hydrogen reservoir. The cup and reservoir were 
surrounded by a liquid nitrogen cooled radiation shield 
with openings for the gamma-ray beam and the proton 
recoils. The volume around the nitrogen and hydrogen 
vessels was maintained at high vacuum. The target cup 
itself was a 1.2-cm diameter 23-inch long tube of 0.0005- 
inch Mylar glued to a brass tube at the top and fitted 
with a small copper cap at the bottom. Facilities were 
provided for evacuating the target cup separately from 
the reservoir for background runs. 

The proton counters were placed in the same vacuum 
chamber with the hydrogen target (Fig. 2). The beam 
windows were made wide enough to enable one to obtain 
any proton angle relative to the beam from 45° to 85° 
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Fic, 2. Plan view of the lower portion of the hydrogen target 
vacuum chamber, showing the target cup and the proton counter 
telescope. 
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Fic. 3. Block diagram of the detection electronics used in the 
experiment. Not shown are the high-voltage power supplies and 
scalers. 


simply by rotating the whole chamber about the target 
cup. One can see from the kinematics curves (Fig. 1) 
that this angular range is sufficient to cover most of the 
r® production in the center-of-mass forward hemisphere 
above 250-Mev photon energy. 

Because of the low counting rates expected it was 
decided to construct a proton counter telescope sensitive 
to a wide range of energies. Using eight scintillators one 
can count protons in six range intervals simultaneously 
by noting coincidences 123, 1234, etc. (bar denotes 
anticoincidence). The width of the scintillators was fixed 
by the necessarily small angular aperture A@,, but the 
height was made several times larger to maximize the 
counting rate. The counters were made of plastic scintil- 
lators in thicknesses such that the first corresponded to 
the range of a 5-Mev proton, the first and second—10 
Mev, the first three—20 Mev, and so on. For example, 
a proton stopping in the seventh counter must have had 
an energy between 50 and 60 Mev. Once the thicknesses 
of the scintillators were determined one could predict 
from the range-energy tables the energy loss in each 
counter as a function of the entering proton energy. If 
one does the same for pions, one notices that for pions 
and protons stopping in the mth counter with the same 
energy loss, the energy loss of the proton in the (n—1)st 
counter is at least twice that of the pion. Electrons are 
even more easily distinguished. It was on this basis that 
the selection of protons from mesons and electrons was 
made. 

The solid angle subtended at the target by the counter 
telescope was determined by the size of the first scintil- 
lator, which was 1.2 cm by 10 cth. The others were made 
oversize to minimize scattering out. The first counter 
was about 124 inches from the target. 

Correlated pulse-height information from the eight 
counters in coincidence was recorded by displaying the 
pulses on an oscilloscope and photographing the traces. 
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TaBLe I. Experimental data and errors 
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* Normalization point. 


Figure 3 shows a block diagram of the electronics system 
used to achieve this. Fast pulses from each counter were 
passed through various lengths of delay cable. The 
signals were then mixed and fed into the vertical 
amplifier input of a Tektronix 517 oscilloscope. Each 
trace then showed in sequence the pulses from all the 
counters. The oscilloscope sweep was triggered by either 
one of two coincidence circuits, one designed to respond 
to all protons stopping in the second counter and the 
other responding to all protons stopping in any of the 
succeeding counters. 

The layout of equipment along the gamma-ray beam 


line was as follows: at 2.6 meters from the internal 
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radiating target in the synchrotron,® a 4-in.x#-in. 
collimator followed by a permanent H magnet to re- 
move electrons from the beam; at 6.4 meters, a second- 
ary collimator flanked by a one-foot thick wall of lead 
and followed by a beam hole through a two-foot wall of 
concrete; at 7.4 meters, the liquid hydrogen target 
chamber; and at 14.6 meters, a concrete cave enclosing 
the beam monitor. 

Synchrotron runs were made at nine laboratory pro- 
ton angles (see Table I). For each laboratory angle the 
maximum bremsstrahlung energy E was chosen such 
that (1) E was above the photon energy required to 
make 60-Mev proton recoils from y+p— r°+ p in the 
angular interval subtended by the counter telescope, 
and (2) E was below the energy required to make 
proton recoils from y+p— 7°+2°+ ) at the counter 
telescope. Each run consisted of around 10 000 “hydro- 
gen in” counts (60 to 90% of which were accepted pro- 
tons) and enough ‘ 
parable statistics. 


‘hydrogen out” counts to give com- 


The oscilloscope film data were scanned using a 
microfilm projector. The scanner recorded the number 
of pulses and the height of the last two pulses. Antico- 
incidences (eighth counter) and accidental near-coinci- 
dences were rejected. For each number-of-pulses cate- 
gory the two measured pulse heights were plotted as in 
Fig. 4. From range-energy tables one can predict the 
locus of energy losses in a pair of counters; this is also 
shown (for the four-pulse category) in Fig. 4. The two 
plots do not correspond exactly for several reasons: (1) 
the light output of the scintillators is not exactly pro- 
portional to energy loss; pions occasionally decay so 
fast that the muon pulse cannot be distinguished from 
the stopping proton pulse; (3) the nonuniformity of 
light collection efficiency over the scintillator area and 
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the statistics of photoelectron emission at the photo- 
multiplier cathode cause a spread in pulse heights which 
can be as much as 20 to 30%. Nevertheless, it is clear 
from Fig. 4 that one can separate out the pulses which 
correspond to protons, with an uncertainty of a few 
percent or less. The separation was quite straightforward 
for all range intervals except the first (5 to 10 Mev). In 
that case the resolution was poorer and the electron 
background was much higher. There the uncertainty in 
the number of protons was 14% to 26%. 


DATA REDUCTION 


The proton rates obtained for hydrogen in and out, 
had to undergo several corrections before they were used 
for the cross section computations. 


A. Target Thickness Correction 


The stopping power of the liquid hydrogen for low- 
energy protons had two effects. First, the proton energy 
as measured by the range telescope was not exactly the 
energy at which the proton was produced in the target. 
This meant, for example, that in the second range in- 
terval (first three counters in coincidence), which nomi- 
nally corresponded to the 10- to 20-Mev interval, were 
counted some protons between 10 and 17 Mev, all 
protons between 17 and 20 Mey and some protons be- 
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Fic. 5. The actual energy resolution functions for the various 
counter telescope range intervals, taking into account energy loss 
in the target. P,,(7,) is the probability for a photoproton produced 
with energy 7 of stopping in the mth counter. The dashed lines 
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tween 20 and 24 Mev. Figure 5(a) shows this effective 
energy resolution function for each range interval. 
Secondly, when the target cup wa: filled with liquid 
hydrogen, the background protons produced in the far 
side (away from the counter telescope) of the Mylar 
target wall were slowed down in passing through the 
target, while during empty-target background runs pro- 
tons from the far-side Mylar target wall passed through 
only a negligible thickness of Mylar. The corresponding 
effective energy resolution functions are shown in Figs. 
5(b) and (c). The fraction of the empty-target proton 
energy spectrum which corresponded to protons from 
the far-side Mylar was integrated using the weighting 
functions in Fig. 5(c) to obtain the actual far-side con- 
tribution to the full-target rates. The resulting total true 
background rates were then subtracted from the full- 
target rates to get the net hydrogen rates. The correction 
was appreciable only for the first two range intervals; 
for proton energies above 20 Mev the stopping power of 
the hydrogen was insignificant. For the 5- to 10-Mev 
proton interval the correction was sometimes com- 
parable to the total net rate. 


B. Absorption and Scattering in the Counters 


The data were corrected for absorption and scattering 
in the counter telescope. This amounted to about 6% 
for the 50 to 60-Mev interval and progressively less for 
the others. 


C. Beam Profile 


In order to maximize the counting rate while mini- 
mizing the sensitivity to target alignment, the beam was 
collimated to a width somewhat greater than the hydro- 
gen cup diameter. This meant that not all of the photons 
recorded by the beam monitor passed through the 
target ; and since the target had a circular cross section, 
not all photons passed through the same thickness of 
hydrogen. This was further complicated by the fact that 
the intensity was not uniform over the width of the 
beam and changed with the peak bremsstrahlung 
energy. The beam profile, or intensity distribution across 
its width (integrated along the vertical direction) was 
measured in a separate experiment.’ The quantity of 


interest is 
f 1(0)d0 


K=u—— ae =. 


’ 


f (a’—@)'I (0)d6 


which is the ratio of the amount of beam recorded by the 
monitor (w is the angular width of the collimator) to the 
amount of beam passing through the target (angular 
width a), weighted by its path length in the target. K 


* The authors are indebted to E. Malamud and D. N. Olson for 
their help in this measurement. 
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was computed for each run. It was assumed that the 
beam profile distribution 7(@) depended on the end- 
point energy Z in such a way that /(@£) was inde- 
pendent of £. This implies, for example that the rms 
angle varies as Z~' as one would expect assuming the 
spreading is due to the multiple scattering of the elec- 
trons in the synchrotron target before they radiate. 

The counting rate per unit beam is given in terms of 
the cross section by 


R= (nuclei/cm*) (do/dQ*)AQ*n(k, AR) ((w)earget/(W) beam): 


n(k,Ak) is the number of photons per unit beam in the 
interval Ak around energy &; (w)target/(W)beam takes into 
account the fact that the beam is wider than the tar- 
get; and asterisks denote center-of-mass coordinates. 
Substituting (nuclei/cm?)=pN avogAXh)target, 1(Rk,AR) 
= OF (k,E)Ak/k, SQ*= A cosd,* Ady, and (f)rarget(W) target/ 
= K-—', this becomes 


R= pNayogA~'(da/dQ*) Ad, k (fe cost, *dh ) 


< Fl KE \O2dK 1 


(Ww) eam 


Here p is the liquid hydrogen density, F(&,E) is the 
bremsstrahlung spectrum function (fRF(k,E)dk=1), 
( is the number of equivalent quanta per unit beam, and 
d is the radiator to target distance in meters. Solving for 
the cross section, 


do ( A RK 
dnt ee a 


In the brackets are grouped all the factors which were 
constant throughout the experiment. R is the counting 
rate per unit beam for a particular proton interval at a 
particular lab angle, corrected for background and for 
absorption and scattering. K is the beam profile correc- 
tion factor described above. 

Q is the number of equivalent quanta per “sweep,” 
the unit of beam used at Cornell (one sweep is approxi- 
mately 5X10" Mev of integrated gamma-ray energy), 
and is given by E~'X(Mev/coulomb) X (coulombs 
sweep). For some of the earlier runs it was convenient to 
use the old one-inch copper ionization chamber. Iis 
sensitivity (Mev/coulomb) is energy dependent. For the 
later runs a Quantameter was used. Its calibration is 
constant and has been computed from shower theory: 
4.80 10'§ Mev/coulomb.” The two chambers have 
been intercalibrated at a number of energies, and an 
absolute pair-spectrometer calibration of the old cham- 
ber has been made at two energies." All Cornell and Cal 
Tech calibrations are now accurate and consistent to 
better than 3%." Besides the Mev/coulomb for the ion 
chamber, Q also involves the coulombs/sweep for the 


““ 


” R. R. Wilson, Nuclear Instr. 1, 101 (1957). 
 E. Malamud (unpublished). 
2 J. W. DeWire (unpublished 
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charge integrating circuit. This has been calibrated 
with a standard charge source and gives 1.002 micro- 
coulombs per sweep. The energy E of the circulating 
electrons in the synchrotron is measured by integrating 
the magnet voltage from injection time to the time at 
which the beam is brought out. This instrument has been 
calibrated by direct measurement of the magnetic field 
in the synchrotron and by observing the maximum elec- 
tron pair energy in a pair spectrometer." The uncertainty 
in E is probably less than 1% below 1 Bev, but increases 
to 2 or 3% at the highest energies because of magnet 
saturation effects. 
C is the “kinematic factor”’: 


C ( fa cos,*ak )é \F(k.E), 


where the integral is taken over the “rectangle” in 
kX cosé,*-space cut out by the lab proton energy and 
angle intervals AT, and Aé@,. Actually the intervals are 
more accurately described in terms of weighting func- 
tions: the energy weighting functions are shown in 
Fig. 5(a); the angular resolution function was tri- 
angular, 2.2° wide at half maximum. For convenience in 
computation, however, the weighting functions were 
approximated by rectangular functions of the same area, 
giving simple intervals AT, and A@,. For F(k,E) the 
best-fit “thick target spectrum” indicated by the pair 
spectrometer data" (corresponding to 0.08 radiation 
lengths) was used. 

The constant factor in brackets in the above expres- 
sion for the cross section contains only one parameter 
which is not precisely determined or easily measured: 
the liquid hydrogen density p in the target cup. This is 
likely to deviate considerably from the handbook value 
(0.070 g/cm"), since the hydrogen was continually 
boiling. To avoid this uncertainty in the data the 
quantity in brackets was “measured” by normalizing all 
measured cross sections to the best-fit previous value at 
one point. The normalized point was at k~342 Mev, 
6,*=73°. This particular point was chosen because (1) 
the cross section is high and the statistics good, (2) the 
proton identification uncertainty is negligible, (3) the 
target thickness and background corrections are small, 
and (4) the previous data® are probably reliable. 


ERRORS 
A. Statistical 


Although about the same total number of full-target 
counts were taken at each laboratory angle, the sta- 
tistical acc uracy of the data for the various proton range 
intervals varied wideiy, depending on the cross section 
and the amount of empty-target background subtracted 
(see Table I). 


%R. M. Littauer, Rev. Sci. Instr. 25, 148 (1954). 
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B. Proton Identification 


The uncertainty in each case was estimated by draw- 
ing reasonable upper and lower limits on the proton 
band (Fig. 4) and noting the difference. 


C. Corrections 


The target thickness correction described above can- 
not be made very precise. It is estimated to give an 
uncertainty of 4% in the corrected background rate for 
the 5- to 10-Mev interval and progressively less for the 
others. It is most significant in the cases where the 
background is a large fraction of the total counts. 

The uncertainty in the absorption and scattering loss 
in the counters was estimated to be 20% of the cor- 
rection. 

The uncertainty in the beam profile correction factor 
K is due primarily to the uncertainty in the measured 
beam profile and in the radius a of the hydrogen target. 
This, however, is largely absorbed in the normalization. 


D. Kinematic factor C 


Uncertainty in the determination of C arose from the 
approximations used in evaluating the integral (typi- 
cally about 2%) and from the uncertainty in the photon 
spectrum function F(k,E). The latter error was set 
equal to the difference between the Bethe-Heitler thin- 
target spectrum" and the thick-target spectrum which 
best fits the pair spectrometer data." 


E. Monitor 


The errors listed in Table I are errors in the relative 
cross sections. Any absolute error in monitor calibration 
is absorbed in the normalization. One source of variable 
error which was not realized at first is the fact that the 
old ion chamber is subject to recombination loss at high 
beam intensities. Using Malamud’s measurements'® of 
this effect, we have made corrections to the early data 
from zero to 4%. The uncertainty was estimated to be 
equal to the magnitude of the correction. 


F. Scanning 


A re-scan of about 30% of the data showed about 2% 
scanning errors. 


G. Discriminator Biases 


The discriminator biases for the coincidence circuits 
which trigger the oscilloscope were set low enough to 
allow all protons between 5 and 60 Mev to be counted 
and high enough to keep the electron background 
reasonable. After some of the early runs had already 
been made, it was discovered that the pulse-height 
sensitivity of the first scintillator was lowered when the 


“W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), third edition, p. 242. 
4° FE. Malamud (private communication). 
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target was filled with liquid hydrogen. The biases had 
been set before transferring hydrogen, and consequently 
afterward the lower tail of the proton pulse-height 
distribution was missed. After this effect was discovered 
rough measurements gave an error estimate of 2 to 4% 
in the early proton rates for the 50- to 60-Mev channel. 
Rates for proton energies below 50 Mev were only 
negligibly affected In the later runs the biases were set 


only after thermal equilibrium had been reached. 


H. Normalization 


The uncertainty in the normalization factor is given 
by the relative error in the experimental data (Table I) 
at the normalization point, 4.4%, and the error in the 
previous data, 2.8%. The net uncertainty of 5.2% is 
common to all the measured cross sections. It is not 
included in the relative errors listed in Table I. 


I. Other Processes 


Besides the reaction investigated, there are two others 
which give photoprotons from hydrogen: the proton 
Compton effect and multiple meson production. At each 
laboratory angle the maximum photon energy was 
chosen so that proton recoils from multiple meson pro- 
duction were kinematically forbidden. This cannot be 
done in the Compton scattering case, since the available 
center-of-mass kinetic energy is greater. The data of 
this experiment then include a small contamination—a 
few percent at the most'*'’—from the proton Compton 
effect. Since the available Compton data are rather 
sparse no correction was made. 


J. Spread in k and 6,* 


Each cross section, although it is quoted for a particu- 
lar value of & and 6,*, is actually a weighted average 
over the range of k and @,* which is subtended by the 
lab proton energy interval AT, and angular aperture 
Aé,. There is an additional contribution to A@, from the 
multiple scattering of the protons as they leave the 
target. The Ak and A@,* limits given in Table I corre- 
spond approximately to the points where the weighting 
is down to half maximum. Aé,* is always small—of the 
order of a few degrees. However, as k increases, Ak 
becomes very large. Beyond about 800 Mev Ak becomes 
comparable to the characteristic energy width of a 
resonance level. 


RESULTS 


The computed #° photoproduction cross sections with 
their percentage errors are shown in Table I. In order to 
interpret these data in terms of angular momentum 
states of the pion-nucleon system, it is convenient to be 


T. Yamagata, Ph.D. thesis, University of Illinois, 1956 
(unpublished ). 

17R. M. Littauer, J. W. DeWire, and M. Feldman, Bull. Am. 
Phys. Soc. 4, 253 (1959). 
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Fic. 6. #° photoproduction angular distribution at 270-Mev lab 
photon energy. Open circles indicates data of reference 1, squares 
reference 6, and black circles this experiment. The curve is drawn 
from the least-squares fit to A+B cos#+C cos. 


able to plot the angular distribution in the center of mass 
for a number of values of the photon energy. To com- 
plete the picture at larger pion angles data from other x° 
production experiments'~*-* must be included. The most 
recent and extensive of these experiments have given 
angular distributions at photon energies around 270, 
295, 320, 360, 400, 450, 500, 590, 700, 800, and 950 Mev. 
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Fic. 7. Angular distribution at 295 Mev. Curve is quadratic 


least-squares fit. 
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In the present experiment, however, the center-of-mass 
angle and photon energy could not be selected entirely 
at will. Only the lab angle @, could be varied ; the proton 
energies 7, were fixed. It was possible, though, to chose 
6, values such that most of the data points tended to 
group within 5% of the selected energies. The few data 
points with energies more than 5% off were not used in 
the analysis. 

It is still possible for a 5% energy discrepancy to 
falsify the angular distributions especially near the first 
resonance where the cross section is very strongly 
energy dependent. To minimize this effect each cross- 
section value at the experimental energy was replaced 
by a value corresponding to the “standard” energy by 
interpolating at a fixed angle or by scaling according to 
the energy dependen¢ e of the total cross section. 
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Fic. 8. Angular distribution at 320 Mev. Diamond-shaped point 
is from the data of reference 2. Curve is quadratic least-squares 


fit. 


In Figs. 6 through 13 are plotted all the recent data 
on x” photoproduction at the selected photon energies. 
At the lower energies the present data are in fair 
agreement with the Cal Tech emulsion data® although 
somewhat lower at 400 and 450 Mev where the correc- 
tions in the emulsion experiment are largest. The 
present experimental results join on quite well with 
those of the Cal Tech magnet experiment.' At higher 
energies the present data are considerably lower than 
the Cal Tech values.‘ At each energy there are several 
points from the present experiment closely spaced in 
center-of-mass angle, but coming from different runs at 
different values of T, and @,. It is perhaps conceivable 
that the systematic errors could be much larger than 
estimated for some of the points, but it is difficult to 
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imagine a systematic error which would lower all the 
points taken under such varied experimental conditions. 

A least-squares fit to the first few terms of a power 
series in cos@ was made at each of the selected photon 
energies. All of the data in Figs. 6 through 13 were in- 
cluded. A three-parameter fit (A+B cos@+-C cos*@) was 
made at each energy ; four- and five-parameter fits were 
also made at 450 Mev and above. The least-squares 
coefficients A, B, C, D, and £ with their computed 
standard deviations are shown in Table II. The error 
limits are reliable only if the errors in the data are 
random, independent, normally distributed, and cor- 
rectly estimated, and if the true angular distribution can 
be given accurately by the first few terms of a power 
series in cos@. Since each of these conditions is violated 
to some degree, the statistically computed standard 
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Fic. 9. Angular distribution at 360 Mev. Curve is quadratic 
least-squares fit. 


errors in the coefficients A, B, C, D, E are almost 
certainly too small. 

The “adopted” coefficients (Fig. 14, 15) were chosen 
as follows. Up to and including 400 Mev the three- 
parameter fit was assumed to be sufficient. ‘The data at 
450, 500, and 590 Mev are not consistent and accurate 
enough to make a reliable determination of the cos*# 
and cos‘# contributions. Consequently, the quadratic fit 
has been adopted as the most reasonable representation 
of the data in this region. It should be emphasized, 
however, that this should not be taken as evidence of the 
absence of the higher powers ‘of cos#. From 700 to 950 
Mev the best fit was chosen on the basis of the x? 
goodness of fit test. At 800 Mev this turned out to be the 
five-parameter fit, but at 700 and 950 Mev the x? 
probabilities of the three, four, and five-parameter fits 
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Fic. 10. Angular distribution at 400 Mev. Curve is quadratic 
least-squares fit. 


were all so close that a weighted mean was taken for the 
adopted coefficients. The total cross section (Fig. 16) 
is obtained by integrating the least-squares fits: 
o=4n[A+(B/3)+(C/5) ]. 

Comparing the best-fit coefficients with those of 
earlier experiments, there are several significant differ- 





450 Mev 

















4 A. i A 
tr 99 20 Is@ ie 
C.M. Pion Angle 


Fic. 11. Angular distributions at 450 and 500 Mev. At 500 Mev 
the open circles indicate data of reference 4, the triangles reference 
3. The solid curve is the quadratic least-squares fit; the dashed 
curve is the least squares fit to A+B cos#+C cos*®+D cos¥® 
+E cos; the dotted curve is the “retardation fit” (explained in 
text). 
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Taste IT. Least equares analysis: ae A+B cos6+-C cos@+ D cos? 


A, wb/sr B Cc 


16.8 +0.6 
23.3 +0.5 
26.9 +04 
21.8 +04 
+03 
+0.2 
+().2 
+03 
102 
+-().? 
+0.3 
+-0.3 
ae 
+0.12 
+0.15 
L017 
+-0.16 
50.16 
+0.22 
+0.19 
+0.08 
+0.09 
+0).12 
+-0.07 
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+ 
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—12.0+1.5 
15.6+1.2 
—16.4+1.0 
15.2+0.9 
—10.8+0.7 
—6.6+0.5 
-~6.2+0.5 
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~4.0+1.1 
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—1.8+0.4 
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-1.0+1.2 
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~5.0+1.4 
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~2.0+0.3 
28+0.3 
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~0.44+0.21 
2.02+0.42 
2.37+0.45 
0.54+0.18 
1.06+0.08 
0.96+0.45 
0.88+0.29 
0.68+0.13 
1.46+0.24 
1.31+0.27 
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—0,.59+0.23 
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® The significance of the numbers is as follows. 1: 
4: The average of the 3-, 4 


Adopted fit 
ences to be noted. (1) In the region of the first resonance 
B is smaller than reported by McDonald, Peterson, and 
Corson.® (2) The 700- and 800-Mev measurements of D 
and E are smaller than those of Vette,‘ but still of the 
same sign. (3) At 950 Mev D is negative, instead of 
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Fic. 12. Angular distributions at 590 and 700 Mev. At 590 Mev 
the solid curve is the quadratic least-squares fit, the dashed curve 
the quartic fit. At 700 Mev the curve is an average of the three, 
four, and five-parameter fits, weighted according to x? probability. 


2: Fit to de/dQ =A +B cos6[1 — 38? sin¥(1 
, and 5-parameter fits, weighted according to x? probability. 


t some angles. 


positive as reported by Vette 
that at 950 Mev the lar distribution coefficients 
seem to be varying considerably over an energy range 


. It sheuld be pointed out 
angu 


smaller than the experimental energy resolution width. 
For example, in the present experiment the total resolu- 
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Fic. 13. Angular distributions at 800 and 950 Mev. The 800-Mev 
curve is the quartic least-squares fit. The 950-Mev curve is an 
average of the four- and five-parameter fits, weighted according to 
x? probability. 
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Fic. 14. Angular coefficients obtained from least-squares fit to 
da/dQ= A+B cosé+C cos#® from 270 Mev to 500 Mev. The 
crosses show the dispersion theory predictions of references 19 
and 20. 


tion width at half maximum is around 200 Mev for the 
950-Mev points (Table I); in Vette’s experiment it 
varies from about 125 Mev at large angles to about 360 
Mev at small angles'*; in the experiments of DeWire 
et al.2 the width is 100 Mev. Until the 950-Mev data are 
confirmed by an experiment of better energy resolution, 
the present data must be considered as only tentative. 


INTERPRETATION 


Chew, Goldberger, Low, and Nambu" have used the 
dispersion theory approach to derive the photoproduc- 
tion amplitudes in terms of the scattering phase shifts. 
This calculation takes into account all nucleon recoil 
effects to first order in »/c and all s and p waves. It is 
claimed that the final amplitude should be accurate to 
5 or 10% below the first resonance, but should deterio- 
rate rapidly above the resonance. Using these ampli- 
tudes and the most recent reliable scattering phase shift 
determinations, Héhler and Miillensiefen® have com- 
puted predictions for the angular coefficients A, B, and 


8 J. I. Vette, Ph.D. thesis, California Institute of Technology, 
1958 (unpublished). p. 8. 

1 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). 

*® G. Hohler and A. Miillensiefen, Z. Physik 157, 30 (1959). We 
are indebted to these authors for a preprint of their recent work. 
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Fic. 15, Angular coefficients obtained from the least-squares fits 
from 500 to 950 Mev. 


C in x* production. In Fig. 14 the crosses show their 
computed coefficients. 

There is some uncertainty in these dispersion theory 
results arising from experimental error in the scattering 
phase shifts (especially the small p-phases), the uncer- 
tainty in the contribution of the electric dipole term N* 
of Chew et al., and the approximations used in the 
derivation. Agreement on the A coefficient is well 
within theoretical and experimental uncertainties. With 
respect to the B and C coefficients, both theory and 
experiment are subject to fairly large uncertainties, so 
that it is not clear just how significant the disagreement 
is. 

At 450 and 500 Mev the retardation effect, which 
comes into the direct photoelectric production via the 
proton recoil current®'” should be most prominent, if it 
is observable at all, since the 33 resonance contribution 
is decreasing, »/c is increasing, and the effect of higher 
resonances is probably small. A least squares fit to a 
cross section of the form 


do/dQ2= A+B cos0{1—4* sin’#(1—8 cosé)-"]+C cos 


was made at 450 and 500 Mev. The results are shown in 
Fig. 11 (dotted curves) and Table II. At both energies 
the retardation fit deviates only slightly from the 
simple three-parameter fit. The goodness-of-fit test 
favors somewhat the retardation effect at 450 Mev, but 


% G. Bernardini, Suppl. Nuovo cimento 2, 114 (1955). 
2B. T. Feld, Ann. Phys. 4, 189 (1958). 
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Fic. 16. Total cross section for x° photoproduction, obtained by 
integrating the least-squares fit angular distributions. The dashed 
curve is the extrapolation of the 33 resonance contribution and the 
remainder. The extrapolation is made according to Vette’s one- 
level resonance formula fit.‘ This is consistent with a dispersion 
theory extrapolation made by Wetherell.”” 


at 500 Mev the no-retardation fit is slightly favored. 
The evidence for the retardation effect in x production 
is therefore inconclusive. 

The effect of an electric quadrupole contribution to 
the predominantly magnetic dipole 33 resonance cross 
section is seen most directly in the ratio of the cos*@ and 
isotropic terms in the angular distribution. Neglecting 
the s wave and small p waves the ratio should be 


C/A= (—3—6p+ ’) '(5+2p+p’), 


V3e2/M;, (e. and M, are the electric quadrupole 
and magnetic dipole amplitudes for J= $). The experi- 
mental values for C/A between 270 Mev and 450 Mev 
are all between —0.6 and —0.8 with an average value 
of —0.69+0.02. This is consistent with pure magnetic 
dipole excitation of the 33 resonance (p=0), since the 
effect of including the s-wave is an increase in |C/A| of 
the same order. 

Above 500-Mev photon energy the approximations 
and simplifications used in the dispersion relation ap- 
preach are no longer valid. Also the no-recoil, one-meson 
state, and cutoff approximations of the Chew-Low 
static theory are unrealistic at the higher energies. Even 
the phenomenological treatment in terms of a few 
angular momentum states becomes much more difficult, 
since many more states can contribute, and Watson’s 
theorem relating the photoproduction phase to the 
scattering phase shift no longer holds exactly. 

The fact that scattering and photoproduction cross 
sections both show a peak in the T=} 
around 750-Mev photon energy suggests that one angu- 
lar momentum state may be going through a resonance. 


where p 


cross section 
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The most recent x~p scattering results” place the peak 
at 735425 Mev/c pion momentum, which gives the 
same center-of-mass as pion production by 
740425 Mev photons. This is consistent with the x° 
photoproduction data obtained in this and other experi- 
ments (Fig. 16). The 7° photoproduction angular distri- 
bution in the region of the peak—roughly symmetric 
about a maximum at 90° (Figs. 12, 13)—indicates a 
dipole photon excitation of a /=} state, if we assume 
that one angular momentum state is dominant. This 
angular distribution, 5—3 cos’#, however, is character- 
istic of both possible parity states: magnetic dipole 
leading to p; and electric dipole leading to d;. The most 
reasonable and direct interpretation of the large polar- 
ization of the recoil proton observed at 700 Mev™-5 is 
that it arises from the interference of the first and 
second resonances, which must then be of opposite 
parity. The pion scattering angular distribution”® also 
supports this assignment. 

Further evidence for the d wave can be obtained from 
the present x°-production data. If the second level has 
even parity the interference with the first resonance 
must be symmetric about 90 


energy 


; any asymmetric term 
must come from the interference with the s wave. One 
would expect the asymmetry to change sign somewhere 
in the region of the second resonance where the phase of 
the second resonance becomes large and the cosine of 
the phase difference changes sign. On the other hand, if 
the second level is odd, the asymmetry arises from the 
interference with the tail of the first resonance and does 
not have to change sign. Figure 15 shows that the B 
coefficient, or asymmetry parameter, remains negative 
throughout the region of the second resonance, thereby 
supporting the odd-parity d-wave assignment. In fact if 
we assume that the first and second resonances con- 
tribute equally at 700 Mev (see Fig. 16), the polarization 


P(90°) 


indicates a phase difference of 6,—54=48+6°, while the 
asymmetry coefficient 


4 ayQa 


indicates a phase difference of 6,—54=54+15°. 
Because of the very wide energy resolution of the 
data at 950 Mev and the rapid variation in the angular 


de 2a. ee ee oe —— 
— ee : aon > 


“J. C. Brisson, J. Detouf, P. Falk-Vairant,{L..van Rossum, 


G. Valladas, and L. C. L 
*P.C. Stein, Phys. Rev 
*% J. J. Sakurai, Phys. Rev. Letters 1, 258 
7° R. R. Crittenden, J H. Scandrett, W 

Walker, and J. Ballam, Phys. Rev 

Bull. Am. Phys. Soc. 4, 23 (1959); and Proceedings of the 1959 

High-Energy Phy sics Conference at Kiev unpublishe u). 

37 A. M. Wetherell, Phys. Rev. 115, 1722 (1959). 


Yuan, Phys. Rev. Letters 3, 561 (1959). 
Letters 2, 473 (1959 
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D. Shephard, W. D. 
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distribution, one cannot expect to draw quantitative 
conclusions about the third resonance, corresponding to 
the pion scattering peak observed at 1-Bev lab pion 
energy. 
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The total capture rate for u~ mesons in complex nuclei can give some information on the spin-dependence 
of the weak interaction, by utilizing the variation from one nucleus to another of the spin-dependence of the 
nuclear transition. The calculation was carried out for N“, O'*, and F", using shell-model wave functions 
which included configurational mixing in the unfilled shell. The result is not sufficiently spin sensitive to 
determine the Fermi and Gamow-Teller couplings separately at this stage, but it is in accord with the uni 
versal V-A hypothesis, if a conserved vector current pion-lepton interaction is included. 


I. INTRODUCTION 


HILE the idea of a universal Fermi interaction, 

with the same form of coupling between many 
pairs of fermions, is not new,' the progress made in the 
past few years in the elucidation of the 8-decay inter- 
action and the unifying ideas of Gell-Mann and Feyman 
and others’ have led to a fairly well-defined form, 
which can be tested for other processes. It has been 
remarked* that the present information on yu decay fits 
this form with considerable precision, though it does 
not, of course, determine it uniquely. 

The y-capture process is the one most closely analo- 
gous to 8 decay and it is therefore of interest to find 
what we can about the interaction Hamiltonian. Be- 
cause of the Z‘ dependence of the capture rate,® the 
experiments on hydrogen, which would give the clearest 
answers, are not yet possible, so we must learn what 


* Supported in part by the U. S. Atomic Energy Commission 
and the United Kingdom Department of Scientific and Industrial 
Research. 

t Now at 
California. 

1G. Puppi, Nuovo cimento 5, 587 (1948). 

2 J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
(1949). 

3 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

*S. S. Gershtein and Ya. B. Zeldovich, Zhur. Exptl. i Teoret. 
Fiz. U. S. S. R. 29, 698 (1955) [translation: Soviet Phys.-JETP 
2, 576 (1956) }. 

5 J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 
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we can from the results available. These are principally 
just the total capture rates which have been measured 
for a large number of elements with Z>4.** Recently 
some measurements have also been made on C® of the 
capture rate to a particular final state.’ 

The total capture rate reflects principally the average 
coupling constant and an accurate value for this is one 
objective of such experiments. However, because the 
spin-dependence of the selection rules for the nuclear 
transition varies from nucleus to nucleus, mainly due 
to Pauli exclusion effects, we may learn something 
about the form of the interaction. This possibility was 
explored in a calculation by Tolhoek and Luyten,” 
who found, on the basis of a simple shell-model picture 
of the nucleus, that these shell selection rules produced 
variations of up to 50% in the nuclear transition 
probabilities. Their results are, as they say, of semi- 
quantitative significance only. It is our object to see 
what modifications can be made to improve on their 
approximations, and what limits can be placed on the 
coupling constants. 


* Sens, Swanson, Telegdi, and Yovanovitch, Phys. Rev. 107, 
1464 (1957). 

7 Astbury, Kemp, Lipman, Muirhead, Voss, Zangger, and Kirk, 
Prec. Phys. Soc. (London) 72, 494 (1958). 

* J. Sens, Phys. Rev. 113, 679 (1959); and University of Chicago 
Ph.D. thesis (unpublished) 

* See A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959). 

” H. A Tolhoek and J. Luyten, Nuclear Phys. 3, 679 (1957). 
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Il. FORMULATION 


It is superfluous for our purposes to consider an inter- 
action Hamiltonian of a very general form. The experi- 
ment does not test conservation of parity or other such 
symmetries, and therefore a simple two-component 
neutrino theory can be assumed. Furthermore, the 
momentum transfer in this process, ~100 Mev/c, 
though large compared to that typical in 8 decay, is 
only of the same order as the momenta of the nucleons 
in the nucleus. With a type of experiment relatively 
insensitive to details, and our poor knowledge of the 
relativistic behavior of the nuclear wave functions, we 
cannot hope to probe the relativistic character of the 
interaction. We shall therefore take a nonrelativistic 
form for the nuclear Hamiltonian, except that we shall 
include a pseudoscalar interaction which, though van- 
ishing in the nonrelativistic limit, probably has so 
large a coupling constant"” (gp~8g,) that it is im 
portant. The modification of the ‘bare’ Hamiltonian 
by virtual pion effects has been extensively discussed 
elsewhere,” so we shall just quote results. Our Hamil- 
tonian density then has the form 


A 
H=v2E (gr (bati vn) (Y,(1—i75/2)7V,) 


ae | 
—iga(Vnr on) (P.(1—ts/2)y*yh,) 
— igr(Par(0i-k/2M Wn) V.(1—iveYV)}, 
which gives a total capture rate 


, 4ar( kh?) ny 
¥u(0) |*3{ gr’Re+gr°Rr}——,, 
(29r)8 
where 


r A 
Rr =f | (n’| 30 r~e,e**2|0) |? 
nS Aar(h®)y 1 
X (m,— Eq +E)’, 


and Rr is given by the same expression with @; re- 
placed by 1. k is the neutrino momentum, and (n’| is 
the nuclear wave function of the m’th state. We have 
written 


gr’=gv’, gr’?=ga°+ 4 gr? (R/4M ,*) —2gagr(k/2M;) |. 
The factor® 


¥,(0 (p)o= (Z*/) (m,e2/h) a, 


where® sfa=Z,.;', gives the density of the u-meson 
wave function at the nucleus; @ is a measure of the 
change in the point charge Dirac wave function caused 
by the finite size of the nucleus. It has recently been 
recalculated for many elements by Sens ef al.§ The 
variation in the u-meson wave function over the nucleus 


“ L. Wolfenstein, 


Nuovo cimento 8, 882 (1958). 
3M. L. lreiman, Phys. Rev. 111, 355 


(1958). 
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is neglected. Thus 
A=2.33 10k*Z'%al ge*Ret+egr*Rr | sec 
nzLg r’R r+ gr’Rr | 
where 


h? = (k*),/100 Mev/c. 


Ill. NUCLEAR MATRIX ELEMENTS 


As in B decay, the principal difficulty in the calcula- 
tion of u-capture processes is always in the evaluation 
of the nuclear matrix elements. Tolhoek and Luyten™ 
calculated total transition rates for nuclei from A =40 
to A=48. They used a simple shell-model picture to 
evaluate the matrix elements for particular transitions 
and summed over the first few of these. 

In this region of the periodic table accurate measure- 
ments are available. However, theoretical predictions 
are more reliable for light elements for which spin- 
dependent effects, which come from unfilled shelis, 
should also be larger. The region around O'* seems to 
us most promising in that measurements with 10% 
accuracy are available, while the shell-model is at its 
most highly developed. Coulomb effects are small and 
the configurations present have been ascertained in 
some detail. We therefore chose to calculate the capture 
rate for N“, O'*®, and F". 

We may avoid the explicit sum over final states by 
using closure on the nuclear matrix elements. This has 
the additional advantage that only the ground-state 
wave function is then required, which is less uncertain 
than those for the excited states. This approximation 
involves neglecting the variations of Rk in the matrix 
element and in the phase space factor. 

The neutrino space wave function appears as a form 
factor in the nuclear matrix element and can be in- 
cluded exactly. A multipole expansion, with RR~1, is 
not necessary. The harmonic shape of the shell-model 
potential well makes calculation simple; this is an 
incidental advantage of light nuclei. The pseudoscalar 
contribution is an exception to this in that its d-wave 
nature is neglected, which is equivalent to taking the 
first multipole term exactly, but ignoring interference 
effects in the higher terms. 

The capture rate is proportional to the mean square 
neutrino momentum. Unfortunately, very little in- 
formation is available from which to determine this. 
Some measurements of nuclear excitation energies in u 
capture have been made by observing the neutron 
multiplicity, but these are not very extensive. Calcula- 
tions are unreliable, as the results are sensitive to the 
high momentum components of the nuclear wave func- 
tion, which are rather uncertain. A reasonable estimate 
gives an excitation energy ~15 Mev, that is k~85 
Mev/c. 

The wave functions for N“ and Fare those of Elliott 
3 J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1954). We 


are grateful to Dr. Elliott for the communication of some un- 
published results. 
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and Elliott and Flowers," respectively. They include 
mixed configurations in the unfilled shell. The con- 
figurations that are important for N“ are “D, (95.9%), 
%S, (0.6%), and "P, (3.5%), while for F” they are 
@ (12%), ds (59%), and s* (29%). The value of the 
shell-model well radius is not very well determined, as 
the parameter to which the energy is sensitive is the 
ratio of it to the range of the two-body force.'* There is 
reason to believe'* from Coulomb energies that it may 
jump by ~15% on crossing the closed O'* shell. We 
shall take the radius }= 1.86 10-" cm for N“ and O'* 
and a value 10% larger for F". 


IV. RESULTS 


The results of the calculation are shown in Table I, 
where 


$=Nexpe /nzRe=grt+igr? and y=gr'*/gr’. 


It is clear that the combined experimental and theo- 
retical results are not sufficiently accurate to put any 
restriction on gr and gr as independent variables. We 
shall therefore make the assumption that gr=gy®, 
the 6-decay vector coupling constant and determine y. 
Dispersion relation analysis suggests that the mo- 
mentum dependence of the vector interaction will be 
small, so that this is a reasonable way to test an uni- 
versal hypothesis. 

The universal Fermi theory, with the usual estimate 
of the pion-induced pseudoscalar interaction (g,~ 8g.), 
gives from 8 decay y= 1.30. The additional pion-lepton 
interaction required for a conserved vector current 
leads to the following modifications of the coupling 
constants® 


ga — £a—Bv(1+pyy—un)k/2M, 
gre— ge—ga—gv(l+up—un), 


where yu, and yu, are the anomalous magnetic moments 
of the proton and neutron, respectively. There are 
further relativistic terms, ~k/2M,, but not «k, which 
are not included here. With this additional interaction 
we expect y=1.55. Thus these results lend some sup- 
port to the idea of a conserved vector current. However, 
if there is no conserved current the equality of the 
coupling constants of 8 decay and y decay is not under- 
stood, so that our assumptions are more questionable. 

Among the experiments, the result for F seems to 
possess some uncertainty, as the measurement is made 
on a compound (KHF;) in which the potassium is a 
strong absorber of muons. The O'* measurement is 
done on water. 


avi"? gy 


V. CRITIQUE 


The estimation of corrections in this calculation is 
difficult, as often they are sensitive to factors which 


4 J. P. Elliott and B. Flowers, Proc. Roy. Soc. (London) A229, 
536 (1955). 

16 J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1952). 

16 J. P. Elliott and A. M. Lane, Phys. Rev. 96, 1160 (1954). 


EFFECTS IN a-~ 


CAPTURE 


Taste I. Comparison of results. The symbols are 
defined in the text. 


Nu or Fr” 





2.29 

2.31 

3.06 

1.79X 10" 
2.54+0.22* 
2.7240.20° 
12.2 10°9** 
13.1 10° 
1.7 


Rr 1.83 2.07 
(1/3)Rer 2.24 2.07 
t=Rr/Rer 3.66 3 
azRr 0.84 10" 1.37 10 
Aexpt (sec 1) 0 86+0.11* 1.59+0.14* 
(0.93+0.11)” (1.38+0.12)» 
10.2 107% 11.6 10°-** 
(11.110) (10.8 10°) 





¢ See reference 7. 


* See reference 8 b See reference 6. 
are not really considered in the first approximation. A 
case in point is that of the relativistic corrections. It is 
relatively easy to account for those proportional to 
P.— Pp=k, as this is known, but those proportional to 
P.»+Pp, are hard to estimate as they depend on the 
high-momentum components of the nuclear wave func- 
tion. The exclusion principle favors such terms, so that 
they may well be the more important. Similarly, the 
accuracy of the closure approximation depends on high 
nuclear excitations being improbable, which in turn is 
governed by the high nuclear momenta. The only firm 
justification for both approximations is the small num- 
ber of fast neutrons found experimentally. 

The validity of shell-model wave functions for this 
process must also be examined. Their main shortcoming 
is the lack of any two-body correlations, apart from 
those coming from the exclusion principle. However, 
the operators for this process are not sensitive to short- 
range correlations (kb~1), so that this should not be 
serious. Similarly the absence of higher configurations 
for the closed shells, such as are needed to account for 
the O'’ quadrupole moment, may be justified as these 
states lie at higher energies. In F™ there are additional 
uncertainties that arise from crossing the closed O'* 
shell. The question of the well radius has already been 
mentioned. There is also the possibility that & is larger 
because there are more low-lying excited states. 

Each of these sources seems capable of introducing 
errors of 5-10°%, so that the choice of these nuclei as a 
balance point between theoretical and experimental 
uncertainty still seems reasonable. However, it seems 
that this balance is not enough to give any real limita- 
tion on the form of the interaction. As one should expect, 
wave functions which include more configurations 
smooth out the sharper selection effects. It seems to us 
unlikely that this method can be improved to the point 
where it would usefully limit gr/gr, essentially because 
t=3. Other elements (C”, B®) might be tried, but the 
uncertainties seem general. As a test for universality it 
may be useful, and it may also be used in reverse to 
throw some light on the usefulness of the shell model 
for processes with large momentum transfer. Other 





1378 G. H. BURKHARDT 
methods now available are more sensitive to the form 
of the interaction. 

It is of some interest to compare this work with other 
calculations of the total capture rate in the closure 
approximation’ even though these have a somewhat 
different purpose, namely to find the gross variation of 
the rate over the periodic table as well as an estimate of 
the total effective coupling constant ¢. They ignore the 
local variations in which we are interested by using an 
average nuclear model. The rather small variations 
that we find in a model that, if anything, has too sharp 
features suggests that for Z>8, this is a reasonable 
approximation. It is still not easy to make a good calcu- 
lation and in neither case does the predicted Z variation 
seem soundly based. 

Primakoff includes all the angular momentum states 
in the same inexact fashion used here, that is, neglecting 
spin-orbit interference effects that arise from the ef- 
fective pseudoscalar term. This approximation is prob- 
ably as good as taking one extra term in the multipole 
expansion. However, he makes a more serious approxi- 
mation in treating the exclusion principle as a correction 
term to the capture on Z free protons, just linear in the 
relative neutron excess. This correction, as one expects, 


17H. Primakoff, Revs. Modern Phys. 31, 802 (1959); and H. A. 
Tolhoek, Nuclear Phys. 10, 606 (1959). We are grateful to 
the authors for private communication of their results. 
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cancels 75-90% of the main term so that a 5% error or 
variation with Z of the mean nucleon correlation dis- 
tance d (d* is the measure of the exclusion principle 
that enters) changes the result by 100%. Such an effect 
can come, for instance, from the change in importance 
of the nuclear surface as Z increases. Tolhoek has im- 
proved on this by assuming that the Pauli cancellation 
is complete in the zeroth order of the multipole ex- 
pansion; he then calculates the next order. However, 
for large Z, electromagnetic effects, which will prevent 
the cancellation being exact, and the slow convergence 
of the multipole expansion reduce the reliability of the 
result. The experimental Z dependence is insensitive 
and fits both results adequately. This suggests that 
detailed calculations on a few selected light nuclei may 
be more reliable for fixing the total effective coupling, 
the uncertainties due to local fluctuations being smaller 
than the difficulties inherent in theories which cover the 
whole range of Z. 
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Charge-Dependent Corrections to Pion-Nucleon Scattering*t 
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If account is taken of the mass difference between neutral and charged pions and of the possibility that 
the three coupling constants (+°-n, r°-p, x* nucleon) may differ, then the pion-nucleon system no longer 
conserves isotopic spin. This effect has been investigated using Chew-Low theory with a p-state interaction. 
For each J value there are ten scattering amplitudes, replacing the two of the charge-independent case. Only 
eight of these amplitudes are independent due to time reversal invariance, and the mass difference effect can 
be related to a change in the energy scale. The amplitudes are determined as solutions to a set of linear 
integral equations which may be solved approximately in the one-meson approximation. Corrections to the 
differential cross sections are then calculated. These corrections go through a maximum at about 125 Mev 
and can affect the magnitude of the x~ cross sections by as much as 35% in this region, as well as the slope 
of the x” cross section in the region 125-175 Mev. The effect on the r* cross section is small. Attempts are 
made to correlate the calculation with available data. 


I. INTRODUCTION pendence, and it is the purpose of this calculation to 


determine the nature of the contributions to be ex- 
pected from charge-dependent contributions, without 
explicitly introducing the e-m field. It is assumed that 
at low energies these effects will manifest themselves as 


HARGE independence in pion scattering is only 
an approximation. It is known, for example, that 
the electromagnetic interaction destroys charge inde- 


* Work done at the Laboratory for Nuclear Science, Massa- 
chusetts Institute of Technology, calculations performed at the 
MIT computation center and submitted as a doctoral thesis at 
the University of Illinois. 

t Research supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 


changes in the pion masses and coupling constants. 
The fact that the mass of the neutral pion is about 

3% less than that of the charged pions is a clear indi- 

cation of a breakdown of charge independence. This can 
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affect the charge exchange cross section, which goes as 
the cube of the outgoing pion momentum (&) at low 
energy in the laboratory system, by about 9%/k*. This 
correction comes from phase-space considerations alone 
and ignores the contribution from the scattering ampli- 
tudes themselves. While the pion mass difference causes 
violations in charge independence, it still preserves 
charge symmetry, as it affects proton and neutron 
couplings equally. The existence of a nucleon mass 
difference proves that even charge symmetry is violated. 
However, this mass difference is somewhat smaller than 
the pion mass difference and will be completely ignored 
in this calculation (though charge asymmetry will be 
introduced by other means). 

The other effect to be included is the possible differ- 
ence between the coupling constants for the three 
couplings: charged pion-nucleon, neutral pion-proton, 
neutral pion-neutron. Time reversal invariance guaran- 
tees that f= /@. (This is shown in the Appendix for 
the static case.) The two neutral coupling constants are 
assumed to be almost equal to the charged one, the 
first-order differences being left as open parameters. 
After the calculation, the experimental evidence will 
be examined to see if it can fix them. These pion mass 
and coupling constant differences are incorporated into 
a static Hamiltonian, and the calculation performed by 
the techniques of Chew and Low, in the one-meson 
approximation. 

In the charge-independent case, the scattering 
amplitude (a) depends on the energy (in a state labelled 
by T and J) as a(w)~e**™ sina(w)~ (e"* —1). It is 
possible to relate the mass difference effect to a change 
in the energy scale, so that the major corrections to the 
amplitude have the phase 2a33. The significance of this 
lies in the fact that the corrections then go through a 
maximum at a much lower energy (around 125 Mev) 
than the cross sections themselves. In fact, if the cross 
sections are analyzed in the form of Eq. (1.1), then for 
coupling constant corrections on the order of a few 
percent, one may expect corrections to the coefficients 
B~, C© for x — mx scattering to be as large as 35% 
at energies around 120 Mev, which can seriously affect 
the values of the s-wave phase shifts as determined by 
a phase-shift analysis of the scattering data. Such large 
corrections, from small mass and coupling constant 
differences, arise from the “resonance”’ in the corrections 
at this energy, and are heightened by the circumstances 
that the cross sections themselves are still quite small 
at 120 Mev, being well below the resonance, and the 
=~ cross sections in general are much smaller than the 
«* cross section. It is unfortunate that the data in this 
region is still too poor to tell whether this possibly large 
effect actually exists.’ 

A second effect arises from other corrections which 


* Some experiments are in progress to improve the data in this 
region. See, e.g., York, Kim, Kernan, and Garwin, Bull. Am. 
Phys. Soc. 4, 274 (1959); U. Kruse and R. Arnold, Phys. Rev. 
116, 1008 (1959). 
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go as e*, These generally are smaller than those 
going as e*** and mostly of the opposite sign. When 
combined, the two effects can produce a significant 
change in slope for the x~ cross section in the energy 
range 125-170 Mev (see Fig. 6). This change in slope 
can have a strong effect on the integrals over cross 
sections appearing in the dispersion relations, as these 
are principal value integrals, and might lead to different 
coupling constants than the uncorrected data do. 
However, Cini and Agodi? have shown that even 
without charge independence the pion-nucleon system 
should satisfy approximately the same dispersion 
relations, so that while charge dependence can affect 
the value of the coupling constant so obtained, it 
cannot explain any inability of the dispersion relations 
to fit the w~ data.* However, the greatest changes in 
a‘ needed to make the dispersion relations work come 
about in the region where, according to the present 
calculation, charge independence is least valid. 

Actually, even in the charge-dependent case one can 
isolate the amplitude a3; and write it in the form‘ 
@33~e'** sinas;’ where ass’ will be slightly different 
from a3; of the charge-independent case. However, this 
a3; is not easily accessible experimentally because the 
total 7 matrix is no longer diagonal. One would have 
to diagonalize it, introducing unfamiliar phase shifts, 
and then analyze the raw data to find all these phase 
shifts, one of which would be azz’. 

At any rate one certainly cannot force the raw data 
into a charge-independent analysis and expect the ass 
which emerges to be simply related to either the ag,’ 
above or to a truly charge-independent as; because the 
functional form imposed is too restrictive and the 
method of analysis, a least-square fit, say, will then 
impose a statistical error which is very difficult to 
interpret theoretically. 

In this paper we proceed differently. The object is 
to isolate the charge-independent part of the scattering 
cross sections from the measured, charge-dependent 
data. Then one may analyze just this part of the data, 
introducing the usual six charge-independent phase 
shifts. This is done by writing the 7 matrix essentially 
as the sum of a charge-independent part plus a part 
containing first-order corrections. The corrections are 
then calculated in the static theory and the cross 
section is determined in the form 


da/dQ= (A1;--5A)+ (B;—5B) cos6+ (C1—8C) cos’O 


= A ett Bexpt COS9+Cexpt COS. (1.1) 


The minus sign is introduced in Eq. (1.1) so that one 
may merely add the corrections 6A, etc., plotted in Figs. 
3, 4, and 5, directly to the experimentally measured 


2 A. Agodi and M. Cini, Nuovo cimento 5, 1256 (1957); Nuovo 
cimento 6, 686 (1957). 

* The so-called ‘“Puppi parodox,” G. Puppi and A. Stanghellini, 
Nuovo cimento 5, 1305 (1957). Its existence is still an open 
question, due to insufficiently accurate data. 

*R. A. Sorensen, Phys. Rev. 112, 1813 (1958). See this paper 
for other references on this topic. 
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emission and absorption processes 


quantities Axx pt, etc., to obtain 


Ay (A expt t6A , St 


the quantities 


and thus have a charge-inde- 


pendent cross section 


da; dQ 1, T By cosé-+ C; COS 0, (1 2) 


on which to perform a phase-shift analysis. 

The this over which 
analyzes the raw data directly is that there the charge- 
shift a3; 
all significant corrections to charge independence 


advantage of method one 


dependent ph ise is accessible only if one as- 
sume 
affect the amplitude a 
only for pure T=} 
agree with those of Sorensen‘ for the case of a? scat- 


, only, which we find to be true 
scattering. Our results therefore 


tering, where our corrections are small. However we 


find large corrections to scattering involving the T= 4 
amplitudes, even though these amplitudes themselves 


are small, and our corrections to m™~ scattering are 


( onsiderable. 


Finally, two attempts to correlate the calculations 


with available experimental data are made, and a 


method is given whereby the average neutral coupling 


constant might be determined from an accurate 


knowledge of the the section from 


125-175 Mev 


lope of cross 


Il. CHARGE DEPENDENT SCATTERING EQUATIONS 
A. Coupling Constants 


As mentioned, the 
tering in the 


charge dependent e of the scat- 
limit is assumed to arise from two 
known difference between 
neutral and charged pions; and second, the inequality 


static 
sources: first, the mass 
of the various coupling constants appearing in the 
theory. Specifically, three different coupling constants 
are introduced phenomenologically. They correspond 
to the three fundamental interactions shown in Fig. 1, 
where the superscript (0) refers to the fact that these 
are the unrenormalized coupling constants. Presumably 
fy and /{, will differ but little from yj“, the charged 
The calculation will be carried out 
order in these differences, 6 and d, defined by 


i 
} 


constant. to first 


6 represents the difference between the average of the 
neutral constants and the charged one (we have omitted 
the superscript as it turns out that drenorm.=5), while 
d® measures the difference between the neutral ones. 


While both 6 and d® destroy charge independence, 


RGER 


5 preserves charge symmetry, as does the introduction 
of the neutral-charged (These 
statements will be explained when we have written the 
Hamiltonian explicitly.) On the other hand, the exist- 


ence of d violates charge symmetry and in fact intro- 


pion mass difference. 


dues a small mass difference between the proton and 
neutron. We shall this difference and 
assume that the energies of the physical proton and 
neutron theoretically justifiable 
term the 
Hamiltonian, we could produce whatever mass differ- 


ignore mass 
ire equal. This is 


because, by introducing a counter into 
ence we please. Such a term would not affect the form 
of the scattering equation other than to change the 
nucleon states. Since in the 
the nucleon 


energies and coupling constants enter into results 


energy of the physical 


present formalism only renormalized 
which are to be checked experimentally,’ we have the 
of either ignoring the n-p mass differ- 


ence or introducing the 


two alternatives 
actually measured one. We 
choose to ignore it both for simplicity and because it 
is smaller (the the 
difference. 

The effec ts of 6 and d « orrespond roughly to electro- 


corrections to the 


order of 3 than 


; meson mass 


vertex in the relativistic 
theory, coming from such diagrams as in Fig. 2(a), and 
therefore lead to such 
Fig. 2(b), while the counterterm would correspond to 
2(c). 
Actually d produces only a very shall -p mass differ- 
for d~ 1% 


magnetk 
self-energy diagrams as those of 
such purely electromagnetic corrections as Fig 


and if we had chosen 


r : 


ence (about 0.2 m 


nN 


2 
/ 4} 
| 

\ 





tributions to 4, d, and self energy of 
nucleon. The effects of 6 and ¢ by vertex corrections, 
as in (a), and lead to such self-energy contributions as those in 


(b). An e-m counter term would produce a purely e-m self energy 
contribution, as in 


Fic. 2. Electromagnetic con 


are produce 


It is true that t letermines the 
‘“unphysical’’ quantities < ».g., the unrenormalized coupling 
constants, but they arer rrelate the experimental 
scattering data 


he theory mathematically 
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to include this effect, the counter term would have to 
support most of it. ' 

One final caution before we write down the Hamil- 
tonian. The form //u, with » the meson mass, for the 
static coupling constant, and the dispersion relation 
form /=(u/2M)gr.i. are merely conventions, and 
cannot be used to predict 6 when wo#u,. The coupling 
constant is determined by the pion-nucleon vertex, 
and is gol'{ (AP)? ], where (AP)? is —u 4? for charged 
meson scattering, and —y¢? for r° scattering. Thus the 
renormalization constant depends in an_ intrinsic 
manner on both e-m and mass difference corrections 
to the vertex itself and is essentially uncalculable by 
present methods. 


B. Form of the Hamiltonian 


The static charge-dependent Hamiltonian is 
H=H,ot+H;; 
Hy = > WpOka' Ay ay 


ka 


H,: =>. (aia'Via Vt+apaVia”), (a=1, 


ka 
where 
V ca =i fa taG* have / (2wx)!. 


The: unrenormalized 
defined by 


‘coupling constants” f/f,” are 


fi = f= JO, 
fs Y =x f* ((1+6)I+d Yrs ]. 
They are matrices in isotopic spin space. The indices 
a refer to the type of meson and the sum }-, is to be 
carried out at a particular energy w,, (R=2;= kok). 
The momentum involved, &,, is given by 


(2.4) 


ka(wr) = (we?—Ma’)!, 
A~_R- 1, 
| Se 1 —A. 


Here A represents the known mass difference (in units 
of the meson Compton wave number) between the 
charged and neutral mesons. Throughout this paper 
the combined symbol ka is to be read as k,,a 
of type a, momentum k,. 

The cutoff function % may be considered to be a 
function of either meson energy or momentum. Since 
the cutoff will play no role for energies smaller than 
w~6, any momentum dependence it would introduce 
will be negligible. This is because the appropriate 
expansion parameter for k, is A/k®~ A? for w~6 (and 
A~3%). However we shall consider it a function of w, 
for the reasons given in Sec. ITI-C. 

Note that Hp is different from the Ho of the charge- 
independent theory, as a,3' creates particles of different 
momenta at the same energy. To first order in A we 
have, from Eq. (2.5), 


a meson 


k3(w) = usk (w/ps3) ~ k(w/ps) — Ak(w), (2.6) 
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so that 


(1+6)e-k(w) ~o@-k(w/us3)+ (6—A)o-k(w). (2.7) 


Thus we may anticipate that 6 will appear in the calcu- 
lation only in the form (6— A), and that the extra mass 
corrections will closely resemble the effect of a change 
in the energy scale. 

It is clear from Eq. (2.4) that f™ and (1+6)/® 
renormalize in the same manner, through the nucleon 
expectation value of r;¢, while for fd the relevant 
operator is #, which yields a different renormalization 
constant. From Eqs. (2.4) and (2.7) it follows that 
corrections due to both A and 6 have the same effect 
upon neutrons as protons, while from Eq. (2.4) it is 
seen that d affects them differently. 

A c-number term (ém)r; might have been added to 
the Hamiltonian and adjusted to insure the equality 
of the masses of the physical nucleons. It has no effect 
on the scattering equations however, and very small 
magnitude, and so has been left out though the equality 
of the physical nucleon masses is assumed. 


C. Scattering Equations 


The scattering equations can be derived by the 
methods of Wick® and Chew and Low.’ The lowest 
eigenstate of H» will be denoted by on, where the 
subscript “0” refers to the meson vacuum and “‘n’’ to 
the nucleon charge and spin state. The nucleon states 
for the free Hamiltonian are Pauli spinors. The latin 
indices 1, m, n will be 
variables. Then 


reserved for nucleon state 


Ho, =0. (2.8) 


The free one-meson, one-nucleon states dian satisfy 
= WiDicar 9 
.¥ ko@ia' Gadi an 


The greek letters a, 8, y will in general be reserved for 


Hp, an 
(2.9) 


Poian* k dian: 


meson isotopic spin. A momentum label without a 
subscript will refer to the momentum of a charged 
meson at a given energy. 
The physical nucleon states Yon, solutions of the total 
Hamiltonian 
Ho, 


E Won, (2.10) 


are given by® 
Yon= (Zo,n)*Ldont+ (E,—Ho—AH1)"H hon |, (2.11) 


where A is the projection operator orthogonal to the 
bare nucleon Note that charge and angular 
momentum conservation require that only the bare 
nucleon of type nm enters Eq. (2.11). The states Wo, are 
assumed degenerate. 

The ingoing and outgoing scattering states for a 
meson of type a, momentum pg, are given by 


Vpan'*) = Apa'Won+ (Eptie—H)V pa Pon, 


*G. C. Wick, Revs. Modern Phys. 27, 339 (1955) 

7G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) 
G. F. Chew, in Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1958) 


states. 


(2.12) 
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where @ya'Won is asymptotically a — ‘wave one- 
meson state of momentum p, and energy E,=w,+ £,. 
Any admixture of other plane wave states ee in- 
volving different type mesons) in the scattering state 
of Eq. (2.12) would have the wrong asymptotic form. 
The important point about Eqs. (2.11) and (2.12) 
is that, even though charge independence is no longer 
valid, the states of the exact Hamiltonian are given 
by the same formal expressions as in the charge- 
independent theory. In fact they are derived analo- 
gously, since the g-number structure of the two theories 
is identical—the difference lying in the reduced sym- 
metry of the charge-dependent Vy. and the more 


complicated momentum dependence. 


The scattering equations now follow as in the charge- 
independent theory. The equation for the T matrix is 


(Woam' WV op Won) 
(Vom V pa We) (WO, 
E,—E,+ie 


V op Won) 


(2.13) 


where the index r runs over all intermediate incoming 
states. 

In Eq. (2.13) the sum over the four nucleon states 
can be separated out and written down explicitly. As 
in the charge-independent case, the matrix element 
(Wor,V oa Won) is a multiple of the matrix element of 
the same operator between bare nucleon states, which 
defines the renormalized coupling constants. Since the 
interaction is still invariant with respect to rotations 
about the 7; follows that f; will equal fe (i.e., 
the renormalized f, matrices will have the same 
structure as the unrenormalized ones, with a charged 
and two neutrals). This is proved in the Appendix. We 
may then work with the renormalized constants f, 6, 
and d. While the unrenormalized constants were 
rationalized, the renormalized ones will be taken as 
unrationalized. This means that instead of making the 
identification f — f, we will let f ”/ (49)! — f. 

Next, we make the one-meson approximation, which 
involves dropping from the sum in Eq. (2.13) all 
multimeson states. We then introduce the matrix 
T o8.pa(z) (we are scattering from g8,n— > pa,m) as a 
function of the complex variable z, defined by the 
following equations: 


axis, it 


lim (m|T 98, pa(2) | 2)= (Wpam', V op Won) ; (2.14 


_ T pa.ky'(we)T op ky(@e) 


GREENBE 


RGER 

defines Ty¢,pa(z) aS a matrix with 
nucleon Pauli spinors. In the limit 
z—>w,*, Eq. (2.15) becomes identical to Eq. (2.13), 
with r restricted by the one-meson approximation. In 
the integral over intermediate momenta ks in Eq. 
(2.15), the ks spectrum starts at a lower energy than 
the & spectrum. However, we shall ignore this fact, as 
the integrals all vanish as &* for p waves. So we will 
feel free in what follows to change with impunity the 
lower limits of integrals over intermediate momenta, 
without affecting the results to first order in A. (This 
would not be possible if we had included s waves.?) 

T «8,pa(Z) is uniquely determined by the five following 
conditions,’ which will be explicitly used in solving the 
scattering equations 


1. Tos, pa(z) has 
cuts running from z 
2. There is 


Equation (2.14) 
respect to the 


branch points at z= +1, and two 
tlto+< 

pole at z=0, given by B(z), and no 
other singularities ; 


3. a ) behaves like ] 


The S matrix is unitary, 


z for large z; 
where S is given by 


18, pa\2) 


(Wpam Y/ jin : 


lim [dpam.o8 5(wp—we)T op, pa(z)]; (2.16) 
z + 


oe 18, pa(2) 
properties 


possesses, from Eq. the two 


a. Top, pa(2 (Hermiticity) 


b. Tos.pa(2 


(Crossing 


symmetry). 


D. Projection Operators 


We want to write 7, 2 as a linear combination of 
matrix operators woe respect to the nucleon variables. 
Since angular momentum is 
to introduce the 


operators 


till conserved, it is possible 


cainalan momentum projection 


P (Pa, 
P2(Pa,Qs 


\%* Pa)\ qs), 
3(pa'Gs)— (@- Pa) (@-qz). 

J=%4 and J=} 
projection 


The subscripts 1 and 2 refer to the 


states, respectively. These 
operators in the sense that 


dQ, 
f P, Pak, P; k,,qa) 
4rk,? 


however their normalization depends on their isotopic 
subscripts. This will no trouble, but will merely 
introduce extra kinematical corrections into the 
sections. 

The 


complicated. Denoting the relevant part of the matrix 


operators are 


byy'Pz(Pa,Qs); (2.19) 


cause 
cross 
le nce 


isotopic spin depen is considerably more 
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dependence by M, one can write 
(am| M | 8n)= >> (am| T)(T | M| T’){T" | Bn), 
TT’ 


where 7, T’ can be anv of the six states | 3,7';), | 4,7). 
However, even in the charge-dependent cese 7; will be 
conserved, so there will be ten amplitudes of the form 
(T|M|T’). We shall construct matrices A, (af) for these 
ten amplitudes by noting that, besides 7, and rg, the 
matrix rz was explicitly introduced by the interaction 
and can enter into the operators A, in all possible ways. 
(We shall not use the labelling scheme | 7,73), which 
was introduced merely to help count the number of 
amplitudes. Our operators will have matrix elements 
between various linear combinations of these states— 
however, we shall erroneously refer to them as “Pro- 
jection” operators.) 

We classify the ten operators A, as “even” or “odd,”’ 
depending upon whether they contain an even or odd 
number of 73’s. The five even operators are 


Ai=4rarta, As=bas— 4TaTs, A3=T3TaTsT3, 


Ag=4(tataT3Ts+ TaTsTsT3), 

As=4(73TaT3T3— TaTaTpTs). 
The first two operators contain no 7;’s and are the 
projection operators onto the 7=4 and T=} states 
introduced in the charge-independent case. The five 
odd operators are 


Acg=5agrts, Az=TaTsTp, Ag= T3TaT3T873, 


(2.21) 


Ag=43(Tatatat Tatts), Aro= 4 (T3TaTs— TaTpT3)- 


The ten operators A, are linearly independent in the 
sense that the equation }>, C,A,(a8)=0 implies that 


1 
; Nas? (2)P s(pa,Qs) = —-[fata(@-Pa), fata(o-qs) |s,¢ 
J z 


1 
+-¢ 


Tr 1 


(2.20). 
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each C,=0. Actually any independent set of linear 
combinations of the A, could be used for our projection 
operators and later we shall introduce a particular set 
for computational convenience. Our results will apply 
to any set of projection operators I',, where 


P.=Xperhs, |leenll40, (2.22) 


and where the I’, are chosen subject to three restric- 
tions: they must make the charge-independent limit 
easily recognizable, they must be even or odd, and 
they must have specific time reversal properties. Thus 
we assume I';=A, and I'>=A2; l'1,2,3,4,5 are even and 
I'¢.7.8,9.10 odd; and I's=As, T'10=A10 (these operators 
violate time reversal invariance and do not contribute 
to the T matrix.) 
We can now write 


dor 
T op, pa(Z) = —Vp%o- “ — ¥[Has? (2) +N ap? (2) J 
pidg)* J 
XP s(pasGs), 
Has? (z)=>.- V.(aB)h.7 (2), (2.23) 
h,7 (z)=0, 


>. '-(aB)n,7 (2). 


(o#1, 2), 
Nasa? (z) - 


The functions h,”(z) are the amplitudes’ Ary of the 
charge-independent theory and the functions n,7 (z) 
are of first order in the parameters A, 6, d and vanish 
in the limit A, 6, d—> 0. 

On introducing this expression for Tyg, 9¢ directly 
into Eq. (2.15) and keeping only terms of first order in 
A, 6, d we get 


ed CH ya? t (we) N yp? (wy ) +N ya7't(we)H yp? (we) |Ps (Pa,Qs) 
ida, (A wc Brant ton 


1 


* CH yp7*(wr)N ya? (we) + Nyp7'(@x)H ya? |P 3 (qs,Pa) 





WetZ 


1 
+-¥ 


ad 1 


(ki — k®)duy 


In Eq. (2.24) the sum over states has been converted 
into an integral, and a square cutoff has been assumed.* 
The J values do not mix because of Eq. (2.19), the 
integral over intermediate meson angles, dQ,, having 
been carried out. In the Born terms the nonrationalized, 
renormalized coupling constant appears, as explained 
previously, and the symbol [ , ]s,.4 refers to the fact 

*The square cutoff should be considered a computational 
convenience only, as an approximation to a function »(w) which 


contributes negligibly out to w= «©. Otherwise it would introduce 
an extra singularity. 


W,—2 





“u Aq? *(we)H sg? (we) Ps (PajQs) Hag? *(we)H ra? (we) Ps (Gp,Pa) 
( Ein sh ). (2.24) 


Webs 


that only first-order terms are to be kept in the com- 
mutator. The zeroth-order terms in Eq. (2.24) would 
give the charge-independent Chew-Low equations. 

In the first integral of Eq. (2.24) the first-order parts 
arise from the interference between a first-order matrix 
(NV) and a zero-order matrix (H). We ignore the 
intermediate °-meson phase-space difference in the 
first integral, letting this effect generate the second 
integral, which contains only intermediate x° con- 
tributions. This phase-space difference (k’—*), is of 





1384 DANIEL M. 


first order in A and so it multiplies only zero-order 
matrices. Thus the second integral has only A contri- 
butions and may be considered as an additional 


inhomogeneous term, along with the Born terms, in 
the integral equations for the n,’. 


III. REDUCTION OF THE SCATTERING EQUATIONS 


The products of projection operators appearing in 
Eq. (2.24) can be expanded as linear combinations of 
single projection operators. This will yield a set of 
linear integral equations for the functions n,”. First, 
however, we will investigate some general properties of 
the theory, as this will lead to enormous simplifications 
in the form of the equations. 


A. Time Reversal Invariance 


Under the operation of time reversal, the system 
represented by y(/) transforms into a new system 
represented by ¥7(/), also a solution of the Schrédinger 
equation, and such that the future behavior of this 
system resembles the past behavior of the original 
system. Then 7 (/) = Ry*(—2), where R is unitary, and 
time reversed observables O7 are given by 


ROR = (O07)*. (3.1) 


4 (7; +172), which 
states that charge is conserved under time reversal, 
gives the rule 


The property (74 r T+, with Ts 


R-'r.R 
(3.2) 
Vv} V3 1, 


in the usual re presentat ion of the Ta: Also the properties 


a’ o, (p.)? 


— Pa; 


which state that spin and momentum change 


under time reversal, give the result 


RP 7(pa,qs)R=Py* 


sign 


Pa, ~ 4s). (3.3) 


The reciprocity relation, in the one-meson approxi- 
mation,® takes the form 


(m|\T os. pa| 


Wy a T 
, vavgn'" | T_»a,—¢8|™m'), 


(3.4) 
(Wp=W,), 
where |m™), |n™), denote time reversed nucleon states. 
Writing 7 4s.p2 as the sum of projection operators 
(whose amplitudes we shall denote by M(w) for this 
argument), this gives 


> m\l’,(aB)P, Pa,Gs) ” M ,7 (we) 
J 


> 


n' I. (Ba) Pz( —@3, — Da) m!' 


XM, (w. 
Then, using the 


R-'T’.(Ba)R 


relations 
Vaval'* (Ba), 


P s'(Q4,Pa) P s(pa,Qs), 


*The quantities »,., vs appear because we are using the sym 
metric theory, and are absent in the charged theory 


GREENBERGER 


the right-hand side of Eq. (3.5) becomes 


= eG s (Pas) |n)M 7% (w,). 


Inspection of Eqs. (2.20) and (2.21) shows that 


I.‘ (Ba éel'-(aB), 
é. , 5. 10) 
5, 10), 


from which it follows that Ms=M, 
independence of the I’, 


0, because of the 
The require ment for ¢,= +1 is 
that the 7r;’s be symmetrically placed wiih respect to 
Tz and rg, as is the case for all the A, (and therefore 


I',) except for a=5, 10. 


B. Properties of the [, Operators 


The operators A,, and therefore [',, form a complete 
set in the sense that every operator ¢ omposed of Ta; TB, 
and rz can be expanded in terms of them. Their com- 
the 
and uniqueness of the following expansions. 


pleteness and independence guarantee existence 


The crossing matrix 7,, is defined by 


(3.7) 


T,« possesses the following two properties, which we 
state without proof 


(a) Tye does not mix ites with different time 
reversal properties 
(b) T,. connec ts only even States to even, odd to odd. 


The definition of T,, can be extended to include sums 


over the angular momentum projet tion operators: 


(a8) Ps (pa,Qs) Ba) P 7(Q3,Pa), 


PP gg 
Products of I’,’s can be expanded as follows: 
(y8)= 2. C.”T (a8 (3.9) 


Taking the adjoint of both sides of Eq 3.9 
following symmetry property for the C,*’ 


yields the 


C,"’ 7 


Enbyte 


(3.10) 


Cov=el,”, u, v5, 10). 


This symmetry property simplifies the first integral of 
the scattering Eq. (2.24). Keeping only the time re- 


versible parts, Vv have 


2, (Bve?"N 
J.Y 
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Similarly 
x: (Hyg!*N ya! > V597'Hya!)Ps(Q8,Pa) 
I .9 

ae? 


JJ’ A\mpe 


2C,T yet’ Re{hy!*n,7) 


XI, (a8)Ps(pa,qs). (3.12) 


In the last integral in Eq. (2.24) there is no sum over 
intermediate mesons, so we must introduce products 
of the form 


lr, (a3), (38)=>d.. D,T (ap). (3.13) 


The D, have the same symmetry property as the 
C,, namely, 


D*= ©€,€eD.", 


n (3.14) 
DO“ =e.D,"*, (yu, A¥5, 10). 


In the last integral of Eq. (2.24) we have 
DY Asa?" Hag! Ps (pass) 


J 


=F D)hy’*h,/T.(aB)Ps(paas), (3.15) 


J Ape 
and 


> H ”'Ase7Ps (Gs,Pa) 


J 


- 


JJ’ A\upe 


DMT oJ hy? "hy" V (a8) P.s(paQs). (3.16) 


The matrices C,“, D,“, T,, satisfy many interesting 
identities” which are, however, unnecessary for our 
purposes. We will need one identity later though and 
will derive it now. From the defining equations, Eqs. 
(2.20), it is seen that }>,-1.2I,(a8)=6.9 so that this 
sum commutes through all I’, and is symmetrical in @ 
and 8. Thus 


2 2 
> Pa(a3)r,(38)= > ¥ D,“T, (a8) 
wml p 


w=l 


= r > D,T 1 .(Ba). (3.17) 


pol pe 


l', (a3) >> r, (38) = > r,(B3)T (a3) 
“ pel 


2 


=> > 7,,T,(83)l, (3a) 


wml p 


= y ym T,,D."°T (Ba). (3.18 


wml pe 


Defining 


DY=> D,*=> D.*, (p,¢45, 10), (3.19) 
pol 


wml 


© For example, any “crossing symmetrized” matrix A,/ of the 
form Agel Knol +Ly-y Tye? 4,7’, will obey the identity 
Lue de7T 2,77’ =X,”". (Any Born term is of this form.) 


SCATTERING 1385 
we find, by equating coefficients in Eqs. (3.17) and 
(3.18), that 

Lp Di) T r= 


YL, TrpDo?. (3.20) 


We shall need the commutivity of T and D later. 

Before solving Eq. (2.24) for the n,”, we must first 
choose a convenient set of [,. Then unitarity will 
determine the phase of the n,’, and the energy-scaling 
properties of the theory will simplify the last integral 
in Eq. (2.24). 

Since the first integral of Eq. (2.24) connects only 
zero-order terms (/,) to first-order terms (m,) it is 
clear that C,'* and C,** are the only elements of C,’” 
that will be needed. Thus we will choose our [’, in such 
a way as to simplify these two matrices as much as 
possible. In fact, we can make them both diagonal in 
their time reversible parts. The second integral connects 
only zero-order terms to zero-order terms, so we need 
worry about D, for A, u1=1, 2 only. We define: 


r,=Ay, 's=ActAs, 
T2=As, I's=Ai+3A;4+2Ac, I'p=3Ag+$Ar—2As, 
Ms=As, To=AitAs, I's=4A;, 

Tio= Ano, l'y = Ag— $Ar. 


(3.21) 


This defines the matrix a,, of Eq. (2.22), and it may be 
checked that |/a,,|| #0. The matrices C,'*, C,** are given 
in Tables I and II. Only components where u#5, 10 
have been considered, since ns57 = nyo" =0. Notice that 
except for o= 4, 9 the states appear in one but not both 
matrices as unity along the diagonal; the states ¢= 4, 9 
connect to the nonreversible states, and appear in both 
matrices as 4 along the diagonal. 

The matrix 7,,, is given in Table III. It possesses the 
expected properties of separating even, odd, and irre- 
versible states, and 7?= 1. Finally, D,’ (for A, «= 1, 2) 
is determined by the equations 

I’, (a3)T ,(38) = 41 (a8), 
I'2(a3)P' (38) = fsT'3(a), 
I’, (a3)T2(38) = A(T «(af) a I's(a@) |, 
I'.(a3)T' (38) = A(T 4(a8)+T's(af) }. 

Even if the C,'* and C,** matrices were not diagonal, 
the following general statements could be made: since 
I’, and I, are even, wu and o in C,'*, C,?* must be both 
even or both odd; only even I’, can be reached by D, 
for Ays=1, 2, and therefore the inhomogeneous mass 
terms [the second integral in Eq. (2.24)] are even; 


(3.22) 


Taste I. The matrix C,'. 
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TABLE II. The matrix C,**. 


a 2 6 


since in the 6 and d Born terms, the contributions from 
6 are even (they come from the even part of f;) while 
those from d are odd (they come from the odd 1; part 
of f3), it follows that Eqs. (2.24) break into two sets, 
one involving the even n,’ and containing the A and 6 
contributions and the other involving the odd n,’ and 
containing the d contributions. 


C. Energy-Scaling Properties 


The Chew-Low equations are the zero-order con- 
tributions to the 7 matrix. In our notation" they take 
the form 


:D di k 
Ww She 
Cah?” (we) hy? (wx) 


We— W— LE 


Ih J *(w Vy?’ (ers ) 
Ws +w 


(A, uw, ¢,p=1,2) (3.23) 


where A,” is defined by 


> fPr./T. (a8) Ps(p,q) (3.24) 


oJ 


P*Lratp,rs0°q |. 


Since C,"=C,” 
becomes 


1 and no other terms contribute, this 


TABLE III. The matrix 7,,. 


COM COA &&wKwe| FE 


— 


" Our h? is the A; of reference 7. Also hvi=h? 
T pe? 4 — Age Of that reference. 
’ - 


> he, hi hy, 
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+C.T. (3.25) 
In Eqs. (3.25) we have included the cutoff »(w) explicitly 
in order to show that the scaling relations hold rigor- 
ously in its presence, though in all calculations a square 
cutoff has been assumed.* The crossing terms (C.T.) 
have been left out in these equations because for our 
purposes they have the same form as the direct terms 
and do not affect the argument. 

If all the mesons had mass y#1, Eqs. (3.25) would 
become 


he? (w MM) ( 


Here we assume the convention that mesons of mass p 
possess a coupling constant (f/u), and also that the 
cutoff function becomes effective at an energy equal to 
so many rest masses; i.€., 0,(w) =0(w/u) for w>u. Then 
since k,*(w) = u*k* (w/u), from Eq. (2.6), we find 


wlte? (,) 


whe? (uv) \* 
+C.T. 


— ic 


bl h, / Mw ,p 


This “scaling property,” relating the scattering ampli- 
tude for mesons of mass yu to those of mass 1, is merely 
a consequence of the dimensionality of the p-wave 
amplitudes. However, it is a nontrivial result that we 
can relate these amplitudes (to first order) when only 
the 7° meson has mass 4*1. This is done using the 
unitarity requirement of the next section; however, we 
will sketch the general idea here. 

We define the differential scaling functions K,’ by 
the equations 


AK,! (w)=h,° 
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AK,” (w) is of first order in A, which has been explicitly 
factored out. Unitarity will give the following equation 
for those m,” which are first order in A: 


Imn, a” = > [2kC, Re(Ay?*n, a) 
Au 


+(ke—#)Dhy2*h,2], (3.28) 


at a given energy wx. However, it will be possible to 
satisfy this equation identically by writing 


Ne, a) = Ue, 67 +3 DK! — 175, 4. (3.29) 


The 4,,4 is a Kronecker 6 symbol, the matrix D,” is that 
introduced in Eq. (3.19) and the function 9” is a known 
real function. The functions u,’ will have a definite 
known phase, and their amplitudes will be the only 
unknowns in Eq. (3.29). The point in introducing the 
functions u,” is that they satisfy simpler equations 
than the m,’, as the second integral in Eq. (2.24) will 
not occur. 

The function ’ appears because of our choice of 
operators I',. They have been chosen to simplify both 
time reversal and the matrix C,’*. However the matrix 
D,™ connects both I'\T, and T.T; to ly, and n” arises 
as an interference term. This could have been avoided 
only by complicating time reversal and introducing an 
extra nonzero amplitude. 

The functions u,” will satisfy the equations 


u,7 (w)+>_ DOK)? (w) ao n? (w)5o,4 
n 


os) 1 ss Im(u.7+>_), DK") 
= e jo+- { ‘| 
T 


, ° 
oo 


T 07 7 Im(u,2’+>.) D,*K,?’) 
+-— — | 3.30 
w’+w 


where B,” is the Born term of Eq. (2.24), defined by 
—[fata(@Pa), fats(o-qs) |s.4 


=> B,/T(a8)P.1(Pa,4s)- (3.31) 
o,J 


Now because T and D commute, by Eq. (3.20), we can 
collect all the terms in K,/ on the right-hand side: 


1 ImK 7 
yy De ~Ky'+ fae (- amends 
us a —w—te 


ta’ ImK, wt 
ne) 
w aie 
But K,/ is just the difference [h(w,u;)—h(w) ] so that 
the unitarity condition for the h’s, Imh=k*|h|?, says 
that expression (3.32) is just the difference between the 


Chew-Low equations for mesons of mass y3, and those 
of mass 1—but with the Born term missing. So ex- 


pression (3.32) reduces to 


= as 


=-¥ D,r,JfP—=s—. 


, @ WwW 


ite x D,* 
(3.33) 


Thus the second integral in Eq. (2.24) for the functions 
n,7 becomes, with the introduction of the functions 
u,?, merely a Born term of the form 1/w, due to the 
properties of the scaling functions K,’. 


D. Unitarity 


The unitarity condition on the § matrix, Eq. (2.16), 
together with Hermiticity, Eq. (2.17), gives 


T on. as" (w) -" T op, pa (w) 


op dy 

= 291i > f — 5(w, —w)T pa,ey(Wi)T 98,ny (wr), 
(2r)* 

(3.34) 


(wp=w,=w). 
Writing T4s,p¢ as in Eq. (2.23) and making use of 
Eqs. (3.11), and (3.15) this becomes 


Imn,? = 2k* © C* Re(Ay?*n,”) 
hu 


~B) Dhy!*h,7. (3.35) 
Au 


Recalling the discussion at the end of Sec. II-B, we 
write, explicitly factoring out the dependence on the 
parameters A, 4, d, 


no! = Ane, 47 +6u,7, 


(o=1-- *4), 
(o=6---9). 


Equation (3.28) is just Eq. (3.35) for the A parts. For 
the 6 and d parts the last term is absent, and Eq. (3.35) 
takes a very simple form. Using the fact that C, is of 
the form C,’”, for \=1, 2 and «#5, 10, and making 
explicit use of the following form for the Chew-Low 
amplitudes’ 


(3.36) 


ne? =du,, 


h,7 = (1/k*) exp(ia,”) sina,’, 


(o=1, 2), (3.37) 
Eq. (3.35) is identically satisfied by 


2 
u,’ =A,7(w) >) C,” exp[2iay? (w) ]. (3.38) 
hm 


For convenience, we write these phases down explicitly 
[using the fact that (¢**!-+ ¢2) has phase (a;+a:) }: 


u,! =A,? exp(iB,”); 

10) = (27, Zar”, Zara’, 7 +02’, 
—, 2a’, Zaz’, 2a’, ay? +a’, =}, 
so that unitarity completely determines the phase of 
the coupling constant contributions. 


(B,?,0=1-+- (3.39) 
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For the terms in A, for which the unitarity condition 

is more complicated, we get the result (3.29). To see 

how this comes about, consider Eq. (3.28) for o=1: 


sin2a; Ren, 


+4[ (1/k*) — (1/k;*) ] sin’, 


cos2a; Imn, 
(3.40) 
where we have used the fact that 

(ky? — k*)/k®=((1/k*) — (1/ks*) ]4+0(d2). 


Ii we let &, be any first-order change in a;(w), then to 
first order 

sin(a;— £;) sin(ay;+€;) 

Im[e~ +8) sin (ay+£&,) e*™ J. 


* 9 
SIn*ay;(w) 


Now choose £; such that 


£,= Aw(da;/ dw), 


a;(w)+& ay (w 3) + O( AQ"). 


Then, from Eqs. (2.6) and (3.37), 


Im[ (1 ps) Ay* (w p3)e'* mnt! 7 
—Im[K,*(w)e'™ ]. 


(1/k; 
[ (1/ks) — (1/k;*) 


SIn*a; (w) 


sin*a;(w) 
Thus Eq. (3.40) yields 


Im[ e?*#'(n,—4K,)* |=0, 
3 


mi—4K,=Ayge'™= mK. (3.41) 


The other equations, for ¢= 2, 3, 4, give similar results, 
that 4 both a; and a2 appear and the 
first-order corrections £, and &» give rise to an inter- 


except for o 
ference term, which leads to the introduction of the 
term 9” in Eq. (3.29), given by 


sin (a2” ay") 


Awf 0 
(3.42) 

ORL Aw sin(a2? +a’ ) 
In Eq. (3.29), the functions u,, 47 have the same phase 
as the functions u,’ of Eq. (3.39) for the 6 corrections. 
lo recapitulate, the nm,” written in the form (3.29) 
satisfy the unitarity condition identically, and the u,/ 
satisfy the Eq. (3.30), which has been reduced to the 


form 


u,” An’5,.4+B,/ 


(3.43) 


We will now explicitly determine the Born terms B,’, 
(3.31). The zeroth-order terms of the 
3.31) are the Born term for the 


(3.24): 


defined by Eq 
commutator in Eq. ( 
Chew-Low Eqs. (3.23) and 
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fs As*F fs ‘ 3/ [P, Pa,Qs I’; ap) 
oJ 


P3(qs,Pa)l'; (Ba) (3.44) 
re” 3(6,:61 

The first-order charge-symmetric part of Eq. (3.31) is 

[with f, defined by (2.4) ] 


and the 
ar 'D.S 
ite? D.r J 


- — é 


Then, using 64g= > ,a1. 2l',(a8 


B, 3 — 6 f76(6,,D,) 


identity (3.20), 


~5&,7, (3.45) 


? 


’ is defined by Eq. (3.33 


where &, first-order non- 


symmetric part of (3.31) is 


f?d(6a378+ Ta83) PP) +C.T 
(3.46) 


Thus the complete Born term of Eq (3.43) reads: 


w-T dt, w 


An’ (w)é, 44 A b)E 


The dependence on (A—6) was predicted in the dis- 
cussion following Eq. (2.7 The matrices £,/ 


rhe equations for the u,” have 


and ¢,7 
are given in Table I\ 
now been completely determined 

Now (and not until now) we shall make the assump- 
tion that the resonance (i.e., the amplitude 42*) domi- 
Chis means we shall ignore in the 

a33). Then, 
all the «,’ for 


nates the scattering 


phases but ae 


scattering equations all 


using Eq. (3.39), we may say that: (a 


J=1 are real; (b) wu and wu are real; (c) u?, uy’, u7* 


yhase 2ay”; (d) m4’, uy? have phase ae’. There are 


that must be solved for; the 


have 
left only five amplitudes 


rest are real’? and can be determined in terms of these 


five. From Eq. (3.42), 
7 =0, An 


Introducing the 


ach other and have 
z fourteen amplitudes. 


2 The eq 


no Born terms, so we m 


tations for the nner toe 
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and noting that Imm,?=A,?(w) sin2a,’= k*b,*u, etc., 
we can write explicitly the five equations to be solved: 


1 dw’ k” bo" u* 
uy = f " 
T w’ —w—ie 
1 k’3( bo" u2+8b."u;? — 4b,°u,2) 
Fe Pada | 
w'+w 


f? 1 7 du'k*b."u?? 
(A—sb)+ f 
7 w’—w—ie 


1 k’3( — 2" us 24. h,° us’) 
+ - fdas 


Or w vw 


du’ k"by ug 


Or 


ug=—-- 
Dw 


(4-8) + Pte - f= 


w’—w—ie 
(3.49) 


+ 


, 


1 k’*(8b.°u2+b,"u,?) 
f de! 
Or w'+w 
du’ kb’ u7? 
w’ —w—ie 
1 k’3( = 5b2"7? +85," U9") 
fie 
2inr w'+w 
dws’ k*b yu? 
w’—w—te 
1 kh? (14b2°u7?+d,"ug?) 
f de! | 
w’+w 


lin 


There are two sets of coupled equations in Eqs. (3.49). 
In each set, a function of phase 2a,” is coupled to one 
of phase a2”. The method of solution will be sketched 
in the next section. 


E. Solutions of the Scattering Equations 


Equations (3.49) are linear in the functions u,”, and 
ve shall use a simple extension of a method developed 
by Chew-Low for photoproduction” to solve them. 
First we solve the equations with all crossing terms 
neglected and then determine the crossing terms by a 
“self-consistent”’ procedure. Then Eqs. (3.49) are of 
either of the following forms’: 


1 f%™ 
u(z)= B(s)+ f dws’ 

rv) 

1 f*™ kb," 

f dus’ 

T 1 w’— Z 


~ 


kb," (w’ uw’) 


‘8G. Chew and F. Low, Phys. Rev. 101, 1579 (1956). 


ON 


SCATTERING 1389 
where the solution is wanted in the limit z—> w+. In 
Eq. (3.50) the function B(z) is arbitrary, with the 
restriction that 2B(z) is bounded as s— *. But in Eq. 
(3.51) the function C(z) can have at worst a first-order 
pole for our solution to work. 

Since we have eliminated all amplitudes but /,’, we 
will henceforth use the standard notation A,’=h, and 
the phase ay’=ay;. Equation (3.50) is solved by noting 
that u(z) has phase ays, the singularities of B(z) plus 
a branch point at w= +1 with a cut running" from +1 
to + and is otherwise analytic, and behaves as 1/ 
at «©. All we need do then is construct a function 
possessing these properties, which we do with the aid 
of the function g; of Chew-Low, defined by 


ga(z)=A3/shs(z), As=F/?. (3.52) 


We assume the effective range approximation to be 
valid even for negative energies.'® This is equivalent to 
neglecting the singularity of the crossing contribution 
to it, so that g; has the following properties: it possesses 
a branch point at s=+1 with a cut running to +, 
it is =+1 at the origin, goes to a constant as z— ~, 
and g;(w), w>1 has phase —a;3. Thus we can write 


As “a hk” B(w") 
|B) +- f dw’ 
! £a(z) +; w’ (w’ —2) 


Ay “mu k"* Bw’) 
"33 COSA334+ rf dus’ : 
wg, + w’ (w’—w) 


In Eq. (3.53) both terms have the proper phase and 
the function possesses the appropriate singularities and 
asymptotic behavior.'® 

Similarly, for the solution of Eq. (3.51), 
has phase 2a33, we may write 


; £3(8) 
v(w)= im ( ) 
eet \ g3(z) 


u(w)= lim 


swt 


= B(wie (3.53) 


where v(w) 


As “u k"C(w") 
f dw’ - | (3.54) 
WE3(z) J w’ (w’ —2) 


where C(z) has a pole at 2 
vides the proper phase, 


The extra 1/g;(z) pro- 
but must be normalized to give 
the correct residue at z=8. Equation (3.54) can be 
easily generalized if C(z) contains more than one pole 
or higher-order poles. 


Neglecting the crossing terms is equivalent to neglecting the 
branch line singularity for w< —1 

‘Tt has been shown by G. Saltzman and F. Saltzman, Phys 
Rev. 108, 1619 (1957) that it is not safe to extend the effective 
range approximation to negative energies for g,(w); however, this 
is because of the crossing contributions we have ignored. For the 
approximate g;(w) on which solutions (3.53) and (3.54) are based, 
the effective range approximation can be extended. The only 
difference between the approximate and exact gy(w) in the physical 
region is that the approximate one needs a higher cutoff to 
produce the effect of the crossing terms 

'*® Our numerical solutions use the parameters wy =6, f?=0.08, 
1/r3=we=2.1, g(—1.7)=1.81, in the notation of reference 7 
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4 4 
150 
~ - 

= hw 


(Note increased Scale For 8at8a*) 


Calculated For 
A+3.2% 
8. 1% 
ga*t% 


Xy * Xexpt+ 8x 
(x *4,B8,C) 





wt+ P—onrt+P 


Fic. 3. Corrections to do‘/dQ. These corrections are to be 
added directly to the experimental quantities to yield the charge- 
independent ones. A, 4, d are defined by Eqs. (2.1) and (2.5). 


If we use the solutions (3.53) and (3.54) as first 
approximations to the solutions of Eqs. (3.49), and 
place them into the crossing integrals, we find that the 
crossing integrals containing 5; and db, can both be well 
approximated in the region of interest (l1Qw<4) by a 
function of the form A/(w+1.7). Furthermore the 
crossing integral of 1/(w+1.7) can be approximated by 
A/(w+1.7). This suggests the following procedure for 
solving the equations. First, replace all crossing terms 
by functions of the form A;/(w+1.7) so that they 
become extra Born terms. Then the equations have 
exactly the form of Eqs. (3.50) and (3.51), and can be 
solved. The crossing integrals are then performed and, 
being proportional to 1/(w+1.7), they give a set of 
linear equations in the Aj. 

Once these five u,” have been determined, the other 
nine real u,” are given by crossing integrals over these 
five and have the form (4/w)+B/(w+1.7). Then the 
functions ,’ are calculated by Eq. (3.29), with 


AK} (w) = A[ — (3h3/k*) — One), 


(3.55) 
Ky KK? K.! =(). 


The T matrix for a particular scattering process, 
nt+-p— t+ is then given by Eq. (2.23) as 


(x"p Tos pa\w) | a" p (rp I, (a8) 1 p) 


X (het +n") P (pads), 


where the matrix element has been evaluated with 
respect to the isotopic variables only. If now the s-wave 
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contributions are phenomenologically placed into the 
T matrix above, it assumes the form 


f ) . | 
L(@ry+er?)Ps(PaQs)+ards iPq 


2r 
| oi 3.56) 


- pw 


where the er’ are our calculated corrections and the 
amplitudes, a, have the form e‘* sina. Then the cross 


section is given by 


da/dQ 
05 


ow 
(Mev) 


Calculated For 


5 
Xr * Kexpt. +6 X 


(X* A,B,C) 


+P-ow-+P 


Thus, besides the corrections we | ave cak ulated, there 
is a kinematical correction due to the factor pa/gs and 
also to the p-wave projection operators. So for p-wave 
charge exchange scattering there is, at low 
correction of 9% Pp 
alone. 


energy, a 
due to kinematical corrections 

When a laboratory experiment 
form do/dQ= A+B cosé+¢ 


retical prejudices built into it 


is analyzed in the 
there are no theo- 
other than the limitation 
to s and p waves. If now the charge independence 


hypothesis is made, the coefficients A, 
forced into a prescribed fun 


cos’@. 


B, and C are 
tional depe ndence on ihe 
six phase shifts which is too restrictive, because charge 
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independence is only approximate. It has been the 
purpose of this calculation to write the quantities 
Agpt, etc., as first order corrections to quantities 
A;=Aept+5A on which it would be valid to perform 
a charge-independent analysis. That is, we have 
isolated the charge-independent part of the cross 
section. The quantities 5A, 5B, 6C are plotted in Figs. 
3, 4, and 5 for the three experimental scattering 
processes, including the effects of the charge-exchange 
kinematical corrections. In each of the figures the 
corrections due to A, 4, d are plotted separately. The 
numerical values are determined on the basis of 
A=+3.2% (the known value) and 6, d=+1%. The 


correction to the total cross section a7“ is plotted in 


Calculated For 
A+3.2% 
8. 1% 
a*it 


100 4 150 200 
Lose = — el Fo 


-~ —ow 














Xy* Xexot +8Xx 
(X= A,B,C) 


w-+P—pw*eNn 


Fic. 5. Corrections to do /dQ. 


Fig. 6, calculated from the formula 


op =4e{[AM+(C/3)]+ [A+ (C/3)]}. (3.58) 


The contribution from d is very small, due to cancel- 
lations, and has not been included in Fig. 6. The cor- 
rections to ao are all very small and have not been 
plotted there either. 


IV. COMPARISON WITH EXPERIMENT 


The cross-section corrections calculated above were 
incorporated into a phase-shift analysis of some of the 
more accurate scattering data. In this analysis, the 
parameters 6 and d had to be determined along with the 
phase shifts. The problem was programmed on the 
IBM 704 computer at MIT. The machine was first 
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ef 


) 
wave 
Sof) | 


2} 


of? «of +30" 


Calcutoted For 
O+t2% 
Reig 


Fic. 6. Corrections to ¢tor,). This includes both 2~ elastic 
and charge exchange scattering. 


told to find a set of Fermi type phase shifts’? by mini- 
mizing’® the quantity M=>°,{ NVi(a)—N;}*/e, where 
the .V,; are the nine experimental quantities (A*, B*, C*; 
x=-+, —, 0), the Via) are calculated from the phase 
shifts, and the e; are the mean square experimental 
errors. The phase shifts so obtained are “uncorrected,” 
i.e., the raw data is forced into a charge-independent 
fit. The results are listed as ‘‘Run 1” in Table V. 

Next, the V,; were changed to include the known 
mass corrections. Then the phase shifts were again 
varied to give a minimum in M, listed as “Run 2.” 
Finally, 6 and d were allowed to vary, thus changing 
the N—while the a’s varied, changing the N;(a). At 
this stage the minimum was found as a function of eight 
variables, giving a best overall minimum for M, and a 
set of values for 6, d and the six a, listed as “Run 3.” 
These a’s should be charge independent, and the 4, d 
should come out the same at any energy. Of course 
experimental errors will lead to a spread of values for 
6 and d, when analysis of many experiments is carried 
out. However, analysis of a sufficient number of experi- 
ments should tend to produce consistent results. No 
statistical analysis was carried out, as only the quali- 
tative nature of the results was wanted. 

To perform this analysis a complete set of experi- 
ments (all nine V,) must be available at the energy 
involved. Only the data'® at 150 Mev and 170 Mev 
were accurate enough tc give any meaningful corre- 
lation. The coupling constant corrections were too 
small to use the data”® at 220 Mev. The data at 150 
and 170 Mev gave quite consistent values for 6 at about 
(—4%) and for d~0. An analysis was also attempted 
using the early poor data'* of Fermi at 135 Mev, and 
while it gave a consistent value for 4, it gave about 5% 
for d. 

Examination of Table V shows that the only sig- 
nificant change takes place in a;, which becomes much 

17 These are described in H. Bethe and F. de Hoffman, Mesons 
end Fields (Row, Peterson and Company, Evanston, 1955), Vol. 
Ms The analysis is somewhat similar to that described by 
Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 

” Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 
(1956) 

»” Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 105, 724 (1957) 
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interference 
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term, strongly changed for 7 
cattering 

We lts of Table V together with 
low-energy data from Bethe and de Hoffman," cor- 


rected for effective 


have used the resu 


charge dependence, to draw 


an 


range plot in Fig. 7. This is a graph of $(n*/w*) cotass 
the 


(in units of the pion mass). The 


s w*, where n and w* are center-of-mass mo- 


mentum and energy 
effective range approximation’ assumes that this will 
be a linear function and extrapolate to 1/ f' (). 


The charge-dependent effects definitely tend to de- 


. 
at w 


crease /*, as determined by this method. To see why, 
Table V 1] for >170 Mev 


tend to increase aj; by a few degrees, thus 


note trom lat 135 these 


corrections 


ce cTea sing Cola 


however, the corrections tend Lo decrease the charge- 


by a few percent. At low energies 


independent a 


the 


is because the extra phase space 
makes the 


section appear larger than it should. This large cross 


for lighter 7 charge-exchange cross 
ection needs an artificially large a 
Phe 
have a larger cotangent 


the 


to explain it (since 
be smaller and so 
~ 10%). Both these effects 


in Fig. 7 and thus decrease 
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for 6. At the present time the slope of these cross sections 
in this region are not well known at all. 


APPENDIX. FORM OF THE RENORMALIZED 
COUPLING CONSTANTS 


In the charge-independent theory 


(Won, TaPWom) = a(n Ta M), p=] J (A.1) 


The constant p defines the renormalized coupling 
constant. In the charge-dependent theory, the most 
general possible form for this matrix element is 


(Won, TaWom) = palt| (Tat ATstat Brats 


+Crba3+DI+ Ere m) (A.2) 


A, B, C, D, and E are constants. The term 
5aa73 in Eq. (A.2) is equivalent to r37 473. 
The generator of finite rotations in isotopic spin space 


18 


where pa, 


U =exp(—iT-6), T=t+-/2, (A.3) 


where an explicit form for t is given by 


t=)°, ia, Xa,". (A.4) 


One can show that T commutes with Ho and H, of the 
charge-independent theory. Our  charge-dependent 
Hamiltonian, Eqs. (2.2) and (2.3), is still invariant to 
rotations about 7;. For the physical nucleon, Yon= Xon, 
where X is given by Eq. (2.11), 


UXU“=X, 
eT ah y= Xe Thy, = EO?) Am, 
An=+1, x2n=P 
=—1, n=N. 


Letting 0=72/2, we can show that 


(Won, TiPWom) = eT OAn—>w) (Yo, ToOWom). A.6) 


Thus this matrix element rotates like a vector, for 


n+m. The equation says nothing for n=m. Using 


EON 
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Eq. (A.2) we have 
(Wop, T:10Won) = i(Wop,T2@on), 
pi(l+A—B)=p.(1+A-— B), 
pPi=p2= Pp. 


Time reversal give s the result 
(Won, TaPVom) - ValWom? ,TaPWon’ ), 


where Wo,” is a time-reversed nucleon and v, is defined 
in Eq. (3.2). 

First, we eliminate the extaneous terms D and E of 
Eq. (A.2). Specializing Eq. (A.8) to a=2 between two 
protons, and remembering that Yop and Yor’ have 
opposite spin, yields p;(D+£)=—p;(D+ FE). Had we 
used two neutrons, this would read p;(D—E) 
= —p;(D—E). Thus D= F=0. 

Writing Eq. (A.8) in the form (A.2) gives, for a 


(A.8) 


2 
pn! (ta tArtstat Brats)a\m 
vaptm™ | (tat Atstat Brats)o n") 


on! (tat Atats+ Brata)e\ my). (A.9) 


Thus A= B, and Eq. (A.2) now reads 


(Won, TaPWom) 


Only the first term contributes to charged scattering 
and therefore /‘*'=/ Comparison with Eq. (2.4) 
shows that the renormalized coupling constants have 
the same structure as the unrenormalized ones. 


(A.10) 


pin (Ta + Aé, +Cbastao m). 
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An attempt is made to understand the negative results of Panofsky and Saxens 


2 and the positive results 


of Frisch and Olson in terms of the theory of the interference effects in high-energy bremsstrahlung from 


crystals worked out by Uberall. Several of the theoretical approximations are examined in detail: the 
validity of the Born approximation, the calculation of temperature effects, the validity of the closure 
approximation for the crystal lattice, and the use of the Debye form for the lattice vibration spectrum. It 
is concluded that all of these are justified, except that a partial failure of the Born approximation may be 


responsible for the nonappearance of the central minimum in the Frisch-Olson experi 
perfections and multiple and inelastic scattering of the primary electrons are 


ment 


Crystal im- 
also considered briefly, but 


are found to be unimportant. No explanation is found for the Panofsky-Saxena results. The interference 


should be enhanced by making the primary electron energy as large as possible and the ratio of photon to 


electron energy as small as possible. In the case of a diamond-type crystal the 


110] direction for the 


electron beam is to be preferred to either the [100] or the [111] direction. Little advantage is to be gained 


from cooling the crystal. 


I. INTRODUCTION 


HE interference effects to be expected in the 

production of bremsstrahlung by high-energy 
electrons in single crystal targets have been discussed 
in several papers,' most recently and in greatest detail 
by Uberall.2* Two experiments have been performed; 
by Panofsky and Saxena,‘ and by Frisch and Olson.® 
The first of these does not show a significant intensity 
variation as the angle between the primary electron 
beam and the crystal axis is varied, although an in- 
crease of about 25% is expected for very small angles. 
The second experiment shows an increase of a factor 2, 
which is reported to be smaller than expected. The 
present paper is an attempt to understand the relation 
between the experimental results and the theoretical 
predictions. 

The next to a detailed 
examination of some of the approximations made by 
Uberall: the use of the Born approximation (Sec. IT); 
the computation of the effects of thermal vibrations of 
the crystal lattice under the assumption that any 
change in the phonon occupation numbers is permis- 
sible (we refer to this as the closure approximation) 
(Sec. III); the validity of the closure approximation 
(Sec. IV); the use of the simple Debye form for the 
vibration spectrum of the lattice (Sec. V). Finally, in 


four sections are devoted 


Sec. VI, we summarize these theoretical results, and 


discuss their relation to the experiments. 

* Supported in part by the U. S 
Force Office of Scientific Research 

1E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat 
Medd. 13, No. 4 (1935); B. Ferretti, Nuovo cimento 7, 
(1950); M. L. Ter-Mikaelyan, Zhur. Eksptl. i Teoret. Fiz. 25, 
289, 296 (1953); F. J. Dyson and H. Uberall, Phys. Rev. 99, 604 
(1955). 

*H. Uberall, Phys. Rev. 103, 1055 (1956). 

7H. Uberall, CERN Report 58-21, September, 1958 
(unpublished private communications to W. K. H 
Panofsky 

‘W.K 
219 (1959). 
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Il. VALIDITY OF THE BORN APPROXIMATION 


It is customary to use the Born approximation in 
calculating bremsstrahlung when the atomic number 
Z of the atom that scatters the electron is not too large. 
However, even for small Z, the phase change of the 
wave function of an electron in traversing a crystal 
can be very large, and the validity of an approximation 
that uses plane waves for the incident and scattered 
electrons should be questioned. The effect of the 
periodic potential V(r) of the crystal lattice on the 
electron can be taken into account by using Bloch 
wave functions u(r) exp(ik-r) in place of plane waves, 
where u(r) has the periodicity of the lattice and 
exp(ik-r) satisfies periodic boundary conditions at the 
edges of the crystal. This substitution has the effect of 
replacing matrix elements of the form 


feo ik,-r) V(r) exp(ik,-r)d*r 
fev ik,-r)[t2(r)V (r)uy(r 


Now the interference effects in crystal bremsstrahlung 
are expected to arise from a combination of two factors. 
(a) Owing to the lattice periodicity, the electron- 
scattering matrix elements can be large only when the 
momentum transfer vector q is 
of the rec ipro¢ al lattice.* For an expre ssion of the form 
(1), q=k,—k., where k; and ke are related to the 
initial and final electron momenta Ko and ky and the 
radiated photon momentum k,, in such a way that 


q=k,—k,—k, (3) 


by 


| exp(ik,-r)d*r. (2) 


very close to a vector 


(b) Owing mainly to the requirement of energy con- 
servation, the radiation probability is large only when 


®We normalize the reciproca ttice vectors g so that their 
scalar products with vector f the primitive space lattice are 
| | 


integer multiples of 2 
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q ..cs in a thin pancake-shaped region that has the 
following properties’: it is oriented with its plane 
perpendicular to the direction ko of the primary 
electron; its radius in this plane is of order the electron 
mass y; the perpendicular distance from the origin to 
the nearer surface of the region is equal to u?k,/2koky, 
and the thickness of the region is also of this order 
of magnitude. We choose units such that h=c=1. 

These two factors imply that the intensity of the 
radiation will depend on the number of reciprocal 
lattice points that are contained in the pancake-shaped 
region, which in turn depends on the orientation of the 
region and hence on the direction of the primary elec- 
trons with respect to the crystal lattice. There are now 
two ways in which we can show that the substitution 
of (2) for (1) has no substantial effect on the intensity. 
We can say that the square bracket in (2) has the 
same lattice periodicity as V(r) in (1), so that the 
requirement that q be very close to a reciprocal lattice 
vector is not affected by the replacement of plane 
waves by Bloch wave functions. Or we can say that 
u(r) can be written as a Fourier series in reciprocal 
lattice vectors, so that the Bloch wave function is a 
superposition of plane waves whose k vectors differ 
from the original k by reciprocal lattice vectors. From 
the latter point of view, any of these k’s can be used 
to specify the electron momentum, so that ko, ky, and 
hence q are not defined within a reciprocal lattice 
vector. But such a shift in the origin of the pancake- 
shaped region has no effect on the number of reciprocal! 
lattice points it contains. We therefore expect no 
qualitative change in the interference effects to arise 
from the use of Bloch wave functions in place of plane 
waves in the matrix elements.’ 

There is, however, another effect to be considered. 
The energy of a free electron is related to its momentum 
through E= (k?+-’)!; this E—& relation will be altered 
for an electron in a periodic potential. If we replace 
the free electron relation by 


E= (+p*)!+<, (4) 


where ¢€ is expected to be of the order of the lattice 
potential V, we find that the location of the pancake- 
shaped region described in (b) above is changed. The 
distance from the origin to its nearest surface is changed 
from 
uh, /2koky 

to 

(uk, /2koky)— (eo— «), (6) 


where ¢) and ¢; are the quantities defined by (4) for 
the initial and final electrons, respectively. Now an € is 
expected to be largest when its corresponding k ap- 
proaches the boundary of a Brillouin zone. In the 


7 This lack of definiteness of the electron momentum vectors 
is related to the extinction effect known in connection with the 
diffraction of x rays by crystals. The writer is indebted to F. Bloch 
for discussion of the extinction effect. 
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experiments*® the direction of ko is accurately oriented 
along or very close to a crystal axis. However, the elec- 
tron beam would have to have its energy defined within 
a few thousand electron volts, and its direction defined 
within about 10~* radian, in order that its ko not cross 
a zone boundary. Thus we can expect that in practice 
the second parenthesis in (6) will have a range of 
values. If this range is comparable with the reciprocal 
lattice spacing, it is apparent that the accompanying 
shift in the pancake-shaped region will tend to wash 
out the interference effect. If the range is comparable 
with (5), which is much smaller than the reciprocal 
lattice spacing in the situations of interest, the smeared- 
out pancake-shaped region will contain the reciprocal 
lattice points that lie in the plane through the origin 
perpendicular to ky even when ko is along a crystal 
axis; this will have the effect of washing out the 
minimum predicted by Uberal! when the angle between 
ko and a crystal axis is precisely zero, but will still 
leave an interference maximum for small values of this 
angle. Finally, if the range is much smaller than (5), 
the Born approximation will be valid. 

We therefore proceed to estimate the quantity ¢ that 
appears in (4). The second-order Dirac equation may 
be written 


(E—V)*y= (—V°+u?)W+i(@- gradV)y. (7) 


We wish to keep the terms of order EV, but not of 
order V?, on the left side. The last (spin) term on the 
right side is of order gradV, and hence small in com- 
parison with EV for the high-energy case of interest 
here. We thus approximate (7) by 


(2—2EV)y= (—V?+ ny, (8) 


and ignore the spinor character of y. For a particular 
state i of energy E;, ¥; may be expanded in terms of 
plane waves with momenta k, that differ from each 
other by a reciprocal lattice vector: 


¥i= Xj Ay exp(tky-r). (9) 


What we wish to do is diagonalize the energy for a 
group of m plane-wave states that are connected to each 
other by matrix elements of V and whose unperturbed 
energies differ by amounts that are less than or of 
order V. These plane waves may be thought of as 
having k vectors that cluster about the nominal 
vector ko for the group (which we have already seen is 
not defined within a reciprocal lattice vector), and 
whose displacements from kp are a small number of 
reciprocal lattice unit vectors. We associate an un- 
perturbed £° with each vector k;, and Ep» with ko, in 
accordance with the energy-momentum relation for a 
free electron. 

Substitution of (9) into (8) yields, to an approxi- 
mation that is consistent with the neglect of the V? 
term in (7), the following set of equations for the 
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energy eigenvalues of (8): 


(Ei— Eo) A (EP— Ep) Ayt+d 


> 14V 1; (10) 


where 7, j,/ run from 1 to ; each term in these equations 
is of order V, and 


Q f V0 explitk. be r |d’r, 


where 22 is the volume of the entire crystal. It follows 
from (10) that (/ 
the matrix (£,°—/ 


(11) 


Ko—Vo) are the eigenvalues of 
V o)d,;+V.;, where 


Q f V (r)d*r. 


Thus by taking traces of the matrix and its square we 
find that 


If we start from a set of unperturbed states that 
have nearly the same energy, the right side of (12) will 
be very small, and the average of the perturbed energies 
FE; will be very close to Eo+Vo. The first term on the 
right side of (13) will also be very small in this case, 
and the mean square deviation of F; from its average 
will be very close to 

> >» | Vis|*=> | Vi; |?. (14) 


The righ 14) is obtained from the left side by 
noting that the 7-summation results approximately in 
The shift Vo in the average £; is not signi- 
ficant, since it appears in both the initial and the final 
electron states, and hence drops out of (6). Thus (14) 
provides a simple estimate for the square of one of the 
e’s that appear in (6). 


a fac tor n 


Che lattice potential V(r) may be written 


V(r)=) t2(r—L), 

where v(r) is the atomic potential and L is the vector 
position of any atom (for a composite lattice, L includes 
the atoms within the unit cell as well as the primitive 
space lattice vectors). Thus, with g=k,—k,;, which is 
a reciprocal lattice vector, (11) becomes: 


> exp iL) f on exp(1g-r)d*r. (15) 
L 


For a diamond lattice (the experiments were performed 
with silicon and germanium) the summation over L 
may be expressed as the resultant of a summation over 
the eight atoms in a fundamental cube of edge length 
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a, and a summation over 
which is simple cubic 


the primitive space lattice 
In this case, the g¢’s form a 
simple cubic lattice with length 2x/a. If there 
are N atoms in the crystal, the second part of the 
L-sum is equal to V/8, while the first part yields the 
structure factor S(¢). Since .V/8Q 
written: 


edge 


1/a*, (15) may be 


V ;=S(g)a fo exptig-ner 


S(g) vanishes except when g 
lies on either of two parallel lattices: (1) a face-centered 
cubic ength 8x/a with a lattice point 
at the origin, for which S(g)=8; (2) a simple cubic 
dor / aa | 


(16) 


It is easily verified that 
lattice of edge 
lattice of edge length cated such that the origin 
, for which S(g)=4(1+12) 
this may also be described 
as a sodium chloride lattice length 82/a). A 
form for ‘v(r) is —(Ze*/r) 
r/b), with b=h?/me®Z'; in the case of silicon 


is at the center of a lattice cube 


at alternate lattice points 
of edge 
convenient f 
Xexp( 
this is 
without computed by 
important region of small r and 


integral in (16) 


foo exp ig r)d’s 


In computing the right side of 


approximate 


quite close to the potential! (self-consistent 


exchange Mullaney® for the 
large Then. the 


1 
pecomes 


tr Ze*b?/(i+g76*). (17) 


14) we are only 
interested in including those states whose unperturbed 
energies differ by amounts that are than or of 
order V and (17) we find that V 
than or of order 5 ev for silicon and germanium. Now 
if g is parallel to k 
is of the 
electron volts; on the 


less 
From (16) is less 

the unperturbed energy difference 
order of g, which is at least several thousand 
her hand if g is perpendicular 
to ky the unperturbed energy difference is roughly 
g 2ko, w hundredths of an electron 
volt. Thus we include in the j-summation of (14) only 
the g's that lie in a plane pt rpendi ular to k 
order-of-magnitude estim: 


which is of order a fe 
For an 
ite W ré piace ne sum by an 
integral over the plane: 


[ 29a (4rZe*b*)*/a' gdg/(1+-g*b")? 


LIV 


l6m’aZ*e'b?/a®. (18 


Here a is defined so that gadg is tl 
S(¢ ar ring of radius g and width dg; 
the infinite upper limit can be used since the integral 


1e average sum of 
over the annul 
converges. The value of o evidently depends on the 
direction of ky with respect to the crystal axes; for ko 

for ko along the 110 
along the [111] axis 


? 


L\G@/ 


and for k 


along the [100] axis ¢ 
axis o=8! 
a 4/3 

In the 


Panofsky-Saxena experiment, silicon was used 


‘J. F. Mu hys. Rev 326 (1944 
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and the electron beam was along the [100] axis.‘ Then 
Z=14, a=5.43XK10~* cm and b=2.20K10~ cm, so 
that the square root of (18) is about 13 ev. For com- 
parison, the quantity (5), with ko=600 Mev and 
k,=235 Mev, is about 140 ev. Thus we cannot account 
for the absence of interference in this experiment in 
terms of a failure of the Born approximation. 

In the Frisch-Olson experiment germanium was 
used and the electron beam was along the [110] axis.° 
Then Z=32, a=5.66X10~* and b=1.67X10~ cm, so 
that the square root of (18) is about 29 ev. For com- 
parison the quantity (5), with ko=1 Bev and k,=100 
Mev, is about 15 ev; the distance between adjacent 
reciprocal lattice planes is 8'r/a=3100 ev. Thus the 
inadequacy of the Born approximation in this case is 
expected to remove the central minimum, as is observed, 
but not to wash out the interference maximum. 


III. TEMPERATURE EFFECTS ASSUMING 
THE CLOSURE APPROXIMATION 


The basic process under consideration is the transition 
from a state in which the electron has momentum ko 
and the crystal lattice has a set of phonon occupation 
numbers m; to a state in which the electron has momen- 
tum ky, the photon has momentum k, and the lattice 
has phonon occupation numbers n,;. We assume in this 
section that the values of the ; are not observationally 
significant, so that all possible sets can be summed 
over. We call this the closure approximation, and 
inquire into its validity in the next section. 

The basic matrix element may be written 


-|>L expiq: (L+uz) | m1,mz,:--) 
 M (ko,ky,k,), (19) 


(71 1,%2,°* 


where q is given by (3), ur is the displacement of the 
atom at the lattice site L from its equilibrium position, 
and M is the radiative matrix element for a single 
atom. The closure approximation consists in neglecting 
the dependence of M on the energy change of the 
lattice, and summing the squared matrix element over 
the mn; for fixed q. We therefore have to calculate the 
expectation value of 


> 1 expiq: (L+u,) |? 


for the m; that correspond to the temperature 7. 
Physically this approximation is equivalent to the 
assumption that the bremsstrahlung can be calculated 
from atoms at fixed positions (L+u,), and the resulting 
intensity then averaged over the temperature distribu- 
tion of the ur. 

For a large crystal containing V atoms the expectation 
value of (20) may be written 


(20) 


Dt Sw’ expiq: (L—L’)(expiq- (ut—ur-))r 
= N ar fr(D) expiq: I, 


where 1=L—L’ and the dependence of 


f1 { 1) == (expig: (aL— uy’) a 


BREMSSTRAHI 


UNG IN CRYSTALS 1397 
on L and L’ separately (surface effect) is neglected. 
The computation of (22) proceeds by expanding uy, in 
terms of quantized waves (phonons) of propagation 
vector k. In actuality, there are V/8 such independent 
vectors that fill uniformly a cell of volume (2x/a)* in 
reciprocal lattice space, and for each k there are 24 
independent modes that arise from the three coordinates 
of the eight atoms in the fundamental cube of edge 
length a.° However, we shall only require rather 
general properties of fr that are independent of the 
crystal structure. It is, then, sufficient for our computa- 
tion to use a simple cubic lattice instead of a diamond 
lattice, and this results in a considerable simplification. 
The space lattice constant is then @/2, and there are 
N independent phonon propagation vectors k that fill 
uniformly a cell of volume (49/a)* in reciprocal lattice 
space. The lattice frequency spectrum w(k) determines 
the phonon occupation numbers for the particular 
value of 7. 

Several! calculations related to the evaluation of (22) 
appear in the literature, in connection with ferro- 
magnetism,'® the diffuse spots in x-ray diffraction," 
and slow neutron capture’ and scattering.'® We there- 
fore omit the details here, and simply quote the result: 


fr()=exp-—> ee 2M Nw(k) }(1—cosk-1) 


x | 


2 
xj}1+ | (23) 
expLw(k)/xT]—1 


Here «x is Boltzmann’s constant and M is the atomic 
mass. 

In the remainder of this section we use the simple 
Debye form 


w(k)=vk (24) 


for the vibrational spectrum of the lattice, where v is 
the velocity of sound in the crystal, and approximate 
the summation in (23) by an integration, N (a/41r)* f'd*k, 
over a sphere of radius 


Rn = We,/0= (44/0) (3/4)! = xO/2, (25) 
where © is the Debye temperature. The summation in 
(23) then becomes 


sin? (Rpt /2) 
—Infr(1) = Ag’ }1- 


(Rml/ 2)? 


al | sindy ydy 
LU Ce 
0 Ay expy—1 


*See for example R. E. Peierls, Quantum Theory of Solids 
Oxford University Press, New York, 1955 ), Chap. I. 

 F. Bloch, Z. Physik 74, 295 (1932). 

" H. Ott, Ann. Physik 23, 169 (1935) 

"M. Born and K. Sarginson, Proc. Roy. Soc. (London) A179, 
69 (1942). 

4H. A. Jahn, Proc. Roy. Soc. (London) A179, 320 (1942) 

“ W. E. Lamb, Jr., Phys. Rev. 55, 190 (1939). 

‘6’ A.C. Zemach and R. J. Giauber, Phys. Rev. 101, 118 (1956). 


j+acrey 
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where Ap=3/4MxO and \=,,/7/@. The corresponding 
expression obtained by Uberall? is contained in his 
Eqs. (35) and (36), and differs from our Eq. (26) 
because of approximations made by him. Now the fr(I) 
given by (26) is equal to unity for l=0, and approaches 
exp(— Aq’) as | becomes very large, where 


e/T 
ydy 
A=Ay i+4(r/0) f - 


0 expy—1 


Uberall approximates further by using this asymptotic 
value of fr(I) for all 1 different from zero. Since fr(I) 
actually lies between unity and its asymptotic value 
for moderate values of I, it is apparent that Uberall’s 
calculation underestimates the correlation between the 
motions (zero-point and thermal) of near neighbor 
atoms in the crystal, and hence underestimates the 
interference effect in bremsstrahlung. 

The additional correlation may be estimated in the 
following way. While fr(l) only has physical meaning 
when | is a space lattice vector, Eq. (23) or (26) defines 
it as-a continuous function of 1. The right side of (21) 
can therefore be rewritten: 


N® fr() exp(iq- I) 


i 


vf er fr) exp(iq-I’)>> 6(1-l’) 
1 


vf av fr I’) exp(iq-I’)>" (27) foe expik- (I—I’) 
1 


V [ow >. exp(ik-Dor(q—k), 
. ! 


where 


or(k) = (27) fet fol exp(ik-1) 


is the Fourier transform of fr(l). In evaluating the 
l-summation it is necessary to use the true crystal 
structure, since it is at this point that the dependence 
of the pancake-shaped region on its orientation with 
respect to the reciprocal lattice arises. It is sufficient 
to evaluate it for an infinitely large crystal, remembering 
that l=L—L/’ is itself a space lattice vector: 


> 1 exp(ik- 1) = (27/a)* ¥« S(g)5(k—g), 
where S(g) is the structure factor defined below Eq. 
(16). Thus the right side of (21) becomes: 


N Yi fr(h) exp(iq- I) 


Now if fr(l) were equal to unity for all 1 (complete 
correlation, so that the uy all equal each other), @r(k) 
would be equal to 6(k), and the interference would be 
that corresponding to a perfect crystal with no zero- 
point or thermal motion of the atoms. If fr(l) were to 


N (2x/a)® 3g S()b7(q— g). (28) 
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approach zero for large 1, ¢r(k) would have a finite 
maximum at k=0, and fall off to zero for large k. 
Actually, as we have seen, fr(l) approaches exp(— Ag’) 
for large 1; thus @r(k) can be written 


Q1 k) 6 k exp . lg \+,’ k), 


(29) 


where $7’ (k) has a finite maximum at k=O and falls 
off to zero for large k. 

As pointed out near the beginning of Sec. II, inter- 
ference varying 
numbers of reciprocal lattice points within the pancake- 


arises because of the inclusion of 
shaped region as the direction of the primary electron 
is varied. Uberall’s approximations are equivalent to 
the assumption that @7’(k) in (29) is nearly constant 
over a reciprocal lattice spacing. Since it is actually 
peaked at k=0, a portion of it should be included with 
the 5-function in computing the change in intensity as 
the primary electron direction is varied. While it is 
difficult to make a quantitative computation of the 
magnitude of this effect, it is readily seen that it is 
quite small. It can only be significant when the damping 
factor exp(— Ag’) is appreciably smaller than unity, 
since only then can it matter if part of the continuum 
associated with 7’ (k) is included with the 6-function. 
However, the bremsstrahlung cross section falls off 
with increasing g because of the atomic form factor, 
and g values much greater than the reciprocal of the 
screening radius'® (111/uZ') do not contribute in an 
important way. For this value of g the damping factor 
is equal to exp— A (uZ#/111 
temperature (Z=14, A=280/y”). A rough numerical 
that the theoretically expected 
interference effect found by Uberall should be increased 
by only a few percent. This is too small to be significant 
in connection with the present experiments. 


0.87 for silicon at room 


estimate indicates 


IV. VALIDITY OF THE CLOSURE APPROXIMATION 
The closure approximation is expected to be valid if 

the energy 

(30) 


e=)>: (n;—m,)u, 


transferred to the crystal in the basic process described 
by the matrix element (19) is too small to be observa- 
tionally significant. Since this € appears in the same 
way as the quantity (€9>—e,) in (6), it must be at least 
of order 10 ev before it can be of importance for the 
present experiments. To find the distribution with 
respect to « we multiply the squared matrix element 
(19) by 


dl e— >> (n:—m,)w 
| 


xpile— > (ny—m,)w, |t 


before summing over the ;.'"* The summation over the 
n;, and the calculation of the expectation value of the 


16. I. Schiff, Phys. Rev 
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result for the m, that correspond to the temperature 7, 
can then be carried through by making use of an 
elegant formalism developed by Zemach and Glauber.'* 
This formalism replaces the factor exp(—i }°; nw,) 
by exp(—iH/) operating on the final state, and 
exp(i >>; mw) by exp(iHi) operating on the initial 
state, where H is the Hamiltonian for the lattice 
vibrations. The amplitudes of the lattice normal modes 
can then be replaced by dependent amplitudes. 

The result of the calculation is that the quantity 
fy(1) defined by (22) is replaced by 


x 


fr(el) = (29) f dt exp(iel) 


x 


Xexp— > [¢?/2M Nw(k) }- | [1—cosw(k)t cosk- 1) 
x 


| 


] sins (he cosh ie es 


? 
| 1+ ‘ 
exp[w(k)/x7]—1 


It is apparent that (-..” fr(e,l)de is equal to fr(I) given 
in (23), as of course it must be. 

Equation (31) has a quite complicated structure, 
even when the Debye approximation for w(k) is made. 
Its general dependence on ¢€ can, however, be inferred 
by inspection. Thus if all w(k) were zero, fr(¢,l) would 
be proportional to 6(¢e). The actual range of w(k) 
determines the scale of the dependence of the second 
exponential on /, through the factors cosw(k)t and 
sinw(k)t. The smallest scale of the dependence is of 
order 1/wmax, So that the largest range of the e& 
dependence of fr(e,l) is of order wmax. From (25), 
WmaxkO, which for silicon and germanium is somewhat 
less than 0.1 ev. Thus the spread of the e-dependence 
of fr(e,l) about e=0 is so small that it can be ignored, 


and the closure approximation is excellent in this: 


situation. 

It might seem at first that the k-summation in (31) 
would increase the effective value of w(k) to a much 
larger value, perhaps even as large as Vw(k). However, 
the k-summation over 3 lattice modes is balanced by 
the factor V in the denominator, so that it is actually 
the individual mode frequencies that are significant. 
A more physical way of seeing this is to note that the 
effective mass of a lattice mode oscillator is not of the 
order of the atomic mass M, but rather of the order of 
the entire crystal mass VM.“ This means that the 
transition probability for emission or absorption of n 
phonons is proportional to N~". Thus the important 
transitions for large N are those in which n different 
modes each emit or absorb a single phonon, not those 
in which any one mode emits or absorbs more than one 
phonon. The number of combinations of modes is 
(3N)!/n!(3N—n)!, from which it follows that the 
expectation value of the energy transfer must be of 
order w(k), as was inferred from inspection of (31). 
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V. LATTICE VIBRATION SPECTRUM 

It is generally recognized that the vibrational spectra 
of silicon and germanium differ significantly from the 
simple Debye form?!” *! The spectrum may be ex- 
pressed in terms of the number of lattice modes n(w)dw 
that have angular frequencies between w and w+dw. 
A knowledge of n(w), together with the assumption 
of isotropy, makes it possible to reduce (23) to a form 
analogous to that given in (26) for the Debye spectrum. 

Integration over the polar angles of k in (23) leads to 


' km sinkl 
—Infr(l) = (qa*/32x°M) f (: — ~) 
0 kl 
) 


x| 14 " | eye, (32) 
exp(w/xT)—1 


where k,,= (49/a)(3/4r)'. If we assume there is a 
single-valued relation between w and &, this relation 
can be determined from the condition 

n(w)dw = 4rk*dk, (33) 


which may be integrated to give 


aw 
f n(w" )dus’ = 4r f 
0 0 


We make use of (33) to change the variable of integra- 
tion in (32) from k to w: 


mm sinkl 
— Infr (1) = (q’a* 128eM) f (1 i ) 
0 kl 


2 


k 


kdk’ =4k*/3. (34) 


x} 14 
exp(w ‘xT)—1 


Jot, (35) 


where & is given in terms of w by (34). The normalization 
of n(w) can also be found from (34): 


f n(w)dw = 4ark_,?/3= (4a/a)*. (36) 


0 


In order to estimate the effect of replacing the Debye 
form for n(w) by a more realistic spectrum, we compute 
the asymptotic value of (35) when 1— ». This means 
that the quantity A in (27) is to be replaced by 


am ) 
f [ + Joteda 
0 exp(w/xT)—1 


B _ 


am 
2M f n(w)dw 
0 


H. Cole and E. Kineke, Phys. Rev. Letters 1, 360 (1958). 

8 J. C. Phillips, Phys. Rev. 113, 147 (1959). 

1% Flubacher, Leadbetter, and Morrison, Phil. Mag. 4, 273 
(1959); the writer is indebted to J. C. Phillips for calling his 
attention to this paper and its relevance for the numerical com- 
putations of Sec. V. 

” B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959). 

"™ Palevsky, Hughes, Kley, and Tunkelo, Phys. Rev. Letters 
2, 258 (1959). 
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which reduces to A when n(w)=Cw”*. It is apparent that 
a redistribution of the normal mode frequencies that 
favors small w will make B larger than A, and hence 
make fr(l) =exp(— Bg’) smaller than Uberall’s asymp- 
totic value for the same quantity. There are two 
physical reasons why low-frequency modes are especially 
effective in reducing interference. (a) The squared 
amplitude of the displacement of a quantum oscillator 
of given mass is inversely proportional to the frequency. 
Thus the low-frequency modes give rise to relatively 
large displacements of the atoms, and hence to the 
factor 1/w in the integrand of the numerator of B. 
(b) The excitation energies of the low-frequency modes 
are relatively small in comparison with x7, and hence 
are favored in the 7-dependent part of this integrand. 

The numerical values of B for silicon and germanium 
at room temperature are easily obtained from the 
moments of the frequency spectrum given by Flubacher, 
Leadbetter and Morrison." moments are ex- 
pressed in the form: 


These 


n 


Ml, (3.V)"! f v"G(v)dy, 
» 


n(w)dw, and fo” G(v)dv=3A\ 
is the total number of lattice modes in the crystal; 
there is, of course, no reason why the finite upper 


where v=w/2m, G(v)dv 


limits in the integrals of (37) cannot be replaced by 


infinity, as in (38), if m(w) and G(v) are modified ac- 


cordingly. For temperatures that are not too smali the 


following expansion is useful: 


(expx— 1) Aytayx? 
i 


a x'+ a,x 
where 
12, 1/a2= 720, 1/a,;=30 240, 1/a,=1 209 600. 


The corresponding series for B is: 


(24M) [ x] 


+ a3(h/KT)®ps— 


ot ay(h/xT)—ae(h/xT Rue 
as(h/xT)"pet+--- J; 


h) 
(39) 


note that 4, not #, appears here since the moments are 
defined in terms of v rather than w. For room temper- 
300°K), 
decrease very rapidly, and numerical substitution gives 
B= 400/42 
the units of B are those defined near the beginning of 
Sec. I ; h= l 

In order to see the efiect of the departure from the 


ature (7 successive terms of the series (39) 


for silicon and B=465/,? for germanium; 
, and uy is the electron mass. 
Debye spectrum, we may calculate A from (27), using 
Phillips’ values for © at For 
silicon ©=645°K, so that A 
@=354°K. so that A 
hancement of the low 


room temperature.’* 

280/u?; for germanium 
330/u*. As expected, the en- 
frequencies makes B much 


larger than A in both cases 


SCHIFI 


VI. SUMMARY AND DISCUSSION 


We have considered severa 
made by Uberall’ in relation to t} 


of the approximations 
e two experiments that 
have been performed thus far In Sec. II it 
shown that 


was 
the use of the Born approximation tends 
effect. A more correct 
effect on the Panofsky- 
can account for the 


to overestimate the interference 


treatment has no significant 
Saxena (PS) experiment, while 
failure to observe the predicted central minimum in the 
(FQ) 


more 


Frisch-Olson experiment. In Sec. III it was 


shown that a 
effects enhance the expected interference. 
With the assumption of the Debye spectrum and the 
validity of the closure approximation, this enhancement 


correct treatment of temperature 


tends to 


is too small to affect the « omparison between the theory 
and either experiment. In Sec. IV it 
the closure approximation is an exceedingly good one. 
In Sec. V it 
Debye spectrum are expected to change the damping 
factor from exp(— Aq’) 
larger than A. 


was shown that 


was shown that the departures from the 


) 


to exp(— Bg’), where B is much 
In order to evaluate this last 
at the end of Sec. III, and 
change in the damping factor when q is set equal to the 
Now PS analyzed their 
by suitably scaling Uberall’s calculated 
0°K and a primary electron 


difference 


change we proceed as 


find the corresponding 


reciprocal screening radius 
experiment 
curves for copper at 7 
energy of 1 Bev for the in primary energy 
and lattice constant. Thus we must not use A = 280/p? 
but rather A 121 iT 
and replace this by 


for silicon at room temperature, 
for copper at zero 
B=400/y?. This changes the damping factor from 
exp[ —121(Z!/111)?]=0.95 to exp[—400(Z!/111)?] 

0.83. A slightly better estimate indicates that the 
expected interference should be reduced by 15 to 20%. 


temperature, 


It follows that even though the Debye spectrum is a 
i the correct spectrum 

between the PS 
have much effect 


rather poor approximation, use of 
resolve the 


experiment and the theory, 


does not discrepancy 


nor Will it 
in the case of the FO experiment 


A few other effects may be considered briefly. It 


} 


might be possible that imperfections in their silicon 


crystal could account for the failure of PS to observe 


interference. They quote an angular width for an x-ray 


rocking curve run on this crystal which can be roughly 


translated into a finite smearing-out size of each 


This size turns out to be of 


the 


reciprocal lattice ‘point 


the order of a few ev; it is much smaller than 


thickness of the pancake-shaped region, and hence is 


unable to account for the negative result. PS also state 


that multiple scattering of t 


© primary elec trons in the 


target, which they measured directly, is too small to 


have an effect. Another possibility is that excitation 
electrons occurs 
the 


for interference. 


or ionization of silicon atom 


frequently enough to destroy the coherence of 


primary electrons which is essent 





INTERFERENCE EFFECTS IN 


The energy loss per unit length is 
(2eN oZe*/u) In(ko? /2P°Z*y), 


where Vy is the number of atoms per unit volume, 
IZ is the average energy loss per collision, and /=11 
to 14 ev.” If we divide this by Vo/Z we obtain an 
average inelastic collision cross section. The result is 
actually an overestimate, since polarization of the solid 
silicon reduces the logarithm in the stopping power 
formula by reducing the small-energy-loss, large-impact- 
parameter collisions; by the same token it increases 
the average energy loss per collision above the free-atom 
value JZ. The section obtained in this way 
corresponds to a free path for inelastic collisions of 
about 850 atom distances in silicon, and this number, 
as just remarked, must be an underestimate. A co- 
herence distance of the order of this free path has 
roughly the same effect as a lack of perfection of the 
crystal over a comparable distance, and this smears 
out the reciprocal lattice “points” to a size of about 
1/850 times their distance apart, or about 10 ev. 
Since we have overestimated this size, the effect is 
unimportant. 

We are forced to conclude, then, that no theoretical 
explanation has yet been devised for the absence of 
interference in the PS experiment. This makes it 
especially interesting to make a comparison between 
the two experiments that have been performed. As 
compared to the PS experiment, FO (1) used germanium 
instead of silicon, (2) directed the primary electron 
beam along the [110] axis of the crystal instead of the 
[100] axis, (3) used ko=1 Bev and k,~100 Mev 
instead of ky=600 Mev and k,=235 Mev, and (4) 
collimated the observed radiation to a cone of half- 
angle about one milliradian. From the present point of 
view, silicon and germanium differ with respect to 
their lattice constants and their values for the parameter 
B. However, both of these differences are small enough 
so that point (1) above cannot be expected to account 


cToss 


for the striking difference in the results of the two 


experiments. The difference in choice of crystal axis 


® See for example W. Heitler, Quantum Theory of Radiation 
(Oxford University Press, New York, 1954), third edition, p. 370 


*Y.H. Ichikawa and M. Yamamoto (to be published) have 
suggested that the small-¢ processes are inhibited by a screening 
that arises from the phonon field. However, phonon effects were 
calculated essentially correctly by Uberall assuming the closure 
approximation (Sec. III), and the closure approximation was 
found to be excellent (Sec. IV). Thus we cannot accept a phonon 
screening effect as an explanation of the PS experiment 
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means that the effective density of reciprocal lattice 
points in the perpendicular plane is different in the 
two cases. When account is taken of the structure factor 
S(¢), these effective densities turn out to be in the 
ratio 1:2!: (4/3)'=1:1.414:1.155 for the [100], [110], 
and [111] directions. Thus point (2) leads to a 41% 
greater interference effect in the FO than in the PS 
experiment. Point (3) is certainly the most important 
difference between the two experiments. As mentioned 
at the end of Sec. II, the FO experiment has a minimum 
q value of 15 ev, as compared with 140 ev for PS. In 
accordance with Uberall’s numerical results, the curve 
of radiation intensity as a function of angle between 
primary electron and crystal axis is compressed to 
smaller angles and has a larger maximum value when 
Qmin iS decreased. Finally, point (4) seems to be quite 
unimportant. The characteristic radiation angle is of 
order »/ko=4 milliradian and almost independent of 
k,,'® so that any larger angle must arise from multiple 
scattering of the primary electrons in the target™* or 
from their lack of parallelism before they strike the 
target. 

The fact that the FO experiment gives less inter- 
ference than expected might be caused by divergence 
or multiple scattering of the primary electrons, which 
were not measured by them, or by the same unknown 
factor that leads to the negative result of the PS 
experiment. Indeed, it can be said, considering points 
(2) and (3) above, that the two experiments are 
consistent with each other if divergence and multiple 
scattering are unimportant for FO. We conclude by 
remarking that the interference effect can be enhanced 
by making gmin=°k,/2koky as small as possible and, 
in the case of a diamond-type crystal, using the [110] 
direction for the primary electrons. On the other hand, 
since the interference is insensitive to the value of B, 
little advantage is to be expected from cooling the 
crystal. It also seems likely that the central minimum 
in the interference pattern will be difficult to establish 
experimentally, since for the most favorable case of 
small gmin, partial failure of the Born approximation 
tends to fill it in. 
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Determination of ( z,K) Relative Parity* 


W. M. Franx,f I. Gotpperc,{ anp R. M. Rockmore 
Brookhaven National Laboratory, U pton, New York 
(Received September 29, 1959) 


Different relative parity assignments are shown to lead to distinguishable angular distributions in the 
K*+K*+R° annihilation mode of unpolarized (Z-,p) systems. An impact parameter argument is used to 
limit consideration to the two cases A, /=0, 1 and A, /=0, 1, 2, where \ denotes the relative angular momen- 
tum of the 2K* system and I, that of the K® with respect to the center of mass of the 2K+ system 


HE question of the relative parities of the strange 
particles' has led recently to a number of inter- 
esting theoretical proposals regarding their determina- 
tion.*’ In particular, much attention has been given to 
the problem of the determination of the parities of 
specific (Hyperon, K) systems relative to the nucleon.*-” 
We wish to indicate here some considerations relating 
the observation of the 3K annihilation mode of 3-+ p 
to a possible determination of the relative (2,K) parity. 
Specifically, different relative parity assignments lead to 
distinguishable angular distributions in the products of 
the annihilation in flight of unpolarized (2~,p) systems. 
We consider the annihilation mode 


S-+p— K++ K++R°. (1) 


(Like considerations would hold for T++p— K°®+ K® 
+K°; this would presumably be more difficult to ob- 
serve.) Let LZ, \ denote the relative angular momenta" 
of the (2-,p) and 2K* systems, respectively, and / the 
relative angular momentum of K° with respect to the 
center of mass of the 2K* system. From the indis- 
tinguishability of the 2K*’s which obey Bose statistics, 
\ is even. Conservation of parity in strong interactions 
implies 

1)’"!ws= (—1) wx, (2) 
where wz, wx are the parities of = and K, respectively, 
relative to the nucleon.” Then 


r=wrwK= (—1)4!, (3) 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Present address: Naval Ordnance Laboratory, Silver Spring, 
Maryland. 

t Present address: Physics Department, University of Michi- 
gan, Ann Arbor, Michigan 

A. Pais, Proceedings of the Seventh Annual Rochester Conference 
on High-Energy Nuclear Physics, 1957 (Interscience Publishers, 
Inc., New York, 1957), Sec. [X, p. 36. 

2? P. T. Matthews, Nuovo cimento 6, 642 (1957). 

* A. Pais and S. B. Treiman, Phys. Rev. 109, 1759 (1958). 

‘A. Bohr, Nuclear Phys. 10, 486 (1959). 

*R. Adair, Phys. Rev. 111, 632 (1958). 

*D. Amati and B. Vitale, Nuovo cimento 9, 340 (1958). 

7 J. G. Taylor, Nuclear Phys. 9, 357 (1959). 

8 E. M. Henley, Phys. Rev. 106, 1083 (1957). 

® G. Feldman and P. T. Matthews, Phys. Rev. 109, 546 (1958). 

1S, Barshay, Phys. Rev. Letters 1, 177 (1958). 

" We use natural units, #=c=1. 

2 In particular wx is the relative parity of the K°. This distinc- 
tion is necessary only if (K~,R®) do not form an isotopic doublet . 
In this connection see reference 7. 
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where r is the relative parity of the K with respect to 
the =. 

Further, conservation of total angular momentum 
implies 


L+S=a+1, (4) 


where § is the total spin of the (2-,p) system and may 
take the values 0 and 1. 

For sufficiently low relative energies of the (3-,p) 
system (i.e., energies [30 Mev) one may safely restrict 
oneself to L=0, 1 only. An impact parameter estimate 
of the angular momenta involved in the final state indi- 
cates that only the values A, /=0, 1 are to be expected. 
(The product of the maximum momentum of a final 
particle and the K-meson radius ~}h.) X} must be 0 
since it is even. Let p, k denote unit vectors in the 
directions of the relative momenta of the (= Pp) and 
2K* systems, respectively, and q the unit vector in the 
direction of the momentum of the K° relative to the 
center of mass of the 2K* system. In Table I the pos- 
sible forms of the amplitudes and angular distributions 
are tabulated. 

The presence of a term « (p-q)? in the angular distri- 
bution would establish r= —1; no conclusion could be 
drawn in its absence. Note that the direction of k is 
uncorrelated. 

Should experiment show a correlation between k and 
the directions p, q, this would indicate that A=2, /=2 
waves are present in the final state, requiring suitable 
extension of the above analysis. Proceeding as before 
one finds fifteen possible terms in the angular distribu- 
tion for r=1 and twelve possible terms for r= —1. The 
twelve types of angular correlation common to the 


TaBLe I. The possible forms of the amplitudes and angular 


distributions for r +1 


rransitior 
amplitt 


Angular Transition 
momenta amplitude 


L=0,/=1 q°S l= 1 
L=1,l=0 ps .=1, pq, S-pXq 
Angular distribution for uny 
r= 
a+bp-q 
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distributions for r=1 and r= —1 are: 


1, p-q, (k-q)’, (K-p)*, (p-q)’, q-kk-p, (k-pXq)’, 
(p-q)(k-q)*, (p-q) (k-q)(k-p), : 
(p-k)*(k-q)*, (k-q)*, (p-k)(k-q)®. (5) 


The three terms present for r=1 and absent for r= —1 
are of the form 


(p-q)*(k-q)’, (k-pXq)*(k-q)*, (p-q)(p-k)(k-q)*. (6) 


These terms would all arise from the L=1, /=2, \=2 
contingency for r=1. For r= —1, L=1 implies /=1 so 
that terms in which p occurs twice and q four times 
cannot appear in the angular distribution. 
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It is possible to discern the presence of these terms in 
the observed angular correlation via the following 
analysis. On averaging the angular distribution weighted 
with [3(p-k)*— 1] over the directions of p, the resulting 
angular correlation between q and k has the form 


a+8(q-k)*+7(q-k)‘. (7) 


Absence of the terms (6) implies y=0. Deviation from 
a straight line plot in (q-k)* would serve to indicate a 
nonvanishing y and further imply r=1. We wish to 
thank members of the Physics Department for their 
interest and helpful discussions, and in particular, Dr. 
M. Goldhaber, Dr. G. C. Wick, and Dr. C. N. Yang for 
their valued criticism. 
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Katsumi TANAKA 
Argonne National Laboratory, Lemont, Illinois 


(Received September 18, 1959) 


A formalism is proposed which can give a smailer mass for the charged than for the neutral K meson, but 
a larger mass for the charged than for the neutral x meson. The theoretical prediction agrees with the experi- 
mental mass difference M (K°)—M(K*) ~9.4 electron masses if the rms radius of the charge distribution of 


the K meson is equal to 0.48X10~" cm. 


I. INTRODUCTION 


CCORDING to the principle of charge independ- 

ence, the charged meson (meaning + meson) and 
the neutral meson should have the same mass before 
the electromagnetic interaction is switched on. The 
present explanation of the mass difference M (*) 
—M(r°) is therefore based on the electromagnetic 
self-mass of the r*, the electromagnetic self-mass of 
the x° being zero. 

In the lowest-order perturbation theory, two Feyn- 
man diagrams give rise to the electromagnetic self-mass 
of the meson.’ The first diagram is the familiar one 
corresponding to the virtual emission and reabsorption 
of a photon. In the second bubble diagram, the virtual 
photon is emitted and absorbed by the meson at the 
same point. The second diagram owes its existence to 
the requirements of gauge invariance of the interaction 
of mesons with the electromagnetic field. 

Since both of these contributions are divergent, the 
integrals have been evaluated with an invariant cutoff 
function. Then the charged meson is found to be 
heavier than the neutral meson in agreement with 
experiments for the # mesons.’ It has been found 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 R. P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954); 
A. Petermann, Helv. Phys. Acta 27, 441 (1954). Hereafter these 
papers will be referred to as FSP. 


recently, however, that the neutral K meson is heavier 
than the charged K meson.? This poses a serious 
challenge to an explanation of the meson mass differ- 
ences on electromagnetic grounds. 

There is, however, an important distinction between 
the two contributions. In the first case, the nucleon- 
antinucleon pairs surrounding the meson can provide 
a natural cutoff; thus, as in the case of the electro- 
magnetic self-mass of the nucleons, the use of the 
invariant cutoff functions that depend on a four-vector 
has a questionable meson-theoretical basis. In the 
second case, since we disregard terms above the second 
order in the electromagnetic coupling constant ¢, the 
meson-nucleon interaction does not modify the inter- 
action that occurs at one point and hence does not 
provide a natural cutoff. Hence we employ as usual an 
invariant cutoff function as a formal device to make a 
divergent integral finite in the second case. 

In a previous article? the Wick-Sorensen‘ (WS) 
method was used to obtain the electromagnetic self- 
mass of a physical nucleon. This paper presents an 


* Rosenfeld, Solmitz, and Tripp, Phys. Rev. Letters 2, 110 
(1959); Crawford, Cresti, Good, Stevenson, and Ticho, Phys. 
Rev. Letters 2, 112 (1959). 

*S. Sunakawa and K. Tanaka, Phys. Rev. 115, 754 (1959) 
(hereafter referred to as ST). 

*G. C. Wick, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, New York, 1957); R. A. Sorensen (to be published). 
Hereafter these will be referred to as WS. 
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extension of the WS method to the contribution cor- 
responding to the first diagram of the self-mass of the 
meson, in which the cloud of nucleon-antinucleon pairs 
associated with the physical meson gives rise to the 
meson form factor that provides a natural cutoff. 

An expression for the electromagnetic self-mass of a 
physical meson is obtained by a procedure analogous 
to that for the case of the physical nucleon, and a 
complete set of intermediate states is introduced. States 
with one, two and three mesons are considered. Then 
one obtains three terms for the electromagnetic self- 
mass of a charged meson. The first term (which is 
positive) corresponds to the contribution from the one 
meson state; the second term (which is negative) 
corresponds to the contribution from part of the state 
of two and three mesons; and the third term is the 
positive contribution from the aforementioned bubble 
diagram arising from the A A¢¢@ term of the Hamiltonian 
of the interaction between the mesons and the electro- 
magnetic field. Fortunately, the contribution of this 
third term with an invariant cutoff function is small 
compared to the second term with a meson form factor. 

The interesting point is that the sign of the electro- 
magnetic self-mass of the charged meson will be 
determined by the relative magnitude of the sum of 
the first and third terms relative to that of the second 
term. Thus there is a possibility of obtaining, with no 
additional assumption, a neutral meson that may be 
either heavier or lighter than the charged meson 
depending on the charge radius which is assumed. 

In Sec. II, the formalism is briefly outlined, and the 
self-mass of a charged meson is 
III, the result is discussed. 


electromagnetic 
obtained and finally in Sec. 


Il. FORMALISM 


The total Hamiltonian of the system of interacting 
nucleons, mesons and photons is given as 


H = Ho m+H,+H,, (1) 


where Hn» represents the Hamiltonian of the interacting 
nucleon and meson field, including the counter-terms 
for mass renormalization and four-meson divergence ; 
H, is the free Hamiltonian for the photon field; and 
H, is the interaction Hamiltonian of the meson and 
nucleon field with the electromagnetic field, including 
the counter-term for the electromagnetic self-mass of 
the charged meson, the counter-term for the neutral 
meson being zero. The proton-neutron mass difference 
is neglected, and the mass difference between the 
charged and neutral meson may be neglected in Ham 
that appears in Eq. (1). 


*It should be noted that the #-meson structure plays an 
important role in nucleon structure. See Federbush, Goldberger, 
and Treiman, Phys. Rev. 112, 642 (1958). For the case of K 
mesons, a similar analysis as that for the r mesons can be carried 
out throughout the manuscript, in which the “meson” and 
“nucleon” would be replaced by “K meson’ and “baryon,” 
respectively. 
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In a manner similar to ST,’ the expression for the 
to the second order 
with 


self-mass du of the charged meson 


in the electromagnetic coupling constant and 


h=c=1) is found to be 


[hou?— 4e°((A, (x)A,(x))4)0//2E, 


[ki Cj, july) 4) 


0'(), r)7 (y ), 0 


bi fay (A,(x)A.(y))5 


where |k> is the physical meson state with energy F;,, 


(2) 


in which the isotopic spin variable is suppressed, and 
O> is the physical vacuum state. The subscript + 
means one should take the chronological P-product of 
the parenthesis. 

The P-product of Eq. (2 
(xo— yo) >0 by inserting a factor 
is replaced by 


is restricted to the region 


2, and the contraction 


((A,(x)A.(y)) 


10, DC 


and the variable of integration is changed from y to 
x—y=z. n> of 
the Hamiltonian H,, is introduced on the right-hand 
(2). Then 


A sum over a complete set of states 


side of Eq. 


[ }5u?—2eD» 0) |/2/ 


Ju(z) mn} 7y(O (4) 
is to be regarded as half the 


Since baryon number 


where the sum over state 
sum over “in” and “‘out”’ states 
is conserved, the intermediate states of Eq. (4) consist 
of states with various numbers of mesons and nucleon- 
antinucleon pairs 

In the lowest-order perturbation theory without a 
cutoff, there are two contributions for the process in 
which a virtual photon is emitted and absorbed by the 
meson. They are the contributions for the process in 
which the intermediate meson after emission is a particle 
or its charge-conjugate particle. For instance, if the 
initial meson is positively charged there is the contribu- 
intermediate meson is 
There is 
which the 

by the 
negatively charged meson that is meson 
pair, while the positively charged meson of the pair 

The 


is a charge-conjugate particle. 


tion for the process in which the 
also positively charged, i. is a particle. 
the other contribution for 


positively 


process in 


charged meson 1 annihilated 


created in a 


becomes the final meson interrnediate meson here 
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There is a clear correspondence between the term in 
which the intermediate meson is a particle and the 
contribution of the one-meson state of the first term 
of Eq. (4). Our object now is to extract from the 
infinite sum the contribution that corresponds to the 
term in which the intermediate meson is a charge- 
conjugate particle. This latter contribution is obtained 
from the three-meson state of the first term and the 
two-meson state of the second term of Eq. (4). 

We are omitting an infinite number of terms as well 
as parts of terms. This procedure can be directly 
compared with the standard perturbation method 
(with a cutoff) of evaluating the self-mass to order e’, 
on which the present electromagnetic explanation of 
meson mass difference is based.' 

Let us examine the intermediate states of the first 
term of the right-hand side of Eq. (4). The vacuum 
state gives no contribution because of charge conser- 
vation and invariance under charge conjugation. In a 
similar way to that of ST, the state with three mesons 
may be rewritten as® 


pas (k Jul) ghS)<qlS ju(O)|R) 


q.l.8 


=o (Rk! ju(s)| RLS)RIS | j,(0)|k 


+ SY (Ri ju(z)| glS\glS | j,,(0) | k) 


qk .t.8 


= >} (0\7,(z) |LSXLS | 7,(0) | 0) 


1, Sk 


+255 (0| j4(2) | Uk) Ik! 7,,(0)|0)4+---- 
l 
= 3° (0} ju(2) | LS) ALS | 7,(0) | 0). 
1.8 
+ 5° (0} ju(z) | RL) KRL| 7,,(0)|0)-+ ++. 


The subscript c means that only “connected graphs’”’ 
are to be taken. When Eq. (5) is combined with the 
state with one meson, the first term on the right-hand 
side of Eq. (4) yields 


Lk jn(t) | S\AS| j,.(0) | be 


8 


+3° (0) j4(2) | LS) ALS | 7,0) | 0), 


is 


+> (0| j,.(z) | Rl) Xk1| 7,(0)|0).. (6) 
I 


The two-meson state of the second term on the right- 
hand side of Eq. (4) yields 


(0) ju(z) |LS)ALS | j,,(0) | 0).. (7) 


Ss 


* The factor 2 that appears in the right-hand member of Eq. (5) 
is a statistical factor [G. C. Wick, Revs. Modern Phys. 27, 339 

1955) ]. The author is indebted to Dr. S. Sunakawa for discussions 
on this point 
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The intermediate states with no meson and one meson 
drop out because of the properties of vacuum, charge 
conservation and charge conjugation invariance. 

On substituting Eqs. (6) and (7) into Eq. (4); we 
obtain the basic relation 


(fou? — 2eDp(0)1/2E, 


=—hi f dz Dr(s)[X Kk jul) | S)AS| 7,(0) | k)- 


0 


+¥(0! j,(2) | kl) dkl| j,,(0)|0).]. (8) 
i 


The physical meson states are characterized by their 
momenta and are on the mass shell. From Lorentz 
and gauge invariance and isotopic spin requirements, 
the matrix elements that appear on the right-hand side 
of Eq. (8) may be written (when the isotopic spin 
variables are reinserted) as 


(4ELE,)M hi | j,(2)| Sj)e 

ie(k+-S) FL (k—S)* Je~**-® **e5;;/v2 (9) 
(4F,E,)\0) 7, (2) | Rilj), 

ie(k—T) FT (R41)? Je**+ -*€3,;/ V2 (10) 


is the meson form factor.’ The form factor 
that appears in Eq. (10) depends on a time-like four- 


where F 


momentum transfer which is in the nonexperimental 
region. We assume that the form factor used in the 
experimental region [Eq. (9) ] will have the same form 
in the nonexperimental region [Eq. (10) ]. It is noted 
here that the same isotopic spin treatment can be given 
for the charged K mesons as for the charged # mesons. 

Substituting Eqs. (3), (9), and (10) into Eq. (8) and 
integrating over the variables z,s and z,/, one obtains 
for k=0, without loss of generality, 


L d‘p e ” dp 
f F*(p*) 4 f ° 
~P 2(2n)* Fo wk, 


2u(E,+u)F*(2u(Ep—n)] 
x( 


8e*i 
jy = — 


wt E,—p 


aca italy ( 
--—— .. C5R3 
wt Ey+u 


where w= (|p| and the cutoff function that has the 
same form as the meson form factor has been inserted 
in the first term on the right-hand side. 

The FSP expression on which the present explanation 


of the meson mass difference is based, written here in 
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Fic. 1. Graph of 5u/u, the mass difference between charged and 
neutral mesons divided by the meson mass, plotted against 
r= A?/y? on the basis of Eq. (14). 


order to remark on its relation to our expression (11), is 


* dk 


267i 


” dk (k+2p)*F*(k’) 
. (12) 
J k? ee) 

If the second term on the right-hand side of Eq. (12) 
is integrated with respect to ko, the resulting expression 
is related to the second and third terms on the right- 
hand side of Eq. (11) in a manner analogous to that 
of the proton-neutron mass difference.* This relation 
will not be elaborated further. 

The meson form factor that appears in the second 
term on the right-hand side of Eq. (11) is due to the 
virtual nucleon-antinucleon pairs associated with the 
physical meson. For the sake of illustration, let us 
carry out the integration of Eq. (11) for the Yukawa 
model given by 


F (p*) =A*/(A?+ p’) = [1+ (p’a?/6) J 


=[1+ (p/n), 


the mean-square radius of the 
electromagnetic charge distribution of the meson and 
r= A?/y?, 

Inserting Eq. (13) into Eq. (11), integrating the 
first term, and solving in terms of r and a=e?/4r 
(for u=1), we obtain the expression 


(13) 


where a?=6/<A? is 


@“pdp (E,+1) 
[1+ (2/r)(E,—1) }° 
o E, (E,+p-1) 


” bdp (E, 1) 
E. (E,4 p+ 1) 


[1—(2/r)(E,+1)}°, 


(14) 


TANAKA 


where E,= (1+ *)!. Equation (14) is valid for r<4, 
since one encounters a singularity® in the form factor of 
the last term when r>4. This result is applicable to 
both the x and K mesons.° 

The numerical evaluation is carried out in steps of 
0.2 from p=0 to 2 and in steps of 4 from p=2 to 18 by 
use of Simpson’s rule. The result for du/u vs r is plotted 
in Fig. 1. The experimental value of du/p is given by 
dux/ux=(M(K+)—M(K°®) |/M(K)=—0.97X107 for 
the K meson and éu,/u,=[M(xt)— M(x") |/M (x) 
= 3.210 for the meson 


Ill. RESULTS 


The WS method of evaluating the proton-neutron 
mass difference has been extended to the calculation 
of part of the contribution to the self-mass of mesons. 
The effect of nucleon-antinucleon pairs around the 
meson has been taken into account by introducing a 
form factor for the charge distribution of the meson. 
This form factor enters 
characterized by a rms radius. 

When one assumes a Yukawa model for the meson 
form factor, one can explain the K meson mass differ- 
ence if the charge distribution has a rms radius of 
ax=0.48X10-" cm, a value. With the 
same Yukawa model Eq. (13), one can obtain the 
correct sign but not the correct magnitude of the 
mass difference between charged and neutral x mesons.’ 


which in a natural 


way is 


reasonable 


It is emphasized that we have omitted an infinite 
number of terms the nucleon-antinucleon 
pair state from the sum given in Eq. (4). We cannot 
estimate whether or not these terms give a negligible 
contribution. Therefore, the present attempt should be 


including 


regarded as tentative 

The numerical result is not so important as the fact 
that both possible signs of difference between meson 
masses can be obtained with the present formalism. 
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7For the « mesons, the maximum value of du,s/u, we can 
obtain from Fig. 1 is about. du,-/u,.~0.73X10™* at r=3. This is 
much smaller than the experimental value 3.210-*. A different 
meson form factor can improve the value of du,/u,s, but the rms 
radius will again be too large because of the requirement r<4. 
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Euclidean Gauge Transformation* 
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. The Green’s function gauge transformation induced by the elimination of the longitudinal field in 


Euclidean electrodynamics is discussed. 


N a recent paper’ the author examined in some detail 

the transformation from Green’s functions of the 
radiation gauge to Lorentz gauge functions, preliminary 
to the introduction of a Euclidean metric. It was not 
sufficiently emphasized, however, that the term “Lorentz 
gauge,” as descriptive of a gauge in which there is no 
distinguished time-like vector, refers to a class rather 
than just the special gauge used in the paper. One can 
also introduce, for example, the transverse? Lorentz 
gauge, characterized by 


(A)eaGs'” (x,E)=0, a=1---», 


together with appropriately modified Maxwell differ- 
ential equations. The radiation gauge functions con- 
structed from Lorentz-gauge Green’s functions are 
clearly independent of the specific Lorentz gauge 
employed. 

Gauge transformations within the class of Lorentz 
gauges are particularly simple and have received most 
attention in the published literature.* In this note we 
shall illustrate the Euclidean equivalent of such trans- 
formations by decomposing the complementary fields 
A,(x), B,(x) into their transverse and longitudinal 
parts: 

A,=7A,+"A,, B,="B,+4B,, 
0, TA,=9, ™B,=0, 


L4,=0,D'a, "~B,=0,D'b, 
where 


D4 f(x) = (—d?)-f (x) 


(dk) exp[ik(x—x’) ] 
f expLih a f(x’) (dx’) 
(23) (k?)4 


and 
il B,(x),A,(x’) ]=7(6,,6(x—2’)) 


(dk) : 
-f —— (by, hyk,/k®) expLik(x—2')] 


(2r)4 


il b(x),a(x’) ]=6(x—2’). 


* This work was partly supported by the U. S. Air Force. 

1 J. Schwinger, Phys. Rev. 115, 721 (1959). 

*Here “transverse” has a four-dimensional space-time sig 
nificance. 

3 For example, L. D. Landau and I. M. Khalatnikov, J. Exptl. 
Theoret. Phys. U.S.S.R. 29, 89 (1955) (translation: Soviet Phys 
JETP 2, 69 (1956)]; N. N. Bogoliubov and D. V. Shirkov, /ntro- 


duction to the Theory of Quantized Fields (Interscience Publishers, . 


Inc., New York, 1959), Sec. 40; B. Zumino, Bull. Am. Phys 
Soc. 4, 280 (1959). 


The Green’s functional is given by 
G[¢’B’}=(0| exp{¢’y —iB’A —W[y,A }} |0) 


in which, apart from the additive constant that assures 
G00 ]=1, 


Wiy,A]=} f (dx) [(0,4,)*4+-¥(a(d—iegA)+miasW] 


and the null eigenvalue states refer to the canonical 
variables ¢(x), B,(x). The dependence of W, the 
Euclidean action operator, on the longitudinal com- 
ponent of A, can be expressed by 


WLy,A ]=W[Lexp(—iteqD'a)y, 7A ]+4aD~"a. 


After performing the canonical transformation that 
absorbs exp[—iegD'a] into y, we have 


GL’ B’}= (0| exp{¢’ exp(iegD'a)y — ib’a 
—~}aD-'a—i 7B’ TA—W[y,7A }} |0) 
=(0|exp{¢’ exp[—egD!(6/5b’) W 
~i TB’ TA—W[y,7A}}|0) 
C(O| exp(—ib’a—4aD~'a)|0). 
The two factors refer, respectively, to the transverse 
and longitudinal electromagnetic degrees of freedom, 
the Dirac field operators appearing entirely in the 
former. The constant C normalizes the longitudinal 
factor, which is evaluated as 
C(0| exp[ — 4 (a+ iDb’) D~'(a+iDb’) }|0) 
< exp(—4b’Db’) = exp(—4b'Db'), 
on performing the canonical transformation a+ iDb’, 
b-—»+ a, b. Hence 


G[¢’B’]=Grlexp[LeqgD! (6/5b’) }p’ 7B’) exp(—4b’Db’) 


where G7[¢’ 7B’) is the Green’s functional computed 
from the transverse field only and 


b’ = — Da,B,’. 


As examples of this connection between the two kinds 
of Euclidean Green’s functions, G(4---n, &1--+&,), 
we have, for n=0, v=2, 


G (12) w1me= Gr(E1E2) ime t+ Ou19 2’ D?(E,— Es) 


*Such simple canonical transformations reproduce the entire 
practical content of the functional integration method. 
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and for v=0, arbitrary n, 


G(x" + *Xen)=Grl(xy-°° 


x expl — be? 


> GaqoD? (xa— x») |, 
1 


a,b= 


(dk) explik(x— x’) | 
D*(x—x’) f : 
(29)* (k?)? 


On returning to space-time these become examples of 


in which 


the transformation between the original Lorentz gauge 
and the transverse gauge. The general transformation 
of this type continues to be expressed compactly by 
the Green’s functionals. By presenting the transforma- 
tion from Lorentz to radiation gauge in functional 
form’: 


G®[¢'B" | 


G Lexp[ —eg( 


one can verify directly that the radiation gauge func- 
tions are invariant under a change of Lorentz gauge. 
In writing this functional relation we have used the 
equivalence of 16/6B(¢)’, acting on the Green’s func- 
tional, with the effect of the symbol @(é) cn the 
Green’s functions. The notation ; is a reminder of the 
location of the functional differential operators on the 
left in the functional expansion. Now? 


0°) '0(6/5B) |p’; Blears —8a(0) > 7B, 


6 
oa aD! 
5 7B, 5b 


5B, 
and therefore 
0 6 6 
‘a (0*)-'d +Di—. 
6B 5 7B 56 
5 This is the forn 


that is produced directly by the external 
source techniques 


"HWINGER 


It follows that 
G [exp[_ — eg ( 0? 


=Gr [exp[ —eq( 0 


0(6/65B) |p’; B] 
0(5/6 7B) |p’; 7B] 
X exp ( —46Db), 


| 


where } can be directly set equal to zero, since 


a[ 1— a0(d*)-' ]B’=0, 


which completes the proof 

It will not have escaped att that the factor 
expressing the gauge transformation of the Euclidean 
Green’s functions G(x: + - x» 
with a=), the integral 


ention 


contains, in the terms 
D?(0 


which is logarithmically divergent at infinity. (It also 
diverges logarithmically at the origin, but this effect is 
cancelled in the full summation over a and 6.) Thus, 
against the formal equivalence of all Lorentz gauges 
must be placed the impossibility of asserting the mean- 
ingful existence of the individual Green’s functions in 
an arbitrary gauge. We are committed to the individual 
existence of the radiation gauge Green’s functions® and, 
as a working hypothesis, to the existence of Green’s 
functions in some Lorentz gauge, together with their 
Euclidean the Euclidean stand- 
point the transverse gauge is uniquely distinguished, 
for the longitudinal field is physically superfluous and 
there is no ambiguity in the identification of a trans- 
verse Euclidean field. This is the gauge that will be 
used in further work on the Euclidean Green’s functions 
of electrodynamics 
Vote added in proo} 
lished recently by K 
Rev. Letters 3, 


counterparts. From 


Related remarks have been pub- 
Johnson and B. Zumino, Phys. 
351 (1959). 

* Subject to the qualifications that are 
“infra-red” problem 


associated with the 
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Matter and Point Set Theory 
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(Received February 6, 1959) 


A brief theoretical exposition of the concept of matter as a nowhere dense perfect set of positive measure 
is developed starting from the observation that matter is largely vacuous in all scales from subnuclear to 


extragalactic. 


HE atomistic view that matter is composed of 

fundamental particles was constructed as an 
antithesis to the view that matter is a continuum. 
Quantum theory changes the way to work out the 
consequences of either of these two views or of any 
other underlying classical theory. However, the 
quantum principle does not eliminate the sharp distinc- 
tion between a fundamentally particulate and a 
fundamentally continuum description of the localization 
of mass energy before quantization. Therefore it is of 
interest to note that it is mol necessary to assume the 
existence of a smallest concentration of mass in order 
to avoid the assumption that matter is continuous. One 
can assume that matter is distributed as a nowhere 
dense perfect set. This concept can be explained and 
made plausible as follows. 


On an extremely large scale galaxies appear as mass. 


“points.”’ As the scale of resolution is decreased these 
galaxies appear to be large aggregates of mass points 
which may be approximated as continua. With a 
further decrease in scale the continuum approximation 
becomes poor and the stellar components appear to be 
mass points. Further decrease in scale permits them 
to be approximated as continua while still further 
decrease yields atomic systems and nuclear systems. 
A lack of connectivity appears to be an essential feature 
of all systems and subsystems of matter. 

Now let it be postulated that there exist matter-free 
intervals of space within any interval of space however 
small the latter may be chosen. In other words, the 
distribution of matter is regarded as similar to that of 


the points in a nowhere dense set. On the other hand, it 
is natural to think of the continuum of space as being 
available to nonlocalized energy. Thus, one is led to the 
view that the set of material points has the power of 
the continuum.' This condition would be fulfilled by < 
nowhere dense perfect set (i.e., a set identical with the 
set of its limit points). The classical example is Cantor’s 
ternary set? which is the set of all points remaining 
from a closed interval when the open interior thirds of 
all remaining intervals are removed. Although Cantor’s 
set has measure zero, a slight modification in the 
method permits the construction of a nowhere dense 
perfect set of positive measure. 

Naturally nothing is known today about the 
consequences of such a description of nature after 
quantization. Judging from the pre-quantization version 
just described, one would expect the scale of resolving 
power of the instrument of observation to set a cor- 
responding scale of “interval removal size.” 

The requirement that the set of material points 
constructed in this way have positive measure prevents 
the same proportion being removed from the intervals 
at successive stages of resolution. Thus, the char- 
acteristic sizes of the mass distribution (i.e., galactic, 
stellar, atomic, nuclear, etc.) cannot be in the same 
proportion to the volume outside these objects if the 
limiting set is to have positive measure. This conclusion 
is consistent with observation. 

' F. Hausdorff, Mengenlehre (Dritte Auflage, New York, 1944). 


? J. C. Burkill, The Lebesgue Integral (Cambridge University 
Press, Cambridge, 1951), pp. 9, 25. 


1409 








E Z 
ia University, Ni 











a HS. Tagh 


Si Meclotosh, 


G Vi iwi 
5 Ee BL Wood 


ua e 
E. Kashy 


+ Roger Walla 


GS-23 Mev. 
Cryde B. Falme 


Seymour Ka 
SiNahwmic. Horwi 
‘Kart Borel: 


GH 


ME Frank, bo Geidty 


Marcu 1, 


ubike Sans 
 Eringren 
Mo Rome: 

> £- Laver 
Levinsiein 
Bradiey | 
luchowst 


.Chveiaier 


Walke: 
Chesemeeth 
omas Young 
Deansfeid 
rd A, Ferret 
J. Fhouless 


aR 


H W Koch 


ow Robinson 
lor Hupbimeor 
j. Eo Turner 
Woodburs 
W. Ludwig 


KR. Risser 
Welchic ge. 
ei K. Bother 


Syewart 
rry Lastc 
Burton 
larctin Walt 
F. Carson 
Becker 
Coodman 
Eiji Tara 


us with Ag ans 
1 es P Bakcr 


1d Joseph J. Murray 


Janes A. Waggoner 
Ht and CA, Caine 
“i, Greenberger 

1, Schit? 

Rockmore 

mi Tamake 
Schwinger 

4h) Kytais 








a) , s . a 
. e . - . i 0 = ‘ 
° a . . Inte a rs : 
‘ . 7 ee . =.4 
- * as o . °. oe 
é , ° a « 
’ . F . 
. . P = an ° i 





































































ae 7 «be . my , 2 : : + fie « 9 ea! 
. ” * A . ant > tos 7 ‘ ‘ 
‘ 4 Gena * é ¥ . ad ” . ” 
o < Pd - . oe : * 
* . e : : . er ieee Ld ae ON * a . i ’ bi 
F : e. ‘ : . on ‘ ? 
wt : rate ah Me “ "8 ae seis ‘ . ae 
t oF: = ‘ . a . aon ok " ! z : t 7 ' oo - 
% * : F ’ earn obras if pag ‘ ‘ i “ae 
ee * ia: c ; : » ; y i * ‘Na Seals 4 ’ 
: Pt * y 4 > - . ” Ringe 3 Pa 2 1 is . * a : 
7 nee ; P 9 Bat : . % 7 i ii es Pity 
- x or vow ‘ 5 a . rn) ee cs i was Teitys 
‘ oe aig oo - ¢ ¥ > : ‘ x : i n = y 
: Be a meee es : i os hs 7 . , 7 
Ce ont . > “ ie > ahd 
iy : : r Dai : ail gitar * : : bee .. : F 
‘ ° . : ae ’ 7 , . ‘ 
, Sg . ‘ : , Hi mee ve a * 
. ; ‘ : : : . : : ’ . . ooo . * ” 
« 1 o 7 . 4 . ® . 
e : . ° . 
p Tee * ae ; 2 cy 4 
' eet 7 io 8 >. : : ° ‘ pia 
7 = “” . : : s » : . 
i ros r ‘ ‘ - ary { 
° att , ' "i . : 
os n . = Fe ‘ . . a v's © 
5 3 ‘ s . 
ye hips a) - o : Py se it ‘ = . : Z : 
fae, re RES ETPpeent a ceca a ee eA Se ices sane Sol : : - Fi 
vor : A P a ‘ . ae ve capi BEA ; , 
Sis " 7 ‘ . : ne . : ’ 
cE ‘ ’ : sen ay : 
. 7 ae : e +9 ; te Ld . < « ~ 
- ae fh - . . A : . . . is ns 
‘ - * . ’ 7 oc : 
“ie 4 “ ry 
“ / “ A - - 
. i . : 
. : ‘ ‘ * 
. \ 
" ; as 27 3 . 
. 7 . i 7 . 
’ . 
: I . é 7 : : . a : 
? ; 2 : x* : ’ - 
‘ . i 
~ 4 > : r : 
7 . = . : ey 
~ & a . . E 7 : 
: : 
, es : : 7 
a. 
: . . 
; - ; < qs 7 8 a a “4, 
‘ 7 ‘a os 8 . “f iM _ 
‘ a *- : 7 i 
‘oo, . . . : : 
. : ¥ a4 7 . 4 . . ; i “ 
- : . ’ . ‘ B,, 72 . 
. . 7 : 
+t rey . 
- 4 . i : : ” 
im 2 a a * 
. F Fe . * : - 
. : , 
. . . 7 : i 
: a 3 . . ’ 
7 re) . : t - « 
, . * ° soa . . 
. ‘ o , : “ : on : 
. - _€ : ~ : 7 : 
Sig.” i F . - a P . 
; : «tn s - iid a, Z 
“ Ried tye ep + 8 7 . 
Fr . ag ae 3 co 
5 r Soe ee * ~~ 
+ ~ ave po bs a area ‘ ~s i ’ . 
1 tees 3 : nen = a . : 
> ; 7 ‘ : 7 
sagt Riigont a ¥ ‘ 
a : ’ 
2s as “ : ’ 
ane ame, Pek > + es stan 
% : 2 : i SAE Ge re 
2 sg es ee * * a 






























- 
- ) . 
* om 
* See tad . 
7 . 
’ 
” . 
‘ ; : 
4 . 
. : . 
. 4 ’ Tow 
+ 
« 4 
% 
- 
, . 
. © hed 
: or 


